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ITo3HaYeHHHA 1 JOMOBJ/IEHOCTI

OauHuLi BUMipY
Mu npauoBaTUMEMO B IPUPOJAHUX OJUHULAX, Y AIKUX h = ¢ = 1. B 1t cucremi
1

[moBxuHa] = [yac] = [enepria]™' = [maca] .

Tomy Maca (m) 4yacTKH A0piBHIOE il eHeprii ciokow (mc?), a Takox ii 3BOPOTHIH
KOMIITOHOBIW f0BXxuHi (mc/h). Hanpuknaang,

Menexrpon = 9109 X 107281 = 0.511 MeB = (3.862 x 107 cm) 7.

Bub6ip iHIIMX KOPUCHUX YKCeI i TepeBiJHUX MHOXKHUKIB HaBeJleHO B JlofaTKy.

PesiAaTHUBI3M i TEH30pH

Hawi foMoB1IeHOCTI 3 peniiTUBi3My BiAnoBifawTh /[xxekcony [32], BliopkeHy i
Jpenny [9, 10], a Takox Mai>ke BCiM OCTaHHIM po6oTaM 3 Teopii nosis. Mu BU-
KOPUCTOBYEMO METPUYHUI TEH30P

I = 9" =

cocom

cor o
I

or oo

mr o oo

Jle rpelbKi iHAekcH npobiratoTb 3HayeHH: 0, 1, 2,3 a6o ¢, x, y, z. JJTaTUHCBHKI iH1€e-
KCU — [, j 1 T. . — NO3HAYaloTh JIMIle TP NPOCTOPOBI KOMIIOHEHTH. B ycix BuU-
najikax 6epeTbcs cyMa 3a /jBiui IOBTOpeHUMHU iHJjeKCaMU. 4-BEKTOPHY, SIK i 3BU-
YalHI 4113, T03HA4YalThCA CBITJIMM KYpCUBOM; 3-BEKTOPH [03HAYAKOThCA Ha-
niBXXUpPHUM WpudToM. Hanpukaag,
=% x), x,=g,.x" =% —x);
- ) ) [ guv - ) )
. — u,v _ ,0,..0 .
p-x=9gwbx =px —p-X

JlJ11 4aCTOK 3 Maco MaEMO

p* =p'p, = E* —|p|* =m".



6 [lo3HavyeHHs i JOMOBJIEHOCTI

3a3HayMUMo, 1110 BEKTOP KOOpAUHATH X" € ,IPUPOAHO MiJHATUM , TOJi IK oIlepa-
TOP NOXiAHOI
o0 (o0
,JIIPUPOJIHO OMYLIeHUN"
Mwu BM3HaA4Ya€EMO abCOIIOTHO aHTUCUMETPUUHUHN TEH30D €"'V°P TaKUM UMHOM,
1106
0123 = 41,

[Ipu 11bOMY BU MYCHTE 6YTH YBAXKHUMHU, OCKIJILKH 3 TAKOTO BU3HAYEHHS BUILIH-
Bag, IO €913 = —11&'?3% = —1. (lle y3romxeHo 3 no3HayeHHAMHU [IPKEKCOHa,
asie He bilopkeHna i [lpesina.)

KBaHTOBa MexaHika

Mu npanoBaTUMEMO 3 OJJHOYACTKOBUMU XBUJIbOBUMHU QyHKIissMU [lIpoauHre-
pa AJ14 KBAHTOBOMeXaHIYHUX 4YacToK. [IpeacraBuMo onepaTopu eHepril Ta iM-
NyJbCY AJIS [UX XBUJIbOBUX QYHKI[IA Y TAKOMY BUTJISIIi:

0
o oxo’

i piBHSIHHSA MO>XHA 06’€IHATU HACTYNTHUM YHUHOM:

E p = —iV.

p* = id%
y O" iHJekc migHATUH [1J11 3pYYHOCTI, 06 YCYHYTH 3HaK MiHyc. [lnocka xBuis
e~ X pinnosigae iMmnynbcosi k¥, ockinbku

iap.(e—ikvx) — kp.e—ik-x.

CkopoueHHH €. C.“ m03Ha4YaE epMiToOBe crpsikeHHs. [Ipy po3risaai cniHy B KBaH-
TOBIM MexaHilli BAKOPUCTOBYIOTb curMa-mMartpuni [layui:

0 1 0 —i 1 0
1 _ 2 3 _
°=\10) °7\i o) ©°F7

JI06yTOK L[UX MaTPHIlb 33/J0BOJIbHSAE TOTOXKHOCTI
oo’ = 8Y +ig*o*.
3py4HO BU3HAYMTH JiHilHY KoMGiHanjiio 0* = 2(¢' + i0®); B TakoMy pa3i

. (01 _ (o0

“loo)r ° 7\1 o0
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dyp’e-nepeTBOpPEeHHA i y3arajibHeHi QyHKILii

Mu yacto BKMBaTHUMeMO cTymiH4YacTy ¢yHKIito [eBicaiija 6(x) i jmenabra-
¢yHkuito Jlipaka §(x), Aki BU3Ha4YeHi HACTYIHUM YHHOM:

0 x<0 d
0 =1 ’ 8 = —0(x).
®=1" >0 (x) = -8()

n-BUMipHa AesbTa-PpyHKIidA, no3HadeHa gk 8™ (), JOpiBHIOE HyYJII0 BCIOAH, 3a
BUHATKOM X = 0, i 3a10BOJIbHSIE PIBHAHHIO

j d"x 8™ (x) = 1.

Y nepeTBopeHHI Pyp’e MHOXKHUK 2Tt 3aBX/HU 3’ ABJATUMETHCA B iHTerpajiax
no iMmnysascy. Hanpuknaag, 211 4OTUPbOX BUMIpiB:

d*k

—ikx F i
' e " f(k);

fG) =

f(k) = j d*x e™* f(x).

(Y TpuBUMipHOMY nepeTBOpPEHHI 3HaK B eKCIIOHEHTi Oyze BigmoBigHO + i —.)
Tunbpa B f (k) He BXXMBAaTUMeTbCS B TUX BUIA/IKAX, KOJIM 1€ HE BUKJIUKATUMe
3aNMTaHb. [HIIMH BaXKJIMBUA MHOXKHUK 2Tt BAHUKAE B TOTOKHOCTI

f d*x e** = (2m)*8W (k).

EjnekTpoanHamika

Mu BuKOpucTOByeEMO Nno3HayeHHd [eBicaiipa-JlopeHLa, y AKUX MHOXHUK 4T
BKJIOYEHO 10 3aKOHY KysioHa i B KOHCTAHTY TOHKOI CTPYKTYPH, a He B pPiBHA-
HHA MakcBesa. ToMy KyJ10HIB IOTeHIiaJl TOYKOBOTO 3apAAy ( Ma€E BUTIAL

4mr’

1 KOHCTaHTa TOHKOI CTPYKTYPHU JOPIBHIOE

e e? 1

A= — = N —,

4t 4mhc 137
CHMBOJI € 3a/IMIIAETHCA 3a 3apA/I0M eJIeKTPOHaA i € Bi'€MHOI0 BeJITMYUHOIO (X04a
3HaK iHKOJIM BUKOPUCTOBYETHCA ). 3a3BUYall MU MPALI0EMO 3 PeJISTUBICTCHKOIO
dopmoto piBHAHBb MakcBea:

2

VPO, Fpe =0, O, FY = ¢jY,
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ze
Fuw =044y — 0,4, A" = (D, A).

i MM BUJIy4YHJIU e 3 4-BEKTOpA MUTOMOI0 CTpyMy j*.

PiBHAHHA [lipaka

Jlesdki Hallli TO3HaYeHHs BiAPi3HAIOTLCA BiJ, THUX, 110 NIPUKAHATI ¥ BropkeHa i
Jpesnia Ta B iHIIiH JiTepaTypi. MU BUKOPUCTOBYEMO KipasibHUM 6a3uc JJis Ma-
TpuLb /lipaka i peJiITUBICTCbKE HOPMYBAHHA AJid AipakoBUX criHopiB. Lli no-
3HauYeHHs 3anpoBa/Ky0Thcsd B §§ 3.21 3.3.



Poznin 1

[lonepeaHii po3mian:
YTBOPEHHA nap NpH a”iriignii ete”

['0/10BHOIO METOI0 MEPLIOr0 TOMY HALIOr'0 KYpCy € po3po6Ka OCHOBHOT'O 004H-
CJII0BAJIbHOTO METO/ly KBaHTOBOI Teopii nosisi — popManismy peliHMaHOBUX Jii-
arpam. [loTiMm Mu 3acTocyeMo Lielt popMasi3M [ijis1 064YHCIeHb Y KBAaHTOBIM eJie-
KTPOAWHaMIlli, IKa € KBAHTOBOIO TEOPi€I0 eJIEKTPOHIB Ta GOTOHIB.

KBanToBa enektpoauHaMika (KE/[), MabyTh, Halikpala 3 HasgsBHUX QyH/a-
MeHTaJibHUX Teopiid. BoHa cdopmysboBaHa sik Habip mpocTux piBHsAHBL (Ma-
KcBesia ¥ Jlipaka), BUIVISIA SIKMX iICTOTHUM YMHOM BU3HAYAETbHCS PESATUBICT-
CbKOI0 iHBapiaHTHicTIO. KBaHTOBOMeXaHIi4YHi pillleHHA LUX PiBHAHDb JAIOTh Je-
TaJIbHI Nepe6aYeHHs eJIeKTPOMarHiTHUX ABUL y MacluiTabax Bil MaKpOCKOMi-
YHUX BiZICTaHEN QXK 10 JiJITHOK IPOCTOPY B KiJIbKACOT pa3iB MEHIIHXX Bij, po3Mi-
py NpOTOHa.

deiinMaHOBI AiarpamMu 3a6e3neuyoTh [AJ4 L€l BUlLIyKaHOI Teopii BignoBij-
Hy 3a BUILYKaHICTIO 004YMC/II0BaJIbHY npoueaypy. Bona nosdarae B Tomy, 106
YAABUTH NPOLEC, IKUHM MOXKe BiIoyBaTHCe 3 eJleKTpoHaMU Ta $oToHaMH, 306pa-
3WTH BINOBiJHY MOMY Jiarpamy, a MOTIM 3 ii JOOMOrow BUIIMCATH B MaTeMa-
TUYHiN GOpMi KBAHTOBOMEXaHIYHY aMILIITYAY LbOTO MPOLIECY.

B nepiuoMy ToMi MU BUBOJIMMO KBAaHTOBY eJIeKTPOAMHAMIKY i MeTos pelH-
MaHOBMX JliaI'paM 3 OCHOBHMX 3aCa/Ji KBAHTOBOI MeXaHiKHu U Teopil BiHOCHOCTI.
3peLTo MU J0CATHEMO TOT0 PiBHS, KOJIM 3MOKeMO 00YHCIUTH 3Ha4YEeHHS CII0-
CTepeKHUX BEJIMYUH, 1110 CTAHOBJIATh 3HAYHUM IHTepec NpyU BUBYEHHI eJleMeH-
TapHUX YacTok.! Ta Ha »aJib, 106 AicTaTHUCA HAIIOl METH ¥ PO3POOUTH IPOCTUH
06YHCAIOBAJIBHUNA METO/, MU CIIEPIIYy MYCUMO MPOUTH JOBIUHU LIJISIX OBOJIOJiH-
Ha ¢opMasiiamoM Teopil. Tpu HACTYNHI 32 UMM PO3AiJU MalKe LiJIKOM NPHUCBS-
yeHi popMa/IbHUM NUTAHHAM, i IPU IX BUBYEHHI lepe/; YUTaueM MOKe I0CTaTU
INHWTAHHA: a 0 YOT0 MU, BJIacHe, NpssMyeMo? Mu xoTisii 6 604ai1 4acTKOBO Bifo-
BiCTHU 3a3/jaJieri/ib Ha 1le MUTAaHHS, 0OrOBOPUBIIY B MOTOYHOMY p03/ii pi3uky
ofiHoro eseMeHTapHoro npouecy B KE/l — Takoro npocToro, 1110 6ib11icTh Ho-
ro BJAaCTUBOCTEW BUIJIMBAIOTh Oe3nocepeAHbo 3 ¢pizuyHoi iHTyiuil. [leBHa piy,

1Bio nepekaadaua. Takox y bOMy KOHTEKCTi HEPI/IKO B)KMBAaETbCA TEPMiH ,9aCTHHKA') 1[0 HE
30BCiM KOPEKTHO, OCKI/IbKH Iie C/I0BO € B3Ke HACTYIHOIO MicJIA CJ10Ba ,4acTKa" 3MeHIYyBalbHO0
dopmoro Bif ,yacTuHA" i HOMy BJIacTUBe BUpa3He eMoljiliHe 3a6apBJIeHHS.
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TaKUM iIHTYITUBHUY, IPU3eMJIeHUH NijxiJ Mae 6arato Baz. B Po3zini 5 Mmu no-
BEpHEMOCs /10 1IbOTO MPOIECY, 3aCTOCYBaBIIN BCIO CUIY MeTOy GelHMaHOBUX
Jiarpaum. [Ipu nocniioBHOMY po3rJisi/ji NUTaHHS MU I00AYMMO, IK KPOK 3a Kpo-
KOM 3HUKAIOTh YCi Hallli monepesHi TPyAHOLI.

§1.1. Hainpocrima cutyania

OcCKiJIbKM OiJIbLIICTh €KCIIEPUMEHTIB y Qi3Hlli 4YaCTOK BKJ/IOYAKOTh PO3CisIHHS,
HalyacTille y KBaHTOBIM Teopii 1moJisi 064YMCII0I0Th caMe Iepepi3 po3CisiHHS.
Mu xouemMo oTpuMaTH nepepis Haunpocrimoro 3 ycix npoueciB KE/l — aHiringa-
1il eJleKTpOHa 3i CBOEI aHTUYACTKOIO, IO3UTPOHOM, | yTBOPEHHS NapH OibII
BAXKKUX JIENTOHIB (TaKUX, IK MIOOHHU ). [CHYBaHHSI aHTUYACTOK €, BJIACHE, OJJHUM
i3 nepesb6ayeHb KBAHTOBOI Teopil moJis, i MM 06roBopumo 1e B Po3ginax 2 i 3.
[IpoTe 3apa3 BBaaTMMeMO IXHE iCHYBaHHA AK JAHICTh.

Jocuiz 3 BUMiproBaHHS KMOBIpHOCTI Takoi aHiriiAii mossirae B o6¢cTpii my-
YKa eJIEKTPOHIB IIy4KOM I103UTPOHIB. BUMiproBaHOI0 BEJIMYUHOIO € lepepis pea-
Kuii e*e” - ptuT, gk GyHKIiA eHeprii ieHTPy Mac i BiJHOCHOT0 KyTa 8 Mix BXi-
JHUMHU eJIeKTPOHAMHM i BUXiIHUMU MIooHaMU. [Iporec 306paxkeHo Ha Puc. 1.1.
1 IpoCTOTH NpaloBaTUMeEMO B cUcTeMi LeHTpy Mac (LIM), y akii imnysnbcu

k

0
e —————————»—p %f\g -~ et

P
/

W

Puc. 1.1. Peakuis anirinsaunii efe” - p*u~, nokasana B cucremi neHTpy Mac.

4YacTOK 3a/0BOJIbHAKTBL yMoBaM p’ = —p i K' = —k. Takox npunyctumo, 110
eHepria E HabaraTo 6isblIa sIK 3a Macy eJleKTPOHa, TaK i 3a Macy MIOOHA, TOX
Ip| = |p’| = |K| = |K'| = E = E/2. (Mu BXXMBa€EMO HaNiBXUPHUHN WIPUPT A1
no3HayeHHs 3-BEKTOPIB i 3BUMaHUU KYpCUB — /1151 4-BEKTOPIB.)

[To3asik i eJIeKTPOH, i IO3UTPOH MaKTh CIiH 1/2, MM MyCUMO 3a/1aTH IXHIO CIIi-
HOBY opieHTalit0. Hali3pyuHilile BUOGpaTH Bich, 1110 BU3HAYAE KBAHTYBAHHS CIIi-
Hy 4aCTKH, 32 HapsIMOM Il pyXy; TOAi CIIiH KOXKHOI YaCTKH Oy/ie MoJIipU30BaHUU
abo napaJiesibHO, ab0 aHTHIIapaJieJibHO A0 i€l oci. Ha npakTHLi my4YKku eleKTpo-
HiB 1 TO3UTPOHIB YaCTO HENOJIAPU30BaAHI, a MIOOHHI IETEKTOPU HE PEECTPYIOTh
noJsigApu3aLiro M0oHiB. ToMy MU MaeMo ycepeJHUTH Nepepi3 3a CHiIHOBUMHU Opi-
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EHTALiIMU eJIEKTPOHIB Ta NO3UTPOHIB 1 MiZicyMyBaTHU MOTO 3a CHiIHOBUMH OPi-
€HTALliIIMU MIOOHIB.

s 6yab-skoi 3a/1aHoi clliHOBOI opieHTAalil BCiX Y4aCTOK NPUNHATO 3alKUCy-
BaTH JudepeHIiHUI epepi3 mpoliecy 3 yTBOpeHHsAM U B eJIeMeHTi TiJIeCHOTro
KyTa df), K

E = —1 M|?

da 64n2E§M|
MHOXKHUK E;NZI 3abe3mneuye NpaBUJIbHY PO3MipHICTb Mepepi3y, OCKiJIbKU B 06pa-
Hill cucteMi ofuHuULb (eHeprisn) > ~ (foBxuHa)’. OTxe, BeJMdnHa M 6e3pos-
MipHa; BOHA € KBAHTOBOMEXaHIYHOI aMILIITYy0K0 Halloro npouecy (aHasaori-
YHO /10 aMIIITy AU [ B HEPeJNATUBICTChbKIM KBaHTOBIM MexaHini), i 3apa3 Mu mMa-
€EMO 3aMHATUCA NUTAHHAM, K O0YUCIUTH L0 aMILUIITYAY 3 QyHAaMeHTaJlbHUX
3acag Teopil. [HIII MHOXXHUKU B PIBHSIHHI € BUHATKOBO pe3y/1bTaTOM JJOMOBJIe-
HocTi. ®opmyia (1.1) €, BJlacHe, OKpEMUM BUINAJKOM (CIIpaBeAJIMBUM [Jisl PO3-
cisnug B UM 3 1BOMa 6e3MacoBHMMH YacTKaMH B KiHIIeBOMY CTaHi) Bij 3araib-
Hiloi GopMysy, AKy HEMOXKJIMBO OTPUMATH JIMILE Ha NiZiCTaBi pO3MipHOTO aHa-
JIi3y i AKy MU BUBeZieMo B § 4.5.

Tenep HacTae yepra oraHyx i rapHUX HOBUH.

[lorana HOBUHA N0JIATa€ B TOMY, 1110 HaBITh JIJI1 HAUIIPOCTILIOTO 3 IPOLLECiB 3
KE/l TouHuii Bupas A/ M HeBijoMuil. lle He TOBUHHO HAc AUBYBaTH, 60 HaBiTh
y HepeJIAITUBICTCHbKIM KBAaHTOBIM MexaHilll 3a/laya po3CiaHHA PiAKO MA€E TOYHE
po3B’si3aHHA. Halikpallle, 1[0 MU MOXX€MO 3pOOUTH, Iie OTPUMATU GOopMabHUN
BUpa3 4Jia M y BUTJIA/i IepTypOaTUBHOTO psAAy 32 KOHCTAHTOIO eJIeKTpOMarHi-
THOTO 3B’A3KY ¥ 00YMC/IMTH KiJIbKa eplIKX WOT0 YJIEeHiB.

A rapHa HoBMHa — lie Te, 10 PellHMaH po3poOUB KpacUBUU cHoOCi6 ymo-
PAAKYBaTH ¥ YHAOYHUTH NepTYypOaTUBHUM psJ, 3 BUKOPUCTAHHAM (PelHMAHO-
gux diarpam. I'py60 Kaxky4H, AiarpaMu 300pakaloTb NOTOKH €JIEKTPOHIB i ¢o-
TOHIB y IpoLeCi po3CiAHHSA. Y HalIMX 069U CIeHHAX YJIeH HAUHHUKYIOTO NOPAJKY
B IepTypOaTUBHOMY PAAZI MOXKHA NPe/iICTAaBUTH €EAUHOIO AiarpaMolo, 300pake-
Hotwo Ha Puc. 1.2. lla giarpama Ma€ Tpu TUNX KOMIIOHEHTIB: 30BHillIHi JiHiI (1110
npeJCcTaBAAKTb N0 ABi BXiHI ¥ BUXiZiHI 4acTKM), BHYTpilHI JaiHii (10 npena-
CTaBJISIOTh ,BipTyabHi“ 4aCTKH, B HAlIOMY BUNAJKy — OJJUH BipTyaJbHUH ¢oO-
TOH) i BeplIMHU. [IpUMHATO 306paXKaTH eJIeKTPOHHU CyLIJIbBHUMU NPAMHUMHU Jli-
HiIMH, @ POTOHU — XBUJAACTUMU. CTPIJIKK HA CYLIJIbHUX JiHiIX BKa3ylOTh Ha-
NpAM CTPYMY HeI'aTUBHOTIO 3apAAy, a He iMnysibcy. KoxKHiM 30BHILIHIN JIiHIT MU
NPUIIUCYEMO BEKTOP 4-IMIy/IbCY, K i IOKAa3aHO Ha AiarpaMi; a iMIyJibc g BHYTpi-
IIHBOI JIiHII BU3HAYAETbCSA 3aKOHOM 36epekeHHs iMIYJIbCY B KOKHIM 3 BEPIIUH:
q =p+p = k+ k' Takoxx MU MaeEMO NOCTAaBUTH y BiZINOBiIAHICTb KOXXHOMY
30BHilIHbOMY pepMioHYy ClliHOBUH cTaH (,,Bropy” abo ,BHHU3").

3rifgHo 3 npasusamu PeliHMAHA, KOXKHY AiarpaMy MO>KHa IHTepIpeTyBaTH K
L[IJIKOM [IEBHU U BHECOK B aMILIiTyAy M. [IpaBusia NpUNKUCYIOTh yCiM eJleMeHTaM

(1.1)
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Puc. 1.2. PeitHMaHOBa AjarpaMa HAaMHWKYOI0 MOPAJKY A Nepepi3y po3cisH-
s ete” - putu”. YV uboMy nopsiziKy €JMHUM MOXKJIMBUM MPOMIKHUM CTaHOM €

dotoH (y).

JliarpaMu KOPOTKi asirebpaiuHi MHOXKHUKHY, a IXHIH 100y TOK /1a€ 3HAaYEHHS Bif-
MOBiZHOTO YjieHa NepTypO6aTUBHOTO psAy. [I[poTe oTpUMaHHS NPUJATHOTO [0
BUKOPUCTAHHA BUpPa3y AJid aMIUIITYAu M MOe BUSABUTHUCA BeJIbMU HETPUBI-
QJIbHUM 3aBJJaHHSAM. Y HAaCTYMHUX PO3/ijJiax MU PO3POOMMO KOPUCHY TEXHOJIO-
I'ito MpoBeJIeHHsI TAKUX 064YMC/IEHb. A 3apa3, OCKiIJIbKH MU HElO 1ie He BOJIOAIEMO,
CKOPHUCTAEMOCA AJis1 OTPUMAaHHA BiZINOBi/i B HAlill KOHKPETHIX 3a/1a4i JesKu-
MU €EBPUCTUYHMMHU MipKyBaHHSIMU 3aMiCTb CIPaBKHiX npaBuj PellHMaHa.

Haragaemo, 110 B KBAHTOBOMEXaHIUHIM Teopii 30ypeHb 4/ieH nepuioro mno-
PAAKY B aMILIITYZi Iepexoy MOXHa 3alrCcaTHU Y BUTJIALI:

(KiHIleBU M cTaH|H;|mo4aTKOBUM CTaH), (1.2)

Jie H; — 4YacTvHa raMiJbTOHiaHa, 1110 ONKCY€E B3aEMO/i10. Y HaLIOMY BUINAJKY,
MOYaTKOBUM € cTaH |e*e”), a KinueBuM — (utu~|. [lpoTe Hau ramisbTOHiaH
B3a€EMO/|l MOB’A3y€ eJIeKTPOHU 3 MIOOHAMU He 6e3MocepeiHbo, a JIUILIE Yepes
eJIeKTpoMarHiTHe noJie (To6To yepe3 poToHu). Tomy nepiuii uieH (1.2) B nep-
TypO6aTUBHOMY Ps/Jii A€ HYJIbOBUH BHECOK, | MM MyCMMO IIepeNTH [0 YeHa Apy-
roro NopsifiKy

M~ (W [Hi[y) (v HileTe™),. (1.3)

lle i € eBpucTHYHUI cnoci6 3anucy BHecKy o M 3 aiarpamu Ha Puc. 1.2. 30B-
HIIlIHIM eJIEKTPOHHUM JIiHiSIM BiJiIOBi/Ja€ MHOXHUK | e*e~), 30BHIlIHIM MIOOH-
HUM — (U* U~ |. 3 BeplIMHaMU 3iCcTaBASOTbCS H;, @ 3 BHYTPilIHBbOIO GOTOHHOIO
JiiHiero — onepaTop |y){(Y|.- Mu poganu BeKTOpHi iHaekcu (), 60 GOTOH € Be-
KTOPHOI0 4YaCTKOI 3 YOTHpPMa KOMIIOHeHTaMU. ToMy € 4YOTUPHU MOKJIUBI NIpO-
MI>KHI CTaHH, 10 OAHOMY Ha KO>K€H KOMIIOHEHT, i BiZOBIHO 0 IpaBUJ Teopil
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30ypeHb MU MYCUMO B3SITH CyMy 10 BCiM MPOMI>)KHUM CTaHaM. 3ayBa)KUMO, 1110
OCKiJIbKM cyMa B (1.3) Ma€ BUIJIsA/, CKAIIPHOTO JJOOYTKY 4-BeKTOPIB, TO aMILJIi-
Tyfa M € JIopeHL-iHBapiaHTHUM CKaJIsIpOM, SIKI[0 KO>XeH MHOXXHHUK Y (1.3) € 4-
BEKTOPOM.

s
O G

7
,/(3 L.

Puc. 1.3. O/11H 3 MOXXJIMBUX HAaOOPiB CIIiHOBUX OpieHTali#. ETeKTpoH i HeraTus-

HUH MIOOH — NPAaBOMNOJIIPU30BaHi, TO/i SIK NO3UTPOH i MO3UTUBHUNA MIOOH —
JIIBOIIOJIAPU30BaHI.

Cnpo6y#imo Brasatu popmy Bextopa (Y|H;|e*e). [lozasak H; nos’asye ese-
KTPOHU 3 POTOHAMHU 3 KOHCTAHTOIO e (3aps/ eJIeKTPOHa), MaTPUUHUN eJleMeHT
Ma€ Oy TH NPONOPLLiOHAIBHUM 10 €. 3apa3 po3IJIiHeMO KOHKpPeTHU M Habip noya-
TKOBHX Ta KiHI[€BUX CITIHOBUX Opi€HTallild, 306pakeHux Ha Puc. 1.3. EnekTpoH i
MIOOH MAIOTh CIIiHY NTapaJiesibHi 10 HAaIPAMKY iIXHBOT0 PyXy; TaKi YaCTKH Ha3u-
BalOTb Npasono/aspu3oeaHumu. BiAoBiIHO, aHTUYACTKHU € /1i60N0.151pU308AHU-
Mmu. CIIiHY eJIeKTpOHa ¥ MO3UTPOHA CKJIaAAI0ThCA B OAUHHULII0 MOMEHTY IMITyJ/Ib-
cy B HanpsMKy +z. Ockisibku H; 36epira€e MOMeHT iMIy/ibCy, TO MoJsApU3alis
$OTOHa, 3 IKMM MOB’A3aHi 1li YaCTKH, Ma€ BiANIOBIAaTH iX CyMapHOMY MOMEHTO-
Bi iMmnysibey: €4 = (0, 1, i, 0). OTxe, MU MaEMO

(v|Hile*e™), x e (0, 1, i, 0). (1.4)

TakyM ke YUHOM, MIOOHHUM MaTPU4YHUM eJIeMeHT IOBUHEH MaTH N0JIpU3allilo,
1110 BiAMOBija€ OJUHULII MOMEHTY IMIy/IbCY B3J0BX HAIPAMKY PYXy HEIaTUBHO
3apsa/pKeHoro MooHa. [11o6 oTpuMaTu npaBUJIbHUUN BeKTOP, noBepHeMo (1.4) Ha
KyT 0 y muiowuHi (x, z):

(Y|H;|u ™) « e (0, cos O, i, —sin0). (1.5)

st 064rceHHS aMIIITy A M KOMILJIEKCHO CIIPSAATaEMO Lied BEKTOP i CKaISIPHO
OMHOXy€eMo Horo Ha (1.4). BiaTak f/i1 3ailaHUX CIHOBUX Opi€EHTALill MaEMO

M(RL - RL) = —e?*(1 + cos ). (1.6)
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3BUYAMHO, Lled MeTOoJ He J03BOJISE HAaM BCTAHOBUTU 3arajlbHUM MHOXHUK,
npote B (1.6) BiH, CyTO BUNAJIKOBO, € MPAaBUJbHUM 3aBJSKHU JJOMOBJIEHOCTSM,
npuiHATUM y (1.1). 3a3HauuMo, wo npu 6 = 180° ammiaiTyAa cTa€ HYJIbOBOIO,
4oro ¥ BapTo 6y/10 O4iKyBaTH, 60 CTaH 3 MOMEHTOM iMINy/IbCy B HANPSIMKY +Z
He NIepeX0JUTh Y CTaH 3 MOMEHTOM iMIy/IbCYy Y HAPSIMKY —Z.

HactynHuM posrisHeMo BUNAZl0K, KOJIU eJIEKTPOH i MO3UTPOH NPaBonoJis-
pu3oBaHi. Tenep iX MOBHUK CMiHOBUM MOMEHT iMMyJibCy AOPIBHIOE HYJIIO, TO-
MY HaJIeXKUTb BAATHUCA 0 OiJIbII TOHKUX apI'yMeHTIiB. MU MoxkeMo cniofiiBaTuCS
OTPUMATH IMOAO0BXKHbO M0JIAPU30BaHUI GOTOH 3 KoedinienTom Kiebura-Top-
JlaHa 1/vz, [k 1e Bii0yBa€TbCSA NPU 0[aBaHHI TPUBUMIPHUX MOMEHTIB iMIyJb-
cy: M) = (1/v2)(Jj = 1, m = 0) + |j = 0, t = 0)). Aste HacmpaB/i MU J0Aa€-
MO MOMEHTH iMIy/IbCy B YOTUPUBUMIpPHIU Ipyni JlopeH1ia, To MyCUMO Bpaxo-
BYyBaTH He JIMIE CIiH (BJIaCTUBOCTI IepeTBOPEHHS CTaHiB IPU 00epTaHHAX), a
1 mepeTBOpEHHS CTaHiB Npu OycTax. Ik My nokaxemo B Po3gini 3, koedinieHT
Kine6ma - TopaaHna, o noB’s3ye 4-BeKTOP 31 cTaHOM | e} e ) 6e3MacoBux pepmio-
HiB, JOPiBHIOE HYJII0. (3a3HAYUMO, 1110 TAKUM CTaH € CyNepro3Ulli€r0 cKaaspa 1
aHTHCUMeTPUYHOTO TeH30pa.) OTxe, ammiaityga M (RR — RL) nopiBHIOE HYJIIO,
SK 1 OAMHAUATD IHIIKUX aMIJIITY/, Y IKUX I0YaTKOBUM ab0 KiHLIeBUU CTaH Ma-
I0Tb HYJIbOBUYM TIOBHUH MOMEHT IMIYJIbCY.

PelnTy HeHy/IbOBUX aMIIITYZ, MOXKHA 3HAWUTHU TaKUM CAMHUM YUHOM, SK | Ilep-
my. B pesyabTaTi Maemo

M(RL - LR) = — e*(1 — cos 0),
M(LR - RL) = — e*(1 — cos ), (1.7)
M(RL - LR) = — e*(1 + cos 0).

[lizcraBagioum Ui Bupasu B (1.1), ycepefHIOI0OUM 3a YOTUPMA MOYATKOBUMH i
MiICYMOBYIOYM 32 YOTUPMA KiHLIeBUMU CIIIHOBUMU OPi€EHTALISIMHU, 3HAXOAUMO

do o?

= 1 29), 1.8
) 4EuM( + cos” 0) (1.8)

ne o = e?/4m ~ 1/137.IHTerpytodu o KyTax 0 i @, 0oTpuMy€eEMO OBHMIA Ilepepi3

2
GHOBH = ?TE—(ZX (19)

M
Pe3sysnbraTu (1.8) i (1.9) y3roaxywThcs 3 eKClIepUMEHTaMHU 3 TOUHICTIO 710 10%);
a MalKe BCl pO3XO/P)KeHHSI BUHUKAIOTh 32 PaXyHOK HACTYIIHOIO YJieHa epTyp-
6aTHUBHOTO pAAY, L0 BiNoBiga€ fiarpaMaM Ha Puc. 1.4. fIkicHi XxapaKTepUCTHUKH
OTPUMAHUX Pe3yJbTaTiB — IX KYTOBA 3aJIe2KHICTb i pi3Ke 3MeHIlleHHA nlepepi3y
3 eHepriero — 6e33anepeyHo NigTBepAKYOTbCA JOCAIJHUMU AaHUMHU. ([loka-

JIHilIe MU 06roBOpUMO 1ii pe3ysibTaT B § 5.1.)
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Puc. 1.4. ®eiinmaHOBi Jiarpamy, 1o JalTh BHECOK o’ B mepepis po3cisHHSA
ete” > utp~.

§1.2. /lonoBHeHHs ¥ 3alIUTAHHA

Mu oTpuMasid KyTOBUH po3mofin B peakiii ete™ — u*u~, Buxogsauu 3 mip-
KyBaHb 30epeXeHHs] MOMEHTY iMIYJbCy, Mai>ke He 3BepTal4KMCh /10 3aCa/[HU-
YUX NPUHLUIIIB KBAaHTOBOI eJIeKTpOoJAUHaMIKU. [I[poTe MU BAanucs 0 CyTTEBUX
CHpOlLEHb, OB'I3aHUX 3 HAOJMKEHHSM BHCOKHUX eHeprii i BUOOPOM CUCTEMU
neHTpy Mac. [Ipu BifMoOBI BiJ 6yAb-9KOT0 3 IUX NIPUIYILEHb HAll pO3IJisi[ BTpa-
THUTb CBOIO YUHHICTb. To 5K ke Tpeba npoBoguTH o6yrciaeHHs B KE/| B 3arasib-
HOMY BUnNaAKy? Jlyid BiANOBi/i Ha Ije 3aIUTaHHA MU MAaEMO IOBEPHYTHUCA J10 ITpa-
BuJ PellHMaHa.

fAx 6ysi0 BKa3aHO BUlllE, 1Ii MpaBuUJa IPOMOHYIOTh HAaM HAaKPECJAWUTH Aiarpa-
My (abo JiarpaMu) mpolecy, sKdil Hapa3i po3IJisi/IaEMO, i KOXKHOMY eJIeMEHTY
IOCTAaBUTH Y BiZJIOBiAHICTb MeBHUM anre6paiyHuil MHOXHUK. Ha Puc. 1.5 noka-
3aHa Ziiarpama Haiuoi peakuii ete™ - ™y~ 3 BiAnoBiAHUMY MO3HAYEHHSIMH.

Jlis BHYTpiliHbOi GOTOHHOI JIiHII MU UIIEMO —iguv/qz, Ae g,, — 3BUYAH-
HUH MEeTPUYHHUU TeH30p MiHKOBCHKOTO, a g € 4-iMIysIbCcOM BipTyasibHOTO GOTO-
Ha. llelt MHOXKHUK BifioBigae onepaTtopy | Y){Y| B Halliii eBpUCTUYHIN dopMyti
(1.3).

Jl/1s1 KOXKHO1 BepIIMHY 3anucyemo —iey", mo Bianosigae H; B (1.3). Besnuu-
HU Y" € HA60POM NMOCTINHUX 4 X 4-MaTpullb. CaMme BOHU 3A4iUCHIOIOTD ,JJOJaBaHHS
MOMEHTIB iMIyJ/IbCy", MOB’SI3y104UM CTAHU JIBOX YACTOK 3i CITiHOM 1/2 3 BEKTOPHO10
YaCTKOH.
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Puc. 1.5. Jliarpama 3 Puc. 1.2, ie BKasaHi ajare6paiudi Bupasy, 110 BiJINoBiAal0Th
BeplIMHaM, BHYTPilIHIM i 30BHIIIHIM JIiHiAM.

30BHIIIHI JiHII peAcTaB/eHl YOTUPUKOMIIOHEHTHUMU CTOBILAMU-CIIHO-
pamu u, v, abo psAJKaMU-CIIiHOpaMHu U, . ByiacHe KaXXy4H, BOHU € XBUJIbOBUMH
GYHKIIIMY MOYAaTKOBHUX Ta KiHI€BUX YaCTOK B iMIYyJIbCHOMY NMpoCTOpi i BiAmo-
BigarwTb | e*e”) Ta (utu~| B (1.3). Ingekcu s, s', r i r' no3Ha4arThb CIiHOBI opi-
€HTAaILil — Bropy abo BHHU3.

Tenep MmoxkemMo HanucaTu popmyay ajast M, 3UUTYIOUYHU BCi eJleMeHTH MPOCTO
3 flarpaMu:

_ =5s" /. IuN.,S _ingV ~-r A AN A T AN
M =v> (p)uw(p) 2 )Y (k) (—iey")v" (k) =
ie? =5" (211, -7 r' gt
= 2 (77 0w ) (& (o' ().

JlocuTh MOBYAIbHO 6y/ie MOPiBHATH B ZleTassax el Bupas i3 (1.3).

[[lo6 oTrpumaTu nepepi3 (1.8) 3 (1.10), M1 Morsiu 6 TOBEPHYTHUCA [0 HaBe/le-
HUX BUIIE MipKyBaHb 30epeKeHHs] MOMEHTY iMIYJIbCY, IONOBHEHUX JleIKUMHU
KOHKPETHUMHU BiJIOMOCTSIMHU NP0 Y-MaTPULi U AipakoBi cniHopu. Takoro wtuby
obynceHHs MU TpoBesieMo B § 5.2. [IpoTe icHye 6araTo KOpUCHUX IPUKOMIB, 10
SKHMX MOXXHA BJaTUCA NpU MaHinyssnii 3 BupasaMmu Ha 3pas3ok (1.10), oco6uiu-
BO NpHU NOTPebi 00YMCIUTH JIMLIe Henosapu3o8anull nepepis. Bukopucroyio-
YU L0 eliIHMaHO08Y MEXHO0Ti0 caidié (Ha3Ba BUHUKJIA Bij, TOro, 1110 IOBOU-
ThCSl 3HAXOJWUTHU CJAiAU BiJj 0OYTKY Y-MaTpPHLb), 30BCiM He 060B’I3KOBO 3HATHU
SIBHUM BUIVISIZ, LIUX MaTPULb i JjipakoBUX cliHOpiB. OGYUCTIEHHS CTal0Th Mail-
ke 6e3ayMHUMY, i pesyabTaT (1.8) 3’ABAsAETHCA mic/as cyTo anre6paiyHUX BU-
KJIaZIOK 3araJibHUM 00CSIrOM MEHII Hi>K Ha OJHY CTOPiHKY. Ta ocKizibKY npaBuia
deliHMaHa i TEXHOJIOTiS CJAif[iB € TAKUM MOTYKHHUMH, TO MU MOKEMO BiJMOBH-
THUCh i Bijj Aesakux crnpolleHb. Ha 3aBepuieHHs 1jboro naparpady o6roBopuMo
KiJIbKa cUTYyalili 3a IKMX Hallli 004K CJIEeHHS MOXYTbh 3HAaUHO YCKJIaJHUTUCS.

(1.10)
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Halinpocrilie 06MeKeHHs, BiJi IKOr'0 MO>KHa BiJ[MOBHUTHUCH, 1ie 6€3MaCOBICThb
MIOOHA. fIKII0 eHeprisd NMy4ykKiB He HabaraTo 6isibla 3a Macy MIOOHA, TO BCi Ha-
i nepesb6adeHHs 3a/71€KaTUMYThb Bij cniBBigHOmeHHA M, /E,y (OcKinbKu ese-
KTpoH npu6sn3Ho B 200 pasiB Jiermnii 3a MIOOH, KOTO MOXKHA PO3IJISIAaTH K
6e3MacoBYy YaCTKY 3a YMOBH, 1|0 eHepris ny4yka JOCUTb BeJIMKa [J1sl yTBOPEHHS
MIOOHIB.) 3acTocyBaBlId GpeHHMaHOBY TEXHOJIOTiI0 ClifiB, HA/I3BUYAalHO MPO-
CTO BpaxyBaTH B HALIMX 004K CIEHHAX Macy MooHa. 06car Heo6XiJHUX anrebpa-
IYHHUX BUKJIAJIOK 3POCTe BiZICOTKIB HA M'ATAECAT, a cniBBigHOomeHHs (1.1) Mix
aMIUIITYZ 010 Ta NepepisoM TPOXU 3MIHUTBCH, IPOTE pe3yJbTaT BapTHUU A0Ja-
TKOBUX 3yCHJIb. MU npopo6uMo 11i o64yncaeHHs B § 5.1.

[IpanoBaTH B iHILIIM CHUCTEMI BiJIJIIKy TaKOX He CKJaJHO. EAMHe, 1110 3a3HaE
moaudikanii, ue 38’30k (1.1) Mk ammIiTyz010 ¥ nepepizoM. A BTiM, MOHa
IPOCTO 34iMCHUTU NNepeTBOpeHHd JlopeHla HaZ GopMyJiol0, OTpMMaHoo B [|M.

Kousin BifjoMi cniHOBi cTaHM MOYATKOBUX Ta/ab0 KiHIIEBUX YaCTOK i MU XO-
4yeMO BpaxyBaTHU Macy MIOOHA, TO 004YHCJIEHHS CTal0Th TPOMI3IKIIIMMH, X04a, B
NPUHLHUII, 3a/IMILIAI0TBCA HECKIAAHUMHU. /11 TAKOr0 BUIIAJKY JIETKO y3arajb-
HUTHU TEXHOJIOTI0 CJIi/IiB, ajle 4acTo 6YBa€ NPOCTille 3HAUTU YHMCJI0BE BUPAKEH-
HAA A4 (1.10) 6e3nocepeHbO, BAKOPUCTOBYIOUYU IBHUM BUIJISALJ, CIIHOPIB U i v.

Puc. 1.6. /IBi giarpaMy HalHUXKYOrO TMOPSAKY JAJis po3CisHHA Ba6a ete™ -
+ -
ete .

Jlasi MoXKHa 00YMCIUTH Tepepi3 A AJs pi3HUX mpolieciB. Peakiis ete™ —
e*e”, 110 HA3UBAETHCA po3cisiHHAM Babd, cknaHila, OCKiIbKY iCHYE Japyra Ji-
arpama (auB. Puc. 1.6). CnoyaTky Tpeba JoAaTH aMILUIITYAM 3 060X AiarpaM, a
NOTIM MiJHECTH IXHIO CYMY 10 KBaZpaTYy.

[Hi npouecu BkJIWOYaOTh GOTOHU B MOYATKOBOMY Ta/abo0 KiHI[eBOMY CTa-
HaX. 3pa3K0BUM NPUKJIAJIOM € KOMITOHOBE PO3CiSIHHSA; ABi Moro AiarpaMu Hau-
HUXKYOT0 NnopsiKy 306paxkeHi Ha Puc. 1.7. [IpaBuia ®@eliHMaHa /1 30BHIlIHIX
GOTOHHMUX | BHYTPIIIHIX eJIEKTPOHHUX JIiHIM He CKJIaAHili Bif TUX, AKi MU BxKe
po3misaaanyu. Mu fgeTajlbHO NpOaHali3yeMO KOMIITOHOBE po3CisiHHA B § 5.5.
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Puc. 1.7. /IBi fiarpaMy HAaHMKYOT0 NOPAJKY [J11 KOMIITOHOBOTO PO3CiIHHS.

HapeiuTi, MokeMO BpaxyBaTH 4JI€HH BUIIUX MOPSAAKIB MepTypOATUBHOIO
paay. 3aBasgku @eliHMaHOBI, MIPUHANWMHI He CKJIaZJHO HAKPECJUTH BiAOBIAHI
Jiarpamu; Ha Puc. 1.4 306pakeHi Ti 3 HUX, 1[0 JAI0Th BHECOK Y HACTYIHUH YJIEH
nepTypoaTUBHOTO psAy [Jisl mepepidy mporecy ete” — ptu~. llpumiTHo, 1m0
aJITOPUTM MPUCBOEHHS aarebpaiuHUX MHOXKHUKIB /IJ151 OKPEMUX €JIeMEeHTIB Ji-
arpamu 36epira€ YMHHICTb i JJis1 BHECKiB BULIUX MOPSAAKIB, 1110 JJ03BOJISIE 064 U-
CJIUTH IX 6e3mocepeHbO, X04a Lie Ay>Ke MapyAHa cnpaBa. 064uc/ieHHS IOBHOTO
BHECKY BCiX /1eB’ITH JliarpaM — cepiio3Ha pob60oTa Ha piBHiI HAYKOBOI CTATTI.

Y HamoMy Kypci, moyruHaw4du 3 Po3giny 6, MU JOK/JIaZHO aHa/1i3yBaTUMEMO
Ty Qi3UKy, 1[0 BUIIJIMBAE 3 BUILUX OPAKIB pelHMaHOBUX JiarpaM, Ha 3pa3oK
306pakeHux Ha Puc. 1.4. Mu nepeKoHaeEMOCs, 1[0 OCTAHHI YOTUPH JliarpamMu 3
Jl0JaTKOBUM (POTOHOM y KiHI|eBOMY CTaHi Te» HE0OXi/JHO BpaxyBaTH, OCKiJIbKU
»KOJIeH eTEKTOP HeCIPOMOXHUM BUSBUTH MPUCYTHICTh GOTOHIB 3 'PaHHUYHO
HU3BbKUMHU eHeprisiMu. A TOMy KiHIIeBUH CTaH 3 TAKUMH GOTOHAMH HEMOKJIHMBO
BiZIpi3HUTH BiJ NOTPiGHOT0 HAM CTaHY 3 O[HI€IO JIMIIIE AP0 MIOOHIB.

Pewita n’sath aiarpaM Ha Puc. 1.4 MaroTh NPOMiXKHi CTaHU 3 KiJIbKOMa BipTy-
aJIbHUM 4YaCcTKaMHU 3aMicTb 0JHOTO $OTOHA. Y KOXHIil 3 TaKuX JjiarpaM Nnpucy-
THSA IPUHAMMHI O/lHA BipTyaJibHa 4YaCcTKa, IMIYJIbC KOl HEe BU3HAYAETHCA 3aKO-
HOM 30epexxeHHd y BeplurHax. OCKiJIbKY Teopisi 30ypeHb BUMara€ B3siTU CyMy
3a BCiMa MOXXJIMBUMHU IMPOMI>KHUMU CTaHAMH, MU MYCHUMO IPOIHTEIrPyBaTH I10
BCiX MOJIMBUX 3HAaYEeHHSAX 11bOT0 IMIyJbCy. [IpoTe Ha IbOMY eTali BUHUKAE HO-
Be YCKJIaJIHEHHS: y IeplLIMX TPbOX JiarpaMax iHTerpasiv 10 3aMKHYTUX NEeTJIAX,
SKI10 6paTH IX HaNpsIMy, 1al0Th HeCKiHYeHHicTh. HanpukiHLi nepiioro Tomy Mu
3HalJieMo Cocib OTPUMaHHSA CKiHUYeHHUX pe3yJIbTaTiB. Ajie TUTaHHA Qi3UYHO-
o MOXO/[PKeHHS LIUX PO36i>KHOCTel Tak NPOCTO He po3B’sa3ytoThces. Lle 6y/ie ro-
JIOBHOIO TEMOIO [Ipyroro TOMy.

Mu obroBoproBasv pelMHMaHOBI AiarpaMy, K aJrOPUTM NPOBeJeHHH 06-
yucaeHb. HacTynHi po3zisiv npoJAeMOHCTPYOTh YCIO CUJIY LIbOTO iHCTPYMEHTY.
OpHak, po3risialoyi Jiefasi 6isblle 3aCTOCyBaHb JAiarpaM, MU 106a4MMo, 10
BOHM IIOYMHAKOTH )XUTHU CBOIM BJIACHUM KUTTAM. BOHU BKaXKyTh Ha HeCloAiBa-
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Hi 3B’SI3KM MK pi3HUMM Qi3UYHHMMU NpPOILecaMH i NiIKaXKyTh iHTYITUBHI apry-
MEHTH, fIKi 3T0/IOM MOXKHa Oy/ie epeBipUTH NpU 06uUCIeHHAaX. MaeMo Hajilo,
1110 LisI KHUTa J0MOMOKe BaM OBOJIOITH LIUM MeTOJ,0M i 3HaWTH JJ11 HbOI'0 HOBI
KOPUCHI 3aCTOCYBaHHA.



Po3pina 2

[Mosne Kngiina-IopaoHa

§2.1. HeoOXigHiCTb NOJILOBOIO PO3ISAY

KBaHTOBa Teopid 1oJd € 3aCTOCYBAaHHAM KBAaHTOBOI MeXaHIKU 0 JUHAMIYHUX
CUCTEM ho0/18, Y TOMY K PO3YMiHHI, 1K BJIaCHe KBaHTOBA MeXaHiKa po3IJsJaE
KBaHTYBaHHS JUHAMI4YHUX CUCTeM uacmok. llell npeaMeT KOHYe HEOOXiJHUU
Jl11 pO3YyMiHHSI IOTOYHOTrO CTaHy Qi3UKH eJleMeHTapHUX 4acTOK. 3 MeBHUMU
BU/I03MiHAMU KBAaHTOBOIOJIbOBI METO/U BiZlirpatOTh iCTOTHY pOJib Yy HAUAKTHB-
HIIMX po3Aisax aTOMHOI Ta AZepHoi ¢i3uKH, a TakoXK Pi3sMKH KOHAEHCOBAHOI
Martepil. [IpoTe B nepioMy ToMi Hac nepefoBCiM LIiIKABUTUMYTh eJleMeHTapHI
YaCTKU — i, BIiANOBIAHO, pessimugicmcuKi moJis.

Bu3HauMBUIKCh i3 THUM, 1[0 MU [IparHeMo 3p0o3yMiTH Npolecy, siki BiJj0yBa-
I0ThCS Ha Jiy>Ke MaJiuX (KBAaHTOBOMEXaHIYHUX) BiJICTAHSX i MPU JIyKe BEeJTUKUX
(penaTHUBICTCHKUX) eHeprifax, MOXKe BAHUKHYTH NMTaHHA, HaBil[0 MU MAaEMO BU-
BYATH KBAaHTYBaHHA no/ig. YoMy MU He M0KeMO IIPOCTO IPOKBAHTYBATH peJid-
THUBICTCbKI YaCTKHU, TaK CaMO SIK KBAHTYEMO HepeJATUBICTCHKI?

BignoBiab MOXKHA OTpUMATH KiJibKOMa 1IJIAXaMU. MabyTh, HalKpalie 6yJio 6
HanycaTHU OAHOYAaCTKOBE PeIATUBICTCbKE XBUJIbOBE PiBHAHHA (CKaxiMo, Kusii-
Ha-TopgoHa a6o [lipaka) i nepeKoHaTHCs, 110 BOHO IPU3BOAUTH [0 MOSABU CTa-
HIiB 3 HEI'aTUBHOIO €Hepri€emw i 10 IHIKUX cynepedyHocTel. Ta OCKIJIbKY Ije MUTaH-
HS 3a3BUYal PO3IJISAAEThCA HANPUKIHI YHIBEPCUTETCHKOTO KypCy HEPeasTH-
BICTChKOI KBAaHTOBOI MeXaHiKH, MU He 0yZileMo 10 Hboro noseprarucd. [IpoTte i
6e3 TOro 3po3yMiJio, YoMy He Mpal0€ TaKUH NMiAxiJ. Mu He MaeMo npaBa NpHUIy-
CKaTH, L0 IKUN-HeOY1b PeIATUBICTCHbKUU POLEC MOKHA NOSICHUTH B TEPMiHax
OZJHOYACTKOBOTO PO3IJsAAy, 60 chiBBigHomeHHsa ElHinTelina E = mc? 103Bo-
JIIE YTBOPEHHS Iap YacTKa-aHTU4YacTKa. HaBiTh y TOMy pasi, Koy AJid yTBO-
peHHs mapu 6paKye eHeprii, 6araTo4acTKOBi CTaHU BUHUKAIOTh, HANPUKJIAJ, K
NPOMIiXKHI B IPyroMy NopsiAKy Teopii 30ypeHb. MU M0OKeMO BBaXKaTH, 110 1ii CTa-
HU peasibHO iCHYIOTb MNPOTATOM HaZJ3BUYAWHO KOPOTKOTO 4acy, BiIIOBIAHO [0
NpUHLUIY HeBU3HaueHOCTi AE - At = h. [Ipu nepexofi 0 BUILIUX NOPSAAKIB Te-
opii 30ypeHb MOXJIMBe YTBOPEHHS JOBIJIbHOI KiJIbKOCTI TaKMX ,BipTyaJbHUX"
YacCTOK.

MeHI1I o4eBUAHUM YUHOM MOTpeba B 6GaraTo4yacTKOBiN Teopii BUIJIMBAE i3
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BUMOT IPUYUHHOCTI. PO3IVIAHBMO aMIJIITYly pO3MOBCIOAKEHHS BIJIbHOI YaCTKHU
BiJ X [0 X:
U(t) = (x|e™""|xo).

YV HepesIITUBICTCbKiil KBaHTOBIM MexaHili Maemo E = p?/2m, oTxke

U = (xle o) = |

_ [ dp
2m)?

dgp —ip2?
(2n)? (x|e " /2™ p)(p|x,) =
3
o IPP/2m | Gip(x—x0) ( m )2 oim(x—x0)? /2t
2mit '

Lle¥i BUpa3 € HEHYJIbOBUU JIJ1d BCIiX X i t, 110 BKa3y€e HAa MOXJIUBICTb PO3MOBCIO-
JPKEHHS YaCTKU MiX Oy/ib-sIKUMHU JBOMa TOYKaMHU 3a JOBIJIbHO KOPOTKUH Mpo-
MIDXKOK 4acy. B pesnaTUBICTCBKIN Teopii Lie CBiA4YWJI0 6 PO NOpYyIIeHHS NPUYUH-
HoCTi. MokHa 6yJ/10 6 crioAiBaTHCH, 1110 BAKOPHUCTAHHSA PeJIATUBICTCbKOTO CIIiB-
BifjHoueHHa E = /p? + m2BpATye cuTyallilo, IpoTe Lie He TakK. 3a aHaJIOTi€Elo 3
HepeJATUBICTCbKUM BUIIAJIKOM, MAaEMO

3
U(t) = (x|e” VP |x,) = ap o it/PTFME | D (x—%0)
(2m)°
= ; j dpp Sin(pIX—X D e—it p2+m?
212X — Xo| 0 .
0

[le¥ iHTerpas Mo>kHa BUpaxyBaTH sIBHO Yepe3 PyHKIIii beccesiss.? MU x o6MexH-
MOCsI JIMIIIE PO3IJISIOM HOr0 aCUMIITOTHYHOI MOBEJIHKHU TpU x* > t? (naseko
3a MeXaMH CBITJIOBOT0 KOHYyCa) 3a METO/I0M cTallioHapHOI ¢pa3u. PyHk1iga pas3u
px — t\/p? + m? Mae cranioHapHy TOYKY IpU p = imx/Vx? — t*>. Mu MoxeMo
BIJIbHO 3aMKHYTH KOHTYP IHTEI'PYBaHHS y BEPXHiM MiBIJIOIIMHI TAKUM YUHOM,
1106 BiH MPOMIIOB Yepe3 L0 TO4KY. [lifcTaBisa04M BKa3aHe 3Ha4eHHA JJiA D,
OTPUMAEMO, 1[0 3 TOYHICTIO A0 pallioHa/bHOI PYHKIil Bifg x i t,

U(t) _ e—m\/x2+t2.

OTXe, mo3a CBITJIOBUM KOHYCOM aMILJIITy/la pO3MOBCIO>XKEHHS X04 1 MaJia, IpoTe
HEHYJIbOBQ, | IPUYMHHICTH BCe OJHO MOPYLIYETHCH.

KBaHTOBa Teopish mosig po3B’si3ye npobJyeMy NPUYMHHOCTI JUBOBHXXHUM
HIJISIXOM, IKHH MU 06roBopumMo B § 2.4. TaM no6ayumo, 10 B 6araTo4yacTKo-
Bill Teopil moJisi pO3MOBCIO/I)KEHHSI YACTOK Ha MPOCTOPONOAIOHI iHTepBaiu He
BiZIpi3HAETHCA BiJl pO3NOBCIOAKEHHS AHMUYACMKU Y TPOTUJIEXKHOMY HANPSIMKY

2lus. [papmreiin i Puxuk [27].
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BycT zo

Puc. 2.1. Po3noBclo»keHHS Bifi X 10 X B OJIHi{ cMcTeMi BiiJliKy Ma€ BUIVIAA K
PO3MOBCIOAKEHHS BiJl X 10 X B IHIIIN cUCTeMI BiAJIiKy.

(Puc. 2.1). Ko MU 33/1aEMOCh IUTAaHHAM, YU MOXKeE CIIOCTEPEKEHHS B X BIJIU-
HYTH Ha CIIOCTEPEXEHHHA B X, TO BUABJIAEMO, 110 aMIJIITYIU PO3NOBCIOPKEHHS
JU11 YaCTKU M aHTUYACTKU TOYHO CKOPOYYIOThCS, TOXK IPUYMHHICTh He IOpyLLy-
ETHCA.

KBaHTOBAa Teopis noJ/iss IpUPOAHUM YNHOM OMKUCYE HE JIHIle 6araTo4yacTKOBI
CTaHY, a ¥ epexo/i MiXk CTaHaMU 3 Pi3HOIO Ki/lbKicTI0 yacToK. BoHa po3B’s3ye
npo6JsieMy NPUUYUHHOCTI HIJIIXOM BIPOBA/)KEHHS aHTUYaCTOK, a NMOTIM [J103BO-
JISIE TIOSICHUTH 3B’I30K MiX CIiHOM i craTucTHKOl. Ta HalBaXk/IMBillle, 1[0 BO-
Ha 3a6e3mnedye HeOOXiJHIi iHCTpyMeHTH AJis1 0O0YMC/EeHHSs Mepepi3iB po3cCisiH-
Hfl, TPUBAJIOCTI XKUTTS YaCTOK Ta iHIIUX CIOCTEPENHUX BeJIMUYUH. EKCliepruMeH-
TaJibHe NiZTBep/PKeHHs LIMX PO3pPaxyHKIB, 1110 4aCTO BUABJAKTLCA 6e3mnperne-
J€HTHO TOYHUMMY, i € TOJIOBHOIO MiZICTAaBOIO 111 BUBYEHHA KBAHTOBOI Teopii 1o-
JIA.

§2.2. EjeMeHTH KJIAaCUYHOI Teopii moJist

Y npomMy naparpacdi MU po6MMO KOPOTKUH oria/, popmMasiaMy KJacU4HOI Teopii
10J151, HEOOXiZAHOTO AJ15 MOJJa/IbLIIOTO BUBYEHHS] KBAHTOBUX MOJIIB.

JlarpaH>koBa Teopis noJis

dyHaMeHTaJbHOIO BEJIMYMHOIO KJIaCUUHOI MEXaHIKHU € Jiid, S, iHTerpas no yacy
Bif slarpanxiana L. B sioka/ibHIN Teopil 10J4 JlarpaHKiaH MOXKHA 3allUCaTH K
IPOCTOPOBUH iHTeI'pal NUTOMOTrO JlarpaHXkiaHa, L, 0 € GyHKIi€l0 0AHOro abo
KiJIbKOX 10JIiB ¢(x) Ta IXHIX noxiAHuX 0,¢. TaKUM YUHOM, MAEMO

S=det=j£d4x. (2.1)

OCKiZIbKHU 1le KHUTa 3 Teopil moJisd, Aajli MM Ha3uBaTUMeMO L MPOCTO Jiar paHxi-
aHOM.
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[IpyHUMI HaWMeHLIOoi Ail CTBEP/XKYE, 10 KOJU CHCTEMA €BOJIIOLIIOHYE BiJ
oZiHi€1 3a1aHO01 KOHirypaliii o iH1I0i 32 NpoOMi>XKOK Yacy Bif t1 0 t,, TO 11, ILISX”
y KoHOirypaniiHoMy nNpocTopi Takui, U0 Aisd S Ma€ eKCTpeMyM (3a3BU4ai Mi-
HiMyM). Mo>xxeMo 3anucaTH 110 YMOBY SIK

0=206S=

. (or oL
| ‘”{%5‘" 30,0 S(a“"’)} (2.2)

\ oL oL
-« {a¢5‘" a<a<au¢>>5"’+a“<a<au¢> q’)}

OcTaHHIN AOAAHOK MOXHA [1epeTBOPUTH HAa IOBEPXHEBUH IHTEI'paJl 10 rpaHHUL
YOTUPHUBUMIPHOI IPOCTOPOBO-4aCcOBOI 30HU iHTerpyBaHH4. [l03asgk noyaTkoBa
Ta KiHIeBa MoJIbOBiI KOHIirypauii BBaXkaroTbCsl 33JJaHUMHU, TO 8¢ € HYJIbOBUM Yy
NOYaTKOBUH 1 KiHIIeBUM MOMEHTH 4acy. SKILO X MU 0OMeXUMOCH PO3IJIA[0M
fedopmaliil 6¢, 110 3HUKAOTh Ha NPOCTOPOBIiil rpaHUIli 30HU, TO NMOBEpPXHeE-
BUH iHTerpas JOopiBHIOE HY/10. BUHOCAYM MHOXKHUK 8¢ 3 Mmepiiux JBOX J10/aH-
KiB i BpaXOBYI04H, 110 iHTerpas Ma€ JOpiBHIOBATH HYJIIO AJ151 6YAb-AKOro 8¢, MU
Jl0XOIMMO BHUCHOBKY, 1110 MHOKHUK IIpU 8¢ € HYJIbOBUM B YCiX TOYKax. 3BiJicH
OTPUMYEMO piBHAHHA pyxy EWnepa-Jlarpan:xa s noJis:

oL oL

Ao narpaHkiaH BKJIIOYA€ Oi/bII Hi>K OZjHE 110J1€, TO MAEMO 110 OZTHOMY TaKOMY
PIBHAHHIO /151 KOXKHOT'O 3 HUX.

lamisIbTOHOBA Teopis moJis

JlarpaH»xoBe GopMyJItOBaHHS TeOpii moJis SsKHaWKpallle BiZilnoBiJae pesssTUBICT-
CbKill JUHaMilli, 60 BCi BUpa3u B HbOMY sIBHO JIOpeHI-iHBapiaHTHi. [IpoTe B nep-
IIOMY TOMi MU KOPUCTYBAaTUMEMOCS TaMiJIbTOHOBHUM GOPMYJIFOBAHHSM, OCKiJIb-
KH BOHO JI03BOJISIE JIETKO 3/1iIHCHUTHU NepexiJi 40 KBAHTOBOI MexaHiku. Harazaa-
€MO, 1110 AJIS1 IUCKPETHUX CUCTEM KOXKHIW AUHAMIYHIW 3MiHHIN BeJIMUYMHI ¢ MO-
»KHa MOCTAaBUTH Yy BiZINMOBIJHICTh KAHOHIYHO CNIPS>KeHUH iMnyaibCc p = 0L/0q (ae
q = dq/dt). Togi raminbToHiaH Mae Burisag H = ), (pg — L). Y3aranbHeHHS Ha
Oe3nepepBHY CUCTEMY HaWJeruie 3p03yMiTH, ySBUBIIIHY, 110 TOYKHA IPOCTOPY X
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pO3MiI.U,€Hi AUCKPETHO. Mu MO>keMO BU3HAYUTH
oL 0

x)  0pX)
0 .

i L ) d3y =
. ¢(x)2 (o), b)) d’y

=n(x) d’y,

p(x) = f £(by), b)) d®y ~

~

ze
oL
nx) = —— (2.4)
uley)
Ha3UBAETbCS NUMOMUM IMNYALCOM, CTIpsKeHUM 710 P (X). Toai raMmisibTOHiaH Mo-
’KHA 3alIUCaTHU AK

H= ped(o - L
[lepexoassuu 10 KOHTUHYYMY, MAaEMO:

H= jd3x(p(x)d)(x) —-L)= f}[d3x. (2.5)

HanpukiHui nboro naparpady Mu 3HOBY BUBeJleMO TaKMW caMUi BUpa3 [
NUTOMOrO raMmiJibToHiaHa ', 3aCTOCyBaBIUU iHIIUKA METOJ,

JlJ1s1 IpOCTOro NpUKJIaAy po3IisiHEMO Teopito ogHoro noJs ¢(x) 3 sarpas-
»KiaHOM

L=3" =7 (V) - gm*¢? = 5 (0ud)* — g m*¢?, (2:6)

[Toku BBaxkaTuMeMo ¢ AikicHUM noJieM. Y § 2.3 BesiMurMHa m Oy/ie iHTepnpeToBa-
Ha SIK Maca, aJjie NOKHU po3r/sAaTUMeMO 11 IPOCTO K napaMeTp. 3aCTOCYyBaBILU
3BUYaAlHY NpOLEeAYyPY A0 LbOro JIaIpaHXXiaHa, MAEMO PiBHSIHHSA PyXy

aZ
<W ~ V4 m2> ¢=0 a6o ("3, +m*)p =0, (2.7)

BisoMe sk piBHsiHHSA KuistitHa - TopgoHa. (Y 1bOMY KOHTEKCTi BOHO € KAACUYHUM
PIBHSIHHSIM 110JIs1, HA 3pa30K piBHsAHb MaKCBeJia, a He KBAHTOBOMEXaHIYHUM XBU-
JIbOBUM piBHAHHSAM.) 3a3HAa4MMO, 1110 MUTOMUH KaHOHIYHUH IMIyJIbC, CripsiKe-

HUM 10 $(x), € T(x) = d(x). Takoxk MU MO>KeMO NOOYAYBATH raMiJIbTOHIaH:
H= Jﬂ-[d3x = jd3x[% ° + % (Vd)* + %mzqf]. (2.8)

Tpu foaaHKM B MpaBiil YaCTUHI MO>KHA PO3IJIsAJaTH, BiIMOBiHO, SIK eHeprito ,ne-
peMillleHHs“ B 4aci, eHeprito ,3CyBy" B IPOCTOPi Ta eHePrito, MOB’si3aHy 3 IPUCY-
THICTIO caMmoro mnoJis. JlokajiHile My J0CaiIKyBaTUMEMO el raMiJIbTOHIaH y
§§2.3i2.4.
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Teopema Hotep

A 3apa3 06roBoprMoO 3B’I30K Mi>K CHMETPIisIMU 1 3aKOHaMU 30epekeHHs B KJia-
CUYHIN Teopii nmoJis, BifobpakeHut y meopemi Homep. llst Teopema po3rasjae
Ge3nepepBHi NepeTBOPEHHS MOJIiB ¢, sKi B iHQiHiTe3uManbHIKH dopMi MalOTh
BUIVISA]

d(x) = ¢'(x) = ¢(x) + ag(x),
Ad(x) = ¢'(x) — d(x) = ag(x),

Jie o« — iHdiHiTe3uManbHUM napameTp i {(x) — fesaka gepopmalis koHdirypa-
uii mosiA. MU Ha3UBaEMO TaKe NlepeTBOPEHHSA CUMETPIEN, AKI0 BOHO 3aJMIIAE
IHBapiaHTHUMU piIBHAHHA pyxy. Lld yMoBa BUKOHYETbCA aBTOMATUYHO, AKILO
Jlis1 iHBapiaHTHA BiAHOCHO (2.9). ¥ 3ara/jibHillIOMy BHUNAAKy MM MOXXeMO JOIy-
CTUTU 3MiHY BeJIMYMHMU Ail HA JOJAHOK y BUIVIAJAI MOBEPXHEBOI'0 iHTerpaJa,
OCKIJIBKM IIPUCYTHICTb TAKOT0 YJIeHa He BIIJIMBA€ HA BUBeJleHHS piBHAHbB Elie-
pa-Jlarpan:xa (2.3). ToMy JlarpaH»kiaH Ma€ 6yTH iHBapiaHTHUM BifjHOCHO (2.9)
3 TOYHICTIO 10 4-AYBepTeHLil:

L(x) = L'(x) = L(x) + ad,J" (%),
AL(x) = L'(x) — L(x) = aduJ" (%),

(2.9)

(2.10)

Juis fesikoro JY. Tenep nmopiBHsiEMO Bupa3 A AL 3 pe3y/IbTaTOM, OTPUMaHUM
BiJ Bapiauii noJiB:

oL oL
=g et (a(aucp)) Ou(Ad) =

oL oL oL
- a”<5(au¢)A¢> * I% - a“<a(au¢>>l A9

Jpyruy J0laHOK € HYJIbOBHM BiZNOBIAHO [0 piBHAHHA Elsiepa-Jlarpanxa
(2.3). HiacTaBastouu 3 (2.9) i (2.10) Bupasu ausa A i AL, 3HaX0AUMO:

oL
0(0ud)

(ko cumeTpis BKJIIOYAE Oisbllle 0OAHOTO MOJIs, TO MEPUINM JOAAHOK y BUpasi
Juis j*(x) cig 3aMiHUTH Ha CyMy TaKHX JIOAAHKIB — 110 OAHOMY AJisi KOXKHOTO
noJis.) e pe3ynbTaT o3Havag, 1o ctpym j*(x) 36epiraeTbcs. s KoxkHOI 6e3-
nepepBHOi cuMeTpii L MaEMo BiANIOBiIHUIM 3aKOH 36€epeKeHHsI.

3aKo0H 30epeXeHHs TaKoX Moxke 6yTH cGOpMYJIbOBAHO SIK TBEPKEHHS, 1110

3apsz

AL

(2.11)

0y =0, pna jH(x) = ¢(x) = J* (). (2.12)

Q= f jod®x (2.13)

BeChb NPoCTip
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3aJIMLIAEThCA He3MiHHUM y 4aci. [IpoTe 3ayBaxkuMo, 1110 GpopMyr0BaHHA Teopil
1oJisi B TepMiHax NUTOMOTO JlarpaHKiaHa 6e3mnocepeiHbO NPU3BOAUTD 0 JIO-
KaJibHOI GopMH 3aKOHY 36epexxeHHs (2.12).

HainpocTimuyii npukJ/aj Takoro 3aKoHy 36epeXeHHsI BUILJIMBAE 3 JIaI PaHKi-
aHa, 110 MaE Jiillle KiHeTUYHUH YJieH: L = % (aucl))z. [lepeTBOpeHHA ¢ — ¢ + q,
Jle 0 € KOHCTAaHTOM, 3a/uIlIaE L He3MiHHUM, 3 YOTO MU POOMMO BUCHOBOK, 1110
ctpym j* = 0"¢ 36epiraeTbcs. Ik MeHII TpUBiaJbHUUN BUNAZI0K, PO3IVITHEMO
JlarpaHxiaH

L=[0u0|* —m*|¢|*, (2.14)

Jie ¢ Tenep KomnsiekcHe ojie. Mu MOXKeMo 3 JIETKICTIO TOKa3aTH, 1[0 PiBHIAHHAM
pyXy [Jil [bOTO JlaIpaHXiaHa 3HOB-TaKu € piBHAHHA Kiaina-Topaona (2.7).
Lleii narpanskiad iHBapiaHTHUH BiJHOCHO nepeTBOpeHHA ¢ — Ppe'Y; nua indi-
HiTe3WMaJIbHOTO IepeTBOPEHHS OTPUMYEMO

Ad = al = iad; AP* = al’ = —iad’ (2.15)

(Mu posrnsijlaemo ¢ i ¢* Ik He3asexHi moJisd. ATbTEPHATUBHO MU MOTJIM 6 Mpa-
I[}OBATH 3 JIiMICHOIO Ta ySIBHOMO CKJIaZ0BUMHU 0151 ¢.) Tenep HeBaXKKO MOKA3aTH,
110 36epeKeHUH HOTePiB CTPYM Ma€ BUIJIS]

jH = i[(0% D — ¢7 (0" P)]. (2.16)

(CninbHUM MHOXHHUK 0O6paHO J0BiJIbHO.) 3acTocyBaBIIM piBHAHHA KisiiHa-
TopaoHa, MOKeMo 6e31ocepeiHbo MEPEBIPUTH, 110 JUBEPreHIisl IbOTO CTPYMY
JIOPiBHIOE HYJ/I0. 3r0JJOM MU J0[,aMO /10 JIaI'paHXKiaHa 4JieH, IKUH NMoB’a3ye ¢
3 eJIeKTpOMarHiTHUM mnoJieM. ToJii iHTepnpeTyeMo j* K MUTOMUM eJleKTpoMa-
I'HITHUM CTPYM KOMIIJIEKCHOTO CKaJIIPHOTO I10J1fl, @ IPOCTOPOBUM IHTerpaJ Bij,
j° — K eJIeKTpUYHUE 3apsL,

Teopemy HoTep Takok MO>Ha 3aCTOCyBaTH [0 IPOCTOPOBO-4aCOBUX llepe-
TBOpPEHb Ha 3Pa30K TPaHC/ALIM i 06epTaHb. AJIbTEPHATUBHO MU MOXKEMO OIU-

caTu iH}iHiTe3UMabHy TPaHCALiI0
x" o xM — "
SK IlepeTBOPEHH 10JI
¢(x) = d(x +a) = (x) + a0, (x).

JIarpaHH(iaH TAaKOX € CKaJIApOM, TOMY BiH Ma€ nepeTBoproBaTruCAd TaKMUM CaMUM
YHUHOM:

L—L+a"d,L=L+a"0,(5,L).
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[TopiBHaBIIM Lel BUpa3 3 (2.10), MU 6a4MMO, 1110 TeNep MAEMO HEHYJIbOBHUM
ctpyM J". 3 B3siBIIM HOT0 B pOo3paxyHOK, MOXKEMO 3aCTOCYyBaTH TeopeMy Hortep
JL151 oflep>KaHHS YOTUPbOX OKpeMO 36epeKeHUX CTPYMiB:

0L oL
Ao~ oud—8,L abo T =__——-0"b— gL (2.17)
0(0vo) 0(0vo)
lle € mocToTy meH30p eHeprii-HanpydiceHb, AKUU TaKOXX HA3UBAETbCS MEH30POM
eHeprii-imnyascy nons ¢. 36epexkeHUH 3apsij, OB’ I3aHUN 3 YaCOBUMMU TPAHCISA-
IiIMH, € TaMiJIbTOHIaHOM:

TV, =

H= jTOO d’x = fﬂ{d3x. (2.18)

[lpu o6uucaeHHi Uil BesmuuHu s noss Kisaitna-Topaona, MoxHa e pas
oTpuMaTu pe3yabTaT (2.8). 36epexeHi 3apsau, MOB’si3aHi 3 MPOCTOPOBUMHU
TPaHCAALIAMY, €:

Pt = fTOi d>x = —fna@ a’x, (2.19)

i MU iHTepnpeTyeMoO iX K (Pi3sUUHUN) IMIYJIbC, 1I0 TEPEHOCUTLCS MoJieM (He
MJIyTaTU 3 KAHOHIYHUM iMIIYJIbCOM).

§2.3. Iloae Knaitna-TopaoHa AK cHCTeMa rapMOHiMHHMX OCIU-
JIATOPIB

O6roBopeHHs K8BAHMOBOI Teopii 0J1s1 TOYHEMO 3 JOCUTh GOPMaIbHOI'O PO3IJIf-
Jly HAaUMPOCTIIIoro BUNaAKy — AikicHoro nouist Kisiiina - Toppona. [nes mosisirae
B TOMY, 1106 OYaTH 3 KJACUYHOI Teopil CKaJIApHOro N0Jis, OMKCAHOrO0 JIaI'paH-
>kiaHOM (2.6), a IOTiM ,IPOKBAHTYBaTH" MOT0, TOOTO peiHTepnpeTyBaTHU AUHA-
MIi4YHI 3MiHHI, K OollepaTopH, U0 3a/[0BOJIbHAITh KAHOHIYHUM KOMYTaLliMHUM
cniBBigHOUmIEeHHAM.* /lasi MU ,p03B’A3yeEMO” TeOPil0, 3HAXO/ASIYU BJIACHI 3HAYEH-
HA Ta BJIACHI CTaHU raMiJIbTOHIaHA, BAKOPUCTOBYIOYH JJI aHAJIOrii rapMOHiu-
HUU OCLUJISATOP.

Knacuuna Teopis giicnoro noss Kaaiina -Topgona 6ya ctucio (ane gocra-
THbO) BUKJIa/leHa B NlollepeIHbOMY naparpadi; BijOBiiHI BUpa3y HaBeJlEHO Y

3A TouHime, vomupu cTpyMu (3a KiJIbKIiCTIO CTyTIEHIB CBO60/IM TPaHCAANLIN), AKi pa3oM CK/1azia-
10Tb TEH30p Apyroro paury J%, = 8‘:113. BignoBifHo, i YoTHpU 36€epexeHi CTPyMH YTBOPHOIOTh
TeHsop. ( [Ipum. nepexa.)

*11a npolelypa Ha3MBa€THCA IOBTOPHUM KBaHTYBaHHSAM, 11106 Bi[pi3HATH OTpUMaHe B pe3yJib-
Tari piBHaAHHA Knaiina-TopgoHa (y akoMy ¢ € onepaTopoM) Bifi CTaporo oHO4acTKOBOrO PiB-
HsaHHs Kisitna-TopoHa (B skoMy ¢ 6y/10 XBU/IbOBOIO GYHKIIiEI0). Y HAIIOMY KYpCi MM HIKOJIH
He 3BepPTaeMOCH /10 pyroi TOUKH 30y, a MOYMHAEMO 3 KJIACUYHOTO PiBHAHHSA (B sKoMy ¢ € KJ1a-
CUYHUM I10JIeM) i KBAHTYEMO HOTO JIMIIE OJWH Pas.
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dopmynax (2.6), (2.7) i (2.8). [Ipu kBaHTYBaHHI Teopii MU AOTPUMYEMOCS Ti€l
K IpOLIeAYPH, L0 ¥ AJis1 Oy/1b-AKO1 iHIIO1 IMHAMIYHOI CUCTEMMU: IePETBOPHOEMO
¢ Ta Tt Ha onepaTOpH i HAKJIAZAEMO Ha HUX BiAIOBIAHI KOMyTaliliHi ClIiBBiHO-
meHHs. Haragaemo, 1o AJis JUCKPETHOI CUCTEMU 3 O/IHi€l 260 KiJIbKOX YacTOK
KOMYTallilHi CiBBiIHOLIEHHS € TaKi:

[9: p;] = i8ij;
[q:, qj] = [ps Pj] =0.

Y3araJibHeHHs [1J11 6e31epepBHOI CUCTEMHU LIJIKOM IPUPOHE — OCKIJIbKH Tt(X)
€ nNuMoMuM iMIyJIbCOM, TO 3aMicTb cuMBoOJy KpoHekepa 6epeMo JesbTa-QyH-
Kuiro Jlipaka:

[0, ()] = i8@ (x —y);

2.20
[0, )] = [n(x), T(y)] = 0. (2.20)

(Hapasi mu BukopuctoByemo kapTuHy llpoaunrepa, B kil ¢ i T He 3asexaThb
Bif yacy. B HacTynHoMy naparpacdi My nepeijieMo /o KapTuHU ['alizeH6epra, i
1i ,piBHOYACOBI“ KOMyTaLliliHi CNiBBiHOLIEHHS 36epeXyTh CBOI YMHHICTb 3a
YMOBH, 1110 060H/iBa ONEpaTOPU PO3IJIALAITLCA B OJUH i TOM Ke MOMEHT 4acy.)

[aMinbTOHIaH, Ak QyHKILis ¢ i T, Takoxk cTae onepaTopoM. Hamioro HacTy-
IIHOIO 33/ja4Yel0 € MOLYK Horo cnekTpy. OCKiJIbKM HeMa€e 04eBHUHOTO CIIOCOOY
3pO6UTH Iig, CIpo6yeMo 3anucaTH piBHsAHHS Kiisiitna - TopgoHa y dyp’e-npocTo-
pi. k1o Mu poskazemMo kiaacuyHe nose Kisiina-TopgoHa sk

ad’p .
21‘[)3 e®*d(p, )

wa=](

(me d*(p) = $(—p), Tox P(x) milicHa BesiMurHa), TO piBHAHHA (2.7) HabyBae
BUTJIAZY

|5z + o+ 00| e, 0 = 0 (221)

BoHoO 11i/1KOM 36ira€ThbCs 3 piBHAHHSAM JJ1s IPOCTOT0 TapMOHIMHOI0 OCLUJIATO-

pa 3 4aCTOTOHO
wp = /|p|2 + ma2. (2.22)

3 KypCy KBaHTOBOI MeXaHIKHA HaM BiZIOMO, IK 3HAaXOAUTHU CIEKTP IPOCTOTO
rapMoHilHoro ocuuastopa. KopoTko Haragaemo, sik 1je po6UThCA. 3anrIlIeMO
raMiJIbTOHiaH y BUTJIAA]

1 1
H=3p’+ 5 w’q
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[[lo6 3HalTH BJacHI 3Ha4eHHs H, 3anuiieMo q i p B TepMiHax cxodosux onepa-
mopie at Ta a (a6o onepamopie HapodceHHs | 3HUWEHHS):

1 . |w
q= \/T_w(a + a"); p= —L\[;(a —ah. (2.23)

KaHoHiuHi koMyTauiiiHi cniBBiiHOWEHHS [P, Tt] = i eKBiBaJIeHTHI 0
[a, a’] = 1. (2.24)
Ternep ramizibTOHIaH MOXHa NEPENUCATH K
H = w(a*a + %)

CraH |0), Takuy, wo a|0) = 0, € BJacHUM cTaHOM H 3 BJJaCHUM 3Ha4YeHHAM %w —
eHeprielo Hy/JIbOBUX KoJIMBaHb. KpiM Toro, komytaTtopu

[H, aT] = wa', [H, a] = —wa
JIETKO JI03BOJIAIOTh BCTAHOBUTH, 1110

In) = (a")"|0)

€ BJIJACHUMU cTaHaMH H 3 BJJaCHUMH 3HaUYEeHHAMU (n + %) w. Lli cranu Buuepny-
I0Tb CIIEKTP.

Mu MoxeMO 3HaMTH CIeKTp ramisibToniana Kisitna-TopzaoHa, 3acTocyBas-
IIIM TOYHO TaKWUU NMpUoM, NpoTe Tenep KoxkHa Gyp’e-Mo/ia MoJisi Ma€ po3rsja-
THUCA, IK He3aJIeXKHUW OCLUJIATOP 3i CBOIMM BJIACHUMHU A i a’. 3a anasoriew 3
(2.23), numemo

d3

P(x) = (Zn) J—(ap

T(x) = f W(—i) E(apeip"‘— afe ™). (2.26)

3BOPOTHI BUpa3u JJd A4 ap | a}‘; yepe3 ¢ i T Jilerko BUBOAATHCS, ase pifko
BUKOPHUCTOBYIOThCSA. /11 MoJanblINX 0OUYUCIeHb KOPHUCHO NepenucaTu (2.25)
i(2.26) y TakoMy BUTIAJ:

eP* + ale™®X); (2.25)

(2.27)

¢()—f(2 , J_( L+ al) e

n(x) = j any? (=) E(ap —al)e®x (2.28)
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KomyTauiliHe cniBBigHOEeHHS (2.24) cTae

[ap, al,] = 2m)*6® (p —p), (2.29)

i 3 HbOT'0 MOXXEMO IIePEKOHATHUCS, 1[0 KOMYTaTOpP ¢ i T la€ NpaBUJIbHUM pe3yJib-
TarT:

Cp (D) oy
(211) 2 wp

X

00, 0] = [ 22,
2.30
X ([aip, ap'] — [ap, atp,]) plpx+p'x) _ (2.30)

= i8®(x - x).

(Axwyo Le ¥ noAasbLIi 06YMCIEHHA A BaC He3BUYHI, IPOCUMO YBAXKHO IX IIPO-
pOOUTH; Mic/a KOPOTKOI IPAaKTUKU BOHU CTAlOTh Ha/I3BUYaWHO NPOCTUMHY, ajie
MalTb QyHAaMeHTa/IbHe 3HaYeHHH AJ1 GOopMasi3My HACTYIHHUX JABOX PO3Ji-
JIiB.)

Tenep Mu roToBi 3anyMcaTy raMiJIbTOHIaH y TepMiHaX CXOL0BUX OIlepPaATOPIB.
[lizcTaBasouu B (2.8) BUpasu s ¢ i W, oTpUMyeEMO

a’p A*P' ioox ,/ p®
- jd3x ezm?® J (2m)’ e e e CRNE
, - mop-p t Yay +at )b = 231
X(ap al p) I ot (ap +al;)(ap +a_p,)} (2.31)
d’p t 1 t
= @’ oop(apap + 5 [ap, ap]).

Jpyruil 1o/jlaHOK nponopLiiiHuK HeckiHyeHHOMY c-uucy 6(0). Lle € mpocTo cy-
Ma 3a BCiMa MOJIJaMH 3 eHePri€r0 Hy/JIbOBUX KOJIMBAHb Wp/2, TOX il IPUCYTHICTD
L[IJIKOM 04iKyBaHa, X04 i BUKJIMKA€E [TIeBHY po3ry06JieHicTh. Ha acTs, er HeckiH-
YeHHUH 3CyB eHepril He Moxe OyTU BUSBJIEHUH eKCIIepUMEeHTaJIbHO, OCKIJIbKU
B YCiX I0CJIiJaX BUMIPIOIOTB JIUIIE PI3HUYH MK HAABHOI eHePri€ro Ta eHepriero
OCHOBHOTO cTaHy H. Tomy Mu Hazasi irHOpyBaTUMeEMO e HeCKIHUEHHUH M0~
CTIHUH YJIeH y BCiX HAlIMX 06YHUCIeHHAX. MOXJIMBO, TAKWUU 3CYB eHepIii 0CHOB-
HOI'0 CTaHy 3aTHUHM CTBOPUTHU NP0o6JeMy Ha IJIMOIIOMY piBHI Teopii; MU 06ro-
BOPUMO Lie IMTAaHHA B €Iio3i.

BuKopucTOBYy104YM BMpas /A raMiJibTOHiaHa B TepMiHaxX q i al, HeBaXKKO
3HAUTH KOMYTaTOPU:

[H, a;] = oopa;r,; [H, ap] = —wpa, (2.32)

A Tenep MoXXeMO BUIIMCATH CIEKTP Teopii, Tak caMo SK i /1 mpocToro rapMmo-
HiliHOTO OocuuaaTopa. Ctan |0), Takui, o ay,|0) = 0 A4 BCiX p, € OCHOBHUM
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CTaHOM, ab0 8aKyymonM, i ioro eneprisgd E = 0 miciig BiIKMJaHHS HECKIHYEHHOI
KOHCTAHTHU y (2.31). Pemrty BsIacHUX CTaHiB eHeprii Mo)kHa Mob6yAyBaTH yepe3
Jiito onepaTopis HapopkeHHs al Ha |0). Ctan afjal -+ |0) € BracHuM cTaHOM ra-
MiZIbTOHIaHa H 3 eHepriew wp + wgq + ---. Lli cTaHK BUYEPIYIOTH CIIEKTP.

3HaMIIOBIIM CIEKTP raMiJIbTOHIaHa, CIPOOYWMO JaTH iHTepIpeTaLilo Horo
BJIaCHUX cTaHiB. lllnsixoM 064uCeHb, 1[iIKOM noAi6HuX A0 (2.31), MU MOXKEMO
3amnycaTH olepaTop NoBHOro iMnysbcy (2.19) gk

d3
P=- f d3x1'[(X)V(|)(X) = f 2‘:))3 P a;r,ap. (2.33)

(

t i - —
OTxKe, omepaTtop a, HApO/PKYyE CTaH 3 iMIYJbCOM P Ta eHeprien w, =

VIp|? + m?.Tak camo cran afaf -+ |0) mae iMmysbe p+q + -+ LiikoM npupojHO
Ha3MBaTH Li 30y/P)KEHHSI YaCMKAMU, OCKIJIbKYM BOHU € JUCKPETHUMU 06'EKTAMHU
3 HaJIEXKHUM PeJIATUBICTCbKUM CIIBBIHOILIEHHAM MiX iMIIyJIbCOM Ta eHepri€lo.
(ITiz vacmkoro My He MAaeEMO Ha yBas3i 10Ch JIOKaJ/li30BaHe y IPOCTOPi; a; Hapo-
JPKY€ YaCTKU AK BJIACHI CTaHU iMITyJIbCy). BigTenep My 3aMicTh wp NMCaTUMEMO
E, (a6o npocro E), 60 HacnpaB/i Lje € eHepria YacTKU. 3a3Ha4YMMO MiX iHIIUM,

1[0 eHepris 3aBxAK nosutusHa: E, = /|p|® + m2,

lleit popMasisM TaKoXkK A03BOJISE BUSHAYUTH THUIl CTATUCTUKU HALUMX 4a-
cTOK. Po3r/1sIHbMO iBOYAcTKOBHM cTaH af al|0). Ockinbku af i af komyTyioTh, TO
[le¥ CTaH TOTOXXHUHM CTAaHOBI ag a;f,|0), y AKOMY [IBl YaCTKHU IepecTaBJieHi Micld-
MU. Binblie Toro, B 0AHIN NpOCTik MoJi p MoXe nepebyBaTH CKiJIbKU 3aBTOJHO
YACTOK (TOYHO TaK, K MPOCTUW TApMOHIMHUHN OCLIUJISATOP MOXe OYTH 30y/1Ke-
HUM 10 JOBIJIBHO BUCOKOI'O piBHA). 3 4Or0 MU pOGMMO BHUCHOBOK, IJ0 YaCTKH
Knaitna-ToppoHa nigkopsaoTbesa cmamucmuyi bose - EliHwmelina.

[IpuposHO BUOpaTHU HOpMyBaHHA BakyyMy, sk (0|0) = 1. OpHO4YacTKOBI
CTaHu |p) « a;g|0) TAKOXX 4YaCTO BUHUKATHMYThb MPH HAIIOMY pO3IJsfi, TO-
My BapTO JJOMOBUTHCS NMPO iX HOpMyBaHHs. HalinpocTilie HopMyBaHHA (p|q)=
(2m)%8® (p — q), 10 BUKOPHCTOBYETHCA B 6araThboX KHUTAX, HE € JIOPEHI[-iH-
BapiaHTHUM, B YOMY MU MOXKEMO NEepPEeCBiAYUTHCS, PO3IISAAAIOUM [iil0 OYCTY B
HaIpsMKY TpeTboi npocTopoBoi oci. Takuit 6ycT fae: p'; = y(p; + BE), E' =
Y(E + Bp3). 3aCTOCOBYI0YM TOTOXHICTB A4 AebTa-QyHKIiI

SLF(x) — fx0)] = ﬁ 8(x — xo), (234)
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MOEMO 00YHUCJIUTH

dp,’
Pp-q=8%p -q) 2=
dps

dE
=890 - ¢ v(l + B—> =
) dp;
! A y
=89(p' —q)  (E+Bpy) =

=8 (p' - q)—

[Ipo6siema B TOMYy, 1110 06’'€M He € iHBapiaHTHUM BiJHOCHO OYCTiB; SILUK, YHUU
06’eM y CBOIM cUCTeMi CIOKOIO JIOPiBHIOE V, y pyxoMili cucTeMi, 3aB/ISIKU JIOPEH-
IJOBOMY CKOpOUY€eHHI0, Ma€ 06’eM V /y. [IpoTe 3 npoBejieHOr0 064YHMCIeHHS MU Oa-
YHMO, 1110 BeJIMYUHA Ep8(3)(p — () JIopeHII-iHBapiaHTHA. BigTak BU3HAYaEMO:

Ip) = V/2E,a}|0), (2.35)
a oTXKe
(pla) = 2E,(2m)*6@(p — q). (2:36)
(MHOXKHUK 2 He € HeOOXiJHUM, aJsie BiH 3py4YHUH 3 OIVISIAY HA NIPUCYTHICTb MHO-
»KHUKa 2 B (2.25).)

Y rinb6epToBOMY NpOCTOPi KBAHTOBUX CTaHIB nepeTBopeHHs JlopeH1ia A iie
K yHiTapHui onepaTtop U(A). Haira ymoBa HopMyBaHHs (2.35) fae

Uu)|p) = | Ap). (2.37)

3aCTOCYBaBH.II/I [nepeTBOpeHHA J]opeHua A0 oIiepaTopa CLT, MaeEMO

E
t 771 _ Ap _+
UA) a, U™ (A) = _Ep App- (2.38)
[Ipy TakoMy HOpMyBaHHi Tpeb6a BXKUBATH MHOXXHUK (ZEI,)_1 I B IeKUX IHIIUX

BUpa3ax. Hanmpukia/, cniBBiJHOLIEHHS MOBHOTH JJs1 OJHOYACTKOBUX CTaHiB
(1Y) 6yne TakuM:

[ d°p 1
. = f P g @l (2.39)

Jle onepaTop 3J1iBa € MPOCTO TOTOXKHICTIO /1 OHOYACTKOBUX CTAHIB i HY/1bO-
BUM Ha pellTi riibbepToBOro npoctopy.’ IHTerpasu Takoro BUIJSAy 3ycTpiva-
TUMYTbCA JOCUTH YaCTO; i cnpaB,ai iHTerpaJI

d3
2n)? 2E f 2n)’ 1 @md(° - )p0>0 (2.40)

SIHaKiue KaxyuH, Jiy € OPTOrOHaJLHUM NMPOEKTOPOM Ha MiJNpPOCTIp 0JHOYACTKOBUX CTaHIB
rizb6epToBOro MPOCTOpPy KBAaHTOBOI Teopil mosist — T. 3B. npocTopy Poka. (IIpum. nepek.)
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€ JIOpeHIL|-IHBapiaHTHHUM iHTerpaJioM 1o 3-iMIyJIbCHOMY IPOCTOPY B TOMY CEHCI,
1110 151 6yAb-sIKO1 JIopeHI-iHBapiaHTHOI f (p) BUpa3s [ a>p f(p)/(2Ep) e nopeHu-
iHBapiaHTHUM. [HTEI'pyBaHHS IPOBOAUTHCH 110 BepxHii rii p® > 0 rinep6osio-
ina p? = m?y 4-imnynbcaomy npocropi (Puc. 2.2).

Puc. 2.2. J/lopeH1-iHBapiaHTHUI iHTerpas y 3-iMmnysibCHOMY MpPOCTOpi 6epeThcs
1o BepxHil rinni rinep6osoiga p? = m2.

Ha 3aBepiieHHs po3r/isiHeMo iHTepnpeTaiiio ctany ¢(x)|0). I3 Bupasy (2.25)
MU 6a4UMO, 1110

dp 1
(2m)® 2E,

¢(x)[0) = e”"¥|p) (2.41)
€ JIIHINHOIO CyNepNno3HUIli€l0 OJHOYACTKOBUX CTaHIB 3 BU3HAYEHUM IMMIYJIbCOM.
AK6U He MHOXKHUK (ZEP)_l, TO (2.41) uinkoM 36iraBcs 6 3 BiJOMUM HepensATH-
BICTCbKMM BUPA30M /Jis1 BJJACHOTO CTaHy ollepaTopa KOOPAUHATH |X); Hacnpas-
Jli K J0AATKOBUM MHOXXHUK MaiKe MOCTIMHUU J15 MauX (HepeasTUBICTChbKUX)
p. ToMmy Hajja/1i MU JOTPUMYBATUMEMOCH TAKOI K iHTepnpeTalii i BBa2KaTUMeEMO,
o onepaTtop ¢(X), Ail0YM HA BaKyyM, Hapodxcye yacmky 8 x. s inTepnpeTtauis
OTPUMYE 0[AaTKOBE NiTBEPAKEHHS, KOJIU 00UUCTUTH

(01$Ip) = ¢ |f ( e + afje") ZE, af|0) =

2m)® 2E

(2.42)

Mu MoxkeMo iIHTepIIpeTyBaTH Lie K KOOpJAUHAaTHe IIpe/iCTaBJIeHH 0JJHOYaCTKO-
BOI XBHJIbOBOI QYHKIIii |p), Tak caMo SIK y HEPeJATHUBICTCbKi KBAaHTOBIN MeXa-
Hili (X|p)X e € XxBUJIbOBOIO QYHKI[i€IO CTaHY |P).
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§2.4. Iloae Knsaiina-TopaoHa y npocropi-yaci

Y nonepesHboMy naparpadi Mu npokBaHTyBasH noJie Kisiina-TopgoHa B Kap-
TuHi lllpoauHrepa i iHTepnpeTyBasu N06y/J0BaHy HAMU TEOPil0 B TepMiHax pe-
JIATHUBICTCHKUX YACTOK. Y I1bOMY naparpadi nepeiemMo 10 kapTuHu ['alizeHbep-
I'a, B AKil Oy/ie Jieriie po3r/sJaTy 3a/1eKHICTb BeJIMYMH BiJi Yacy i IUTaHHSA IPU-
YUHHOCTI. [licsg lesgKol miAIrT0TOBKYA MU ITOBEPHEMOCS 10 TUTAHHA IPUUYUHHOTO
pO3MO0BCIO/PKEeHHS, nopyuieHoro B § 2.1. Takox ofiepKKMMO BUpas AJis nponara-
mopa Kasiina-IopooHa, BaxauBoi ckaamoBoi npaBua ®PelinMana, AKi 6y/e pos-
po6JieHo B Po3gisi 4.

Y kapTtuHi l'aiizeH6epra My po6uMo ¢ Ta T 3a/I€KHUMH BiJl 4acy 3BUMaHUM
4YMHOM — 3a JIOTIOMOTI 00 oNlepaTopa eBoJoLii e H¢:

b)) = d(x, ) = e p(x)e™™ (2.43)

i Tak camo guia t(x) = n(X, t). PiBHsAHHA pyxy ['aii3eH6epra,

.
i2:0=10, H] (2.44)

Jl03BOJISIE 3HAWTH 3aJIeXKHICTh (P Ta T Bif yacy:

a¢(x : [¢< 0, f dX (30 + F(TOK, ) + g Mo (X, t))]
- f d’x’ (i6(3)(X—X') (X, 1)) =
= in(x, t);

aT[(X t) — [T[(X, t)'f d3x'(% 1T2(X’, t) + %(I)(X,, t)(_vz + mz)d)(x" t))] =

ot
= f d’x’ (I8P (x —x') (V> +m?) p(x,0)) =
= —i(=V* + m?) p(x, 1).
06’eaHy0YM 00M/ABA pe3yJIbTaTH, MAEMO

0%
o i € piBHAHHAM Kiistitna - [opoHa.
Mu MoxkeMo Kpale 3po3yMiTH 3asexHicTb ¢(x) i m(x) Big yacy, 3anucaBuin

X qyepe3 oliepaTopyu HAPOAXKEHHA i 3BHUIIEHHS. HacaMnepe,u 3da3HA4YuUMO, 110

Hap = ap (H — Eyp),
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a OTXKe,
H'%a, = a, (H—Ep)",

J151 0yAb-sikoro n. Take x cniBBiiHOIIEeHHS (3 3aMiHoMW ,—“ Ha ,+“) cnpaBeJu-
Be 14 ag. 3BiAcHU 0/1ePKYEMO TOTOMHOCTI

iHt  —iHt —iEpt
)

_ iHt 1 i
e "ape = ape a.e

— 1, iEpt
e’"a, = aye ot (2.46)
SKi MOXKEMO BUKOPUCTATHU Mic/s mifcTaHoBKU 3Ha4yeHHS ¢ (X) 3 (2.25) y (2.43),
11106 3HalTH NOTPiOHUN BUpa3 AJid raiseH6eproporo onepatopa ¢(x). (Mu 3aB-
/M O6yZ1eMO BUKOPUCTOBYBaTH CUMBOJIH Qp i a;; JlJ191 IO3HAY€eHHS He3a/IeXKHUX

Bif yacy cxo/loBUX onepaTopiB y kapTuHi lllpoaunrepa.) B pesynbraTi,

3
ip oo,

e y
(2 )’ V2 ( " ’ o (2.47)
n(x, t) = —atcb(x, t).

d(x ) =

BapTo BiZj3HauMTH, 1110 MY MOXXEMO BUKOHATHU TaKi K MaHinyaAuii 3 P 3amicte H,
1106 BUpasuTu ¢(x) yepe3 ¢(0). 3a aHasoriero 3 (2.46), MOKHA MOKA3aTH:

—iP-x iPx __ ip-x —-iPx_t_,iPx _ 1t _-ipXx
e Tape” T = ape™, e " Tage” T = ape (2.48)

a BiTakK,

CI)(X) — ei(Ht—P~x)¢(0)e—i(Ht—P‘x) —

iP-x iP-x (2.49)
= e P(0)e'"*,

ne P* = (H, P). ([To3HayeHHd TYT Jlel0 MJyTaHi, aje cTanaapTHi. Haragaemo,
1110 P — onepaTop iMnynbCy, YUE€ BJIaCHe 3HAaYEeHHA € IOBHUM IMIIyJIbCOM CUCTe-
MU. BogHouac, p — iMmnysibc ofHi€el pyp'e-Moau noJid, 110 HOro MU iHTepnpeTy-
€EMO SIK iIMIYJIbC YaCTKH B 1jikl MoJi. [lJif1 0AHOYACTKOBOTO CTaHy 3 BU3HAYEHUM
iMNy/1IbCOM BeJIMYMHA P € BJaCHUM 3Ha4eHHAM onepartopa P.)

PiBHsIHHA (2.47) SIBHO AEMOHCTPYE KOPIYCKYJSIPHO-XBUJIbOBUH Jyasii3M
KBaHTOBaHoro mnoJssa ¢(x). 3 ogHoro 60ky, ¢(x) npescTaBjeHO ONepaTOPOM
y TiIbOEpTOBOMY MPOCTOPi, AKUM HAPOJKYE i 3HUILYE YACTKH, 110 € KBaHTa-
MU 30yAKeHHS noJisd. 3 iHoro 6oky, ¢(x) 3anvcaHo fIK JiHilHY KOMGiHallil0
pimenb e?* i e"?* xpunboBoro piBHAHHA Kiailina-Ilopgona. B ekcrnoHeHTi
3’ABJIAIOTHCA 0GU/BA 3HAKHU JJIS1 4aCOBOI 3a/IeXKHOCTI: MU 3HAX04UMO K e~ P°t,
tak i e*?"t, mpuuomy p° 3aBXKAM MO3UTHBHUIA. SIKGH Lie 6y/IM 0JHOYACTKOBI XBH-
JIbOBi QYHKIIil, TO BOHHU BiANOBila/u 6 cTaHaM 3 MO3UTHBHOW i HEFAaTHBHOIO
eHeprisgsMu; Aaji MM Ha3UBATUMEMO iX NO3UMUBHO- | HETaMuU8HO-4aCMOMHUMU
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Moz aMu. Take moefHaHHA Mi>K CXOLOBUMHU OllepaTOpPaMHM i XBUJIbOBUMHU popMa-
MU BJIACTUBeE JJIfl BCIX BiJIbHUX KBAaHTOBUX I10JIiB. [l03UTUBHO-4YaCcTOTHe pille-
HHsI piBHSIHHSA M0JI1 MA€ 3a Koe®illiEHT onepaTop 3HUWEHHS YaCTKU 3 Bifmo-
BiZIHOI0 O/JHOYACTKOBOIO XBUJIbOBOKW QYHKIi€l0. HeraTuBHO-4acTOTHE pillieH-
HA PIBHAHHSA 110JI4, 1110 € epMITOBO CIPAMXKEHUM 10 IO3UTUBHO-4YaCTOTHOTO0, Ma€
3a KoedilliEHT onepaTop HapodxHceHHS YaCTKU 3 BiNIOBIIHOIO OZJHOYACTKOBOIO
XBUJIbOBOIO PYHKILi€O i MO3UTUBHUM 3HAYEHHSAM eHepril. 3a Takoi iHTepnpeTa-
1[il, HAABHICTh Y PEJIATUBICTCHKOI0 XBUJIbOBOT'0 PiBHAHHA K IO3UTUBHO-, TaK 1
HEeraTUBHO-YaCTOTHUX pillleHb, He CYyllIepeYUTh BUMO3I, 1106 po3yMHa KBaHTOBa
Teopis MaJia Jikllle MO3UTUBHI eHEePreTUYHiI 30y/XKeHHS.

IIpU4YMHHICTH

[ToBepHiMOCh Tenep 0 NUTAaHHS NPUYMHHOCTI, HOPYLIEHOr0 HAa OYATKY L[bO-

ro posziny. B HagsBHOMY dopMasisaMmi, 1[0 CIUpPAETHCA HA KapTUHY [aii3eH6ep-

ra, aMIUIiTyZa pO3NOBCIOAKeHHS 4acTKH Bifg y a0 x € (0|d(x)P(y)|0). [lo3Ha-

YHUMO 110 BeqMyuHy sk D(x — y). KoxxeH onepaTtop ¢(x) € cymoro onepaTopis
t i - v t

a Ta a', ase y BUpasi st aMIUIITyAW HeHy1boBUH Jiniue 4ieH (0|apad|0)

(2m)38® (p — q). Jlerko nepeKoHaTHCH, 1110 B HAC 3a/IULIAETHCS TIIBKHU

D(x — ) = (0lp()P()|0) = f L gwew (250

(2m)® 2E,

Y (2.40) mu Bxe [j0BeJy, 110 iHTEI'PaIM TAaKOrO BUIJIALY JIOPEHI-iHBapiaHTHI.
Tenep o64yncanMO LieH iHTerpaJ /i KOHKPETHUX 3HaY€eHb X — .

Halinepiuie po3riisHeMo BUINIA/[0OK, KOJIM Pi3HULA X — Y CIPSIMOBaHa B3/10BX
gacoBoi oci: x® — y° = t,x —y = 0. (ko iHTEepBaJ Bif y 10 X YaCONOAIGHUH,
TO 3aBXK/IU 3HaWUeThCsl CUCTEMA, B IKii BUKOHYETbCA 1151 yMoBa.) Tozi MaeMo

2

4‘ i /2 2
D(x—y) = s [ dp —Le WP =

-3 p

21m)3 2 2

(2m) . 2\p?+m
— 1 [ 2 2 iEt

—imt

(2.51)

—00

e

t—ooo

Jlasii po3ryisTHEMO BMIIaI0K, KOJIM Pi3HUIA X — Y YUCTO npoctopoBa: x° —y® = 0,
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X —y =r. Toai ammityna Taka:

dcp 1
Dx—y)=| — ——eP"' =
(x =) 2n)? 2E,
B o ood pz eipr _ e—ipr B
(21-[)3 P 2E, ipr

peipr
2(21’[) r ,[ /pz -|-m2'

AKio po3miAAaTH NiAiHTerpaJbHUM BUPa3 K QYHKILiF0 KOMIIJIEKCHOI 3MiHHOI
p, TO BOHAa Ma€ po3pi3u B3L0BX YABHOI OCi, 1J0 NOYMHAKTLCA B TOYKax tim
(Puc. 2.3). lna o6uucieHHs iHTerpajia nepecyHeMo KOHTYP Tak, 11106 BiH orop-

HYB pO3pi3 y BepxHil niBmomuHi. [lo03HayuBImIM p = —ip, MU OTPUMYEMO
o]
e P mr
~ e . 2.52
4mr f _ mz t—00 ( )
m

OTxe, mo3a MexXaMH CBIiTJIOBOTO KOHYCa aMHJIiTy,ZLa eKCHOHEHHiﬁHO 3MEHUIYE-
ThbCA, TPOTE 3aJIUIIAETBCA HEHY/JIBOBOIO.

im

KOHTYP
—im obxony

Puc. 2.3. KoHTyp A/ 064UCA€HHS aMILTITYAN pPO3MOBCIOKeHHS D(x — y) no
npocToponoAi6bHOMYy iHTepBay.

YTiMm, AJ14 cClIpaB»XHBbOTO PO3IJIAAY IPUYMHHOCTI MU MYCHMMO 3a4aTUCH IIATA-
HHSIM He PO Te, UM MOKe YacTKa PO3MOBCIO/»KYBaTUCA HAa IPOCTOPONOAiOHI iH-
TepBaJiy, a Ipo Te, YU MOXKe BUMIPHBAHHS B OJHIW TOUYLi BIVIMHYTHA Ha BUMIpIO-
BaHH{ B iHIIIH, SKIIO 1Ii TOYKH BiIOKpeMJIeHi MPOCTOPOMNO/i6HUM iHTEpBAJIOM.
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Haitnpocriuie, Mu MoxxeMo cipo6yBaTH BUMipsATH noJie ¢(x) i 4J151 [bOTO MAaEMO
BUpaxyBaTHU KoMyTaTop [P (x), d(y)]; K10 BiH HYJIbOBUH, TO O/IHE BUMipIOBa-
HHS He 3/laTHe BIJIMHYTH Ha iHIue. | cipaBi, AKLO e KOMyTaTop JAOPiBHIOE
Hymo aas (x —y)* < 0, To IPUYMHHICTD 36epiraeThbcs i B 3aralbHOMY BUNAIKY,
OCKIJIbKM KOMYTaTOPH Bif 6yAb-aKkux PyHKIIN P(x), BKJIOUHO 3 TT(Xx) = 0¢/0t,
TaKOX OYZlyTh HYJIbOBUMHU. 3BUYANHO, MU 3HAEMO 3 piBHSIHHA (2.20), 1110 1€ Ko-
MyTaTOp HY/JIbOBUH MpH x° = yO' a 3apa3 NpOBeJIeEMO 3arajbHilli po3paxyHKHU:

— d3p
(0G0, 401 = [ Zny TE f @2’ \/

o [(are " + ale™), (age™® + afel™)] =

(2.53)

( —ip-(x-y) _ ein(x—y)) -

.[(211) [2E
=D(x—y)—D(y—x)-

Ao (x — y)* < 0, Mu MoxeMo 37iiicHUTH lepeTBopeHHs JlopeHNa Haf Apy-
TMM JI0J@HKOM (I103asK KOXXeH 3 HUX JIOPeHL-IHBapiaHTHUH), 110 epeBOAUTb
(x—y) » —(x—y) (Puc. 2.4). OTxe Ba 4€HU BUSBJISAOTHCA PIBHUMHU i CKOpO-
YYI0ThCS; TPUYMHHICTD 36epiraeThca. 3a3HauuMOo, 10 A1 (x —y)* > 0 He icHye
Takoro 6esnepepBHOro nepetBopeHHs JlopeHua, mob (x —y) - —(x —y). ¥
IbOMY pa3i, 3rifHo 3 (2.51), ammiiTyza (Ha WACTs) HEHY/IbOBA i JIJI1 OKPEMOTO
BUNAZKy X — y = 0 Mae€ npubausHuii Burasag (e”™ — e™t) 3 qnroro Mu po-
6UMO BHUCHOBOK, 1[0 KO/[HEe BUMiploBaHHs B Teopii Kisiina-Topaona He Moxke
BIUIMHYTH iHIlle BUMiIpIOBaHHS [103a MeXaMHU CBITJIOBOI'0 KOHYyca.

Puc. 2.4. Kosiu pisHUIld X — Y IPOCTOPONOAiOHA, iCHYE Take 6e3nepepBHe Nepe-
TBOpeHHs JlopeHna, o (x —y) = —(x —y).

TakuM 4yuHOM, y Teopii Kisiina-TopaoHa JOTPUMYETbCA IPUHIMIT IPUYKH-
HOCTI, IK MU i cTBep/KyBaJsu HanpukiHui § 2.1. [IpoTe A/ HanexKHOTO PO3y-
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MIHHSA [JbOTO MeXaHi3My Tpeba BKJIYUTH B KOHTEKCT HALIOTO PO3I/IALY KOM-
naekcHe nosie Kisiiina - lopzioHa, 1o Mae /iBa pi3Hi TUNHU 36y/»KEHHsT — JIJIs1 Ya-
CTOK i aHTUYaCTOK. fIk 6yJ10 3a3HaYeHO NpU 06roBOpeHHi (2.15), MU MokeMo J10-
JaTtu B Teopito Kisiina-TopaoHa 36epexeHui 3aps/i, BBaXkarouu mnoJie ¢p(x) He
JIMCHUM, a KOMIIJIEKCHUM. [lic/11 KBaHTyBaHHSA KOMIIJIEKCHOI CKa/IIPHOI Teopil
noss (AuB. 3aza4y 2.2) ¢(x) HapoJKyBaTUMe MO3UTUBHO 3apsA/KeHi 1 3HULLY-
BaTHMe HeraTMBHO 3aps/KeHi 4acTKH, TUM YacoM Ak ¢ (x) giaTume mporue-
>kxHUM ynuHOM. Tozii kKomyTaTop [$(x), dT(y)] MaTUMe HeHyMLOBI CKIaIOBI, AKi
JlJ151 30epexKeHHsI IPUYMHHOCTI MOBHHHI TOYHO CKOPOYyBaTUCs [103a CBITJIOBUM
KOHYycOM. Lli ck/s1az0Bi MalOTh NPOCTOPOBO-YaCOBY iHTepHpeTaLilo 4BOX A0[aH-
KiBy (2.53), asie Bxke 3 IpUNIMCAHUMU J10 HUX 3apsaMu. [lepiinit JonaHOK npej-
CTaBJIATUME aMILIITYJy PO3NOBCIOJ)KeHHA HEIaTUBHO 3aps/PKeHO0] YacTKHU Bij,
Yy [0 x. /lpyruii Jo04aHOK NpeACTaBAATUME aMIIITYAY PO3IN0BCIOPKeHHH 1103U-
TUBHO 3apAKeHO0I YaCTKHU Bif x 10 y. [lid icHyBaHHA LIMX ABOX NPOLECiB 1 TO-
YHOI'0 CKOPOYEeHHs iX aMIIiTy, 06M/1Bi YaCTKU MOBMHHI iCHYBaTH i MaTH o/iHa-
KOBi MacH. Y KBaHTOBi# Teopii Mo/ IPUYMHHICTh BUMArae, 106 y KOXHOI yac-
TKH OyJ1a BiiANOBi/JHA aHTHUYACTKA 3 TAKOIO K MACOI0 i IPOTUJIEXKHUMH KBAaHTO-
BUMH 4YMCIaMU (y J@HOMY BUNIA/JIKY, e/IEKTPUYHUM 3apaoM). [l JikcHOTO 1o-
na Knaiina - [opj0Ha 4acTKa € CBOEIO BJIACHOI0 aHTUYACTKOIO.

Mponaratop Kasiina-TopgoHa

Tpoxu poknagHime BuBYUMO KomyTaTop [d(x), ¢(y)]. Ockinbku BiH € c-4yu-

cioM, MU MoxkeMo 3anucaTtu [d(x), d(y)] = (0][d(x), d(y)]|0). Lie Bupa3 mo-
»KHa IepeNnucaTy y BUIVIAAl YOTUPUBUMIPHOro iHTerpaa, AKui gs x° > y°

EP 1 ey _ e
(0][p(x), d(]10) = 2’ ﬁ(e P ) ol =
p
dp (1 |
= Sae e + e~ ) - 2.54
m)® \ 2E, poog,  —2Ep Ry P (2.54)

d’p (dp® -1

= e_Lp(x_Y)
x9>y0 (21‘[)3 2T pz — m?

Ha octaHHBbOMY Kpoli iHTerpyBaHHsl 10 p° BUKOHYETbHCS B3J0BX KOHTYPY:

4 2\

- Ep + Ep

s x° > y° Mu MOXeMo 3aMKHYTH KOHTYpP 3HM3Y, OXOIMBILK 06U/BA IOJIH0-
CH JIJI1 OTPUMaHHSA NepesoCTaHHboTo psaKa y (2.54). Jusa x° < y° samkHemo
KOHTYp 3rOpH, OTPUMAaBIIH HY/ib. TAKUM UMHOM, iHTErpaJl B OCTAHHbOMY PSJKY
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(2.54) pasom 3 npaBUJIOM 06X0AY MOJIKOCIB € BUPA30M [IJIsl BEJIMUMHH, IKY MU
M03HAYHMMO

Dr(x —¥) = 6(x° = y) (0l[d(x), d()]]0). (2.55)

Jl1s1 po3yMiHHS, 1110 SIBJISIE COOO0I0 1151 BeJIMYKMHA, IPOPOOUMO Iie 0/iHEe 00YHCIe-
HHA:

(0% + m*)Dg(x — y) = 326 (x° — ¥°) (0[[b(x), (N]]0) +
+20,0(x" — y°) 3*(0|[d(x), d(1)]|0) +
+8(x° —¥°) (0% + m*){0|[d(x), $(1)]|0) =
= =8(x° = ¥°) (0|[r(x), b()]|0) +
+28(x° — y°) (0[[m(x), db()]|0) + 0 =
= —i8®W(x —y).

(2.56)

Lle cBigunTh npo Te, mo Dy (x—y) € dyHKIieto [pina onepaTopa Kasiina - Topzo-
Ha. OCcKiJIbKM BoHa Hy/1boBa pu x° < y°, To Le 3anizHoeabHa yukiis [pina.

Ax6u Mu e He Manu dopmysu (2.54), To MorIM 6 BUBECTH ii 3a JOMIOMOT 010
nepetBopeHHs Pyp’e. 3anvcaBuIn

Dr(x—y) = f % e P Dp(p), (2.57)
OTPUMYEMO asreGpaiunuii Bupas A4 Dy (p):
(—p* + m*)Dr(p) = —i.
3BiZicM HeraHO NPUXOJMMO /10 Pe3y/bTaTy:

d*p i

e P =), 2.58
(2m)* p? —m? (2:58)

Dr(x—y) =

InTerpan mo p° y (2.58) MoKHa 06YMCAUTH [0 YOTUPLOX Pi3HUX KOHTYpaX, 3-
noMix fikux y (2.54) 6yB BUKOpUCTaHUM inlie oAuH. Y Po3aini 4 Mu nepekoHa-
€MOCS, 110 iH1lIe IpaBUJI0 06X0AY MOJIIOCIB

_ Ep m
\_/ + Bp
€ Ha/|I3BUYalHO KOPHUCHUM; BOHO Ha3UBAETbCA npunucom PeliHmaHa. 3pyuHUN
CIIOCi0 3amam’siTaTH MOro, Iie 3al1caTu

d*p i

—ip-(x-y) 2.59
(2m)* p? —m? + ie ¢ ’ (2-59)

Dr(x—y) =
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OCKIJIbKH II0JIOCH Tellep 3HaX04AThCA B ToYKax p° = +(E, — ig), 3MileHux Bij-
MOBiZIHO HMXK4Ye M BUILe AikcHOI oci. [Ipu x° > y°, Mu MokeMo B34TH iHTerpasn
o p°, 3aMKHYBILIX KOHTYpP 3HU3Y, i OTPUMAEMO aMIUIITY/y PO3IOBCIOKEHHS
D(x — y) 3 (2.50). lpu x° < y° 3aMHUKaEMO KOHTYP 3ropH, 1[0 A€ TAKUN CaMUi
BMpas3, aJjie 3 nepecTtaBjeHUMH x 1 y. OTxke, MaeMO

Dp(x—y) =P =Y) aas x® > y°

A Dly—x) nnax® <y’

=0(x" = ¥°) (0]dp(x)d(1)]0) + (2.60)
+0(" —x°) (01d(NP(x)[0) =

= (0]Td () ()]0).

Tyt T no3Havae oneparito XxpoHO/I0TTYHO20 yNOPAOJKY8AHHS, IKa PO3TAILOBYE ,ITi-
3HiII“ onmepaTopu 3JiBa Bif ,paHimuX". 3aCTOCOBYIOUM [0 OCTAHHBOI'O pSAAKa
(02 + m?), Bu MoxkeTe 6e3nocepesHbo nepeBipuTH, o Dy € pyHKIieo [pina
oneparopa Knaitna-Topzmona.

3 npakTU4YHOTO NoraaAy, Bupasu (2.59) i (2.60) € HaliCTOTHILIKMMU pe3yJib-
TaTaMu [poro po3ziny. ®yukuis [pina Dp(x — y) HasUBa€TbCA PeliHMAHOBUM
nponaramopom paJjst yactku Kisiina-TopsoHa, OCKiJIbKM BOHA, 3PEIITO0, € aM-
IJIITY/ZI010 PO3MOBCIO/PKeHHA. | cnipaBAi, peliHMaHIB nponaraTop BUSBISETbCS
yacTuHOo npaBua PeitHMaHa, agxe came Dr(x — y) (abo Dr(p)) ctaBUThCA Y
BiAOBI/IHICTb BHYTPILIHIM JIiHiIM Ha ¢eHHMaHOBUX JjiarpaMax, 110 306paa-
I0Th PO3NOBCIO/PKEHHA BipTyaJIbHUX YaCTOK.

[IpoTe MU MycMMO NPOMUTH Lije JOBIrUM LLIAX, 11100 OTPUMATH 3MOTY MIPOBO-
JIUTH 6yAb-S1Ki peasibHi 064K CJIEHHS, OCKIJIbKH J10Ci MpaIl0oBaJIU JIUIIIE 3 8I/IbHOK)
Teopieto Kisitna-TopaoHa, y AAKiil piBHSAHHSA 11014 € JIiHiNHI 1 BiZicyTHS B3aEMoO-
Aid. OKpeMi 4acTKHU ICHYIOTb Y CBOIX i30JIbOBaHUX MOJax, He NOMIYar4U OJHA
OZHY 1 0y b-4Ki IHIII COPTH YaCTOK. Y TaKii Teopii HEMOXXJ/IMBe IPOBeJleHHA KO-
JIHUX CIIOCTepeXXeHb 3a JJ0MOMOrol po3CifAHHA abo iHKX npoueciB. Pazom 3
THUM, PO3p06JIeHHN HaMU popMasii3M € HaZj3BUUalHO BaXXJIMBUMH, 60 BiJIbHA Te-
opist popMye OCHOBY /1151 IPOBEJI€HHS MePTypOATUBHUX 0OUMC/IEHD Y Teopil i3
B3aEMOJIEIO.

HaPOA)KEHHﬂ YaCTOK KJIACUYHHUM JKepes1oM

A BTIM, € OMH Pi3HOBU/J B3a€EMOJI], 0 BUBYEHHH KOO MU BXKe MiArOTOBJIe-
Hi. Posriissnemo nosie Kisiina - TopoHa, 1oB’a3aHe 3 30BHIIIHIM KJIaCUYHHMM I10-
JieM-JpKepesioM j(x). Lito cuTyanito onucye piBHAHHS pyxy

(0% + m)d(x) = ji(x), (2.61)



42 Pospin 2. lone Knaitna-Topgona

Jie j(x) — neBHa ¢ikcoBaHa GYHKIIis MPOCTOPOBO-YACOBUX KOOPAUHAT, BiAMiH-
Ha BiJ| HyJIF JIM1lle Ha 0OMeXeHOMY 4acoBOMY iHTepBavli. IKI11[0 MU IOYHEMO PO3-
IJIS]] 3 BAKyYMHOTO CTaHy, TO 1110 OTPUMA€EMO MicJjis TOro, [K j(X) YBIMKHETbCS,
a IOTiM 3HOBY BUMKHeTbCA?

PiBHsAHHA nos14 (2.61) BUNJIMBAE 3 JIarpaHXkKiaHa

L=20u$)" - 3m? + j(x)d(x). (2.62)

[ BUnagKy, Koy j(x) BMUKA€EThCA JIMIIEe Ha 0OMeXXeHUH 4ac, HaulpocTilie
poO3B’si3aTH 33/ja4uy 6e3mocepe/HbO 3 MOJIbOBOTO piBHAHHS. [lo yBiMKHEHHS j(X)
noJsie ¢(x) Ma€ BUTIAS

( pe lpx+aT lpx)

1
¢o<>—f(2n) —

Bes mxepeJia 1e 6ys0 6yJ0 6 cipaBeJJIuBO /151 Oy b-IKOTO MOMEHTY 4acy. A 3a
HasIBHOCTI JpKepeJia pillleHHs piBHAHHS pyXy MOXXHa NOOYAYBaTU 3 BUKOPHCTA-
HHAM QyHKLIT [piHa:

O(x) = do(x) +i f d*y Dr(x — ) j(¥) =

_ 4 (2.63)
—gu e[ aty [ E2 0 -y

X (e—ip-(x—y) — eip~(x—y))j(y)_

AKio MU f04YeKaEMOCS, TOKH Jifl j(X) 3a/IMIIMTBCS B MUHYJIOMY, TO TeTa-(yH-
KIisl JOpiBHIOBaTUMe OJUHUIIi Ha BCiH AingHLi iHTerpyBaHHs. Toai ¢(x) BKIIO-
yaTuMe Jidile Pyp’e-KOMIOHEHTH j(x),

j®) = ] d*y e®?j(y),
OTPUMaHi PY TaKuX 4-iMIyJibcax p, mo p?> = m?. [IpupoJHO 3rpynyBaTH I10-

3UTUBHO-4aCTOTHI YJ€HU pa3oM 3 dp, a HEIraTUBHO-YaCTOTHI — pa3oM 3 a;;. e
JlacTb HaM

oo 8o mpoed oo

Tenep Mmu MokeMo BraZaT (a60 BUpaxyBaTH) ¢opMy ramijibTOHIaHa micas Aii
Jj(x). /Jlng uboro Tpeba MpocTo 3aMiHUTHU ap Ha (ap + i](p)/,/ZEp):

[ @°p 0 i -
H= (2 ) p(ap /—2Ep] (p)><Gp+ ,—_ZEp](p)>-
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EHepriH CUCTEMH IT1iC/II BUMHUKAHHSA JXKepesia €

(01H|0) = f s 3P (2.65)

Je |0), gk i paHnillle, m0O3HAaYa€ OCHOBHHUM CTaH BUJIbHOI Teopii. MU MoxkeMo iH-
TeprnpeTyBaTH i pe3y/JIbTaTH B TEPMiHaX YaCTOK, OTOTOXKHUBIIHU |](p)|2/2Ep 3
IATOMOK WMOBIPHICTIO HApO/XKeHHH YacTKU B Mozl p. Tozi 3arasibHa KiJIbKiCTh
HapO/»KEHUX 4aCTOK €

_ [ &p
de—f(Z 2 ZE Lo (2.66)

[Ipu Hapo/PKeHHI YacTOK iCTOTHUMU € Jivlle Ti pyp'e-KOMIOHEHTH j(x), AAKi ne-
pebyBaroThb y pe3oHaHci 3 xBuiamMu Kisiina-TopgoHa Ha ,MacoBiil moBepxHi“
(To6ToO, p? = M?).

Mu noBepHeMoOcA [0 [bOro NuTaHHA B 3aadvi 4.1. A B Po3isi 6 BUBYMUMO CXO-
Ky CUTYallilo 3 Hapo/PKeHHSIM POTOHIB IPUCKOPEHUM eJIEKTPOHOM (rajibMiBHe
BUIIPOMiHIOBaHHS).

3agaui
2.1. KnnacuyHui eseKTpoMarieTusMm (6e3 apkepesi) BUIJIMBAE 3 il

= fd“’x (—%FWF”"), ne Fu, = 0,4, — 0,4,

(a) OrpumaiiTe piBHsIHHA MakcBesia ik piBHsAHHA Eltniepa - Jlarpan:xka A Liei
Jii, po3ryisiialoyy KOMIOHEeHTH A(x) K AMHAMIYHi 3MiHHI. 3aNUILITh piB-
HAHHA B CTaH/JApTHOMY BMIVIAAL, oToToxHMBIK E' = —F% j gkpk =
_FU.

(b) [Mob6yxayiiTe TeH30p eHeprii-iMmnyabcy A4 i€l Teopii. 3BaXKTe, 1110 3BUYaK-
Ha Mpole/lypa He JJa€ B pe3yJbTaTi CHMETPUYHOro TeHsopa. l[o6 Bumnpa-
BUTH Iie, MOXKeTe JogaTH g0 T 4ieH y Burnsazgi 0, K™, ne K™V € antucu-
METPHUYHHUM 3a JIBOMa NePIIUMHU iHAeKcaMU. TaKU# Z10JJaHOK aBTOMaTHUYHO
Ma€ Hy/JbOBY JUBEPTreHILi0 3a iHekcoM . OTxe,

THY = T 4 9, KM

TAKOX € TEH30POM eHeprii-iMIyJibcy 3 THMHU > CAaMUMHU [V1I06a/bHO 36epe-
’KEHMMHU eHeprier Ta imnynbcoM. [lokaxiTs, 110 Taka nodyzsosa 3

K)\HV — Fu)\Av’
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Pospin 2. lone Knaitna-Topgona

Jla€ CUMETPUYHUN TeH30p eHeprii-imnysnbcy T i NpU3BOAUTD 10 CTaHAAP-
THUX GOPMYJI [Jisl IUTOMUX eHeprii Ta iMIyJIbCy eJIeKTPOMAarHiTHOTO MOJIfA:

€= ]d"x @b 'p —m*d*'p), S=EXB.

2.2. KoMIUIeKCHe CKaJIApHe moJie. Po3risgsHbTe Teopito KOMIIJIEKCHO3HAYHOT' O
CKaJISpHOTO M0JI4, 1110 3a,0BOJIbHAE PIBHAHHIO KnHﬁHa—Fop,uOHa. Jlisl B ik Te-
opii €

S = f d*x (W'n+ Vo™ - Vo + m?d*¢).

[IpocTilie aHaNMi3yBaTH Li}0 TEOPilo, pO3IVIALal0YU K OCHOBHI JMUHAMI4YHI BeJu-
yuHHU ¢(x) i d"(x), a He AificHY ¥ ysIBHY cKJagoBi ¢ (x).

(@)

(b)

(0

(d)

3HaWiTh cnpsKeHi iMmysben 1o ¢(x) ¥ ¢*(x) Ta kKaHOHIUHI KOMyTaLilH]
crniBBigHoLIeHHS. [TokaXKiTh, 1110 raMiJIbTOHiaH €

H= j d’x (T'n+ Vo - Vo + m*dp*d).

OTpumMaiiTe raiiseHO6eproBe piBHAHHS pyxy AJs ¢ (x) i moKaXiTb, 1110 BOHO
crpaBi € piBHAHHAM Knsaitna -TopaoHa.

Jiaronanidyite H 3a A0NOMOro0 OonepaTopiB HAPO/PKEHHS i 3HUILEHHS.
[TokaxiTh, 110 Teopis BKJIKYAE ABa TUIIM YaCTOK 3 Macok m.

[lepenuuiiTh 36epexxeHUN 3apsi,
Q= [ @i - ¢m

y TepMiHax CXOZ0BUX ONlepaTOPiB i BUpaxymnTe 3apa/ 4aCTOK KOXKHOT'O TU-
Iy.

Po3srisiHbTE BUIA/I0K JIBOX KOMIIEKCHUX MoJiiB KuistitHa - TopioHa 3 ofHa-
KOBOI0 Macolo. [losHauTe nosda gk ¢, (x), Ae a = 1, 2. [lokaxiTs, 1110 Tenep
MalThb Miclie YOTUPHU 30epekeHi 3apAAu — OAUH, OTPUMaHMUM K y3arajib-
HeHHd BHApasy B (¢), a iHILI TPH, 1[0 BU3HAYAKOTbHCA GOPMYJIOI0

0' = [ @ L(: 0000, ~ T3 0.

ne o' € curma-mMarpuni Iayui. [lokaxiTh, 0 Lji TpU 3apAgU MalTbh KOMY-
TallikHi CMiBBiAHOIIEHHS ONepaTopiB MOMeHTYy iMnyJbcy (rpyna SU(2)).
Y3arasibHITh 1[I pe3y/ibTaTH Ha BUNAJL0K N OJHAKOBUX KOMIIJIEKCHUX CKa-
JISPHUX TOJIIB.
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2.3. O6uucaiTh iHTerpan

d’p 1

(21'[)3 2Ey

Old()d([0) =D(x —y) =

y sBHOMY BUIJISAA1 Yepe3 PyHKLii Beccens ajsg npocroponogiobHoro (x — y), no-

3HauuBLH (x — y)° = —1r2,



Pozain 3

JipakoBe nmoJjie

JlOKJIalHO pO3IVIAHYBIIM HAWIIPOCTiLle 3 PeJATHUBICTCbKUX PIBHAHB I0JIS, MU
Tenep NneperneMo A0 APYroro 3a NpocToTow piBHAHHA [lipaka. MoIMBO, BU
BXKe 3HAalOMi 3 LIUM PiBHAHHAM Yy MOT0 NepBiCHOMY TPaKTyBaHHI K OJHOYAC-
TKOBOTO KBAHTOBOMEXaHIYHOI'0 XBUJIbOBOI'0 PiBHAHHA.® Y IbOMY pPO3/iJi Hala
TOUYKa 30py Oyze LiyikoM iHwo. Cnepily MU oTpUMaeMo piBHAHHA /Jlipaka, K
K/AacuyHe peasiTUBICTCbKe PIBHAHHSA N0J151, 0COOGJIMBO aKLIEHTYI0YM Ha MOro pe-
JATUBICTCHKIN iHBapiaHTHOCTI. [ToTiM y § 3.5 npokBaHTyEMO iipakoBe MoJie CX0-
»KMM YMHOM 3 THM, 1110 6yB 3aCTOCOBaHUH 10 noJist Kisiina - Toppona.

§3.1. JlopeHn-iHBapiaHTHICTb XBUJIbOBUX PIBHAHDb

[lepejoBCIM MyCUMO 3ajlaTUCA IIMTAHHAM, AKOTO BXXe TOPKHy/IMcA B Po3aii 2:
sKe 3Ha4YeHHA MM BKJIQJJAEMO B CJIOBQ, 1110 PiBHAHHA € ,peJIATUBICTCbKHU iHBa-
piaHTHUM"“? HallnpuiHATHIIIEe BU3HAUYEHHS TakKe: K10 ¢ € nojieM abo CyKy-
MHicTb noJiB, a D — neBHUU AudepeHLiiHUNA onepaTop, TO TBEP/PKEHHS, 10
D¢ = 0 penATUBICTCHbKU-IHBapiaHTHe, 03HAYaE, 1110 B pasi, kosu ¢ (x) 3a/10BOJIb-
HSI€ LIbOMY PiBHAAIHHIO, | MM 3/1ilICHIOEMO nepexif (o6epTaHHA 260 O6yCT) A0 iHILIO]
CHUCTEeMH BiJJIiKy, TO epeTBOpPEHE M0Jie B HOBiM CUCTEeMI BiJJliKy 3a10BOJIbHSI-
THUMe TOMY K CaMOMY piBHAHHIO. EKBiBaJIeHTHO, MU MOXXeMO YSBUTH, 1110 BCi Yyac-
TKHU 260 MoJis1 3a3Haju 06epTaHHs (260 6yCTy) HAa OJHAKOBUM KyT (260 WIBUJ-
KicTb); Toai piBHAHHA D¢ = 0 Ma€ 3a/JUILIATUCA YAHHUM i NiCJIg TepeTBOPEHHS.
Hapani Mu o6upaTMeMo 1jf0 ,aKTUBHY " TOUYKY 30pYy.

JlarpanxoBe GpopMy/ItOBaHHS Teopil MoJis iCTOTHO MOJIETILY€E PO3IJAj JIo-
peHL-iHBapiaHTHOCTI. PIBHAHHA pyXy € aBTOMaTUYHO JIOPEHL-iHBapiaHTHUM 3a
BUILIeBKa3aHUM BU3HAYE€HHAM, K0 JlaI'paHXKiaH, 3 AKOT0 BOHO BUILJIUBAE, € JIO-
peHLOBUM cka/sipoM. lle € 6e3nocepeHiM HaACAiKOM NPHUHLMNY HaUMeHIIO]

®lle nuTaHHA po3rsAHyTe, Hanpukaaz, y llipda [49], Posain 13; Beiima [7], Po3ain 23; Cakypai
[48], Po3ain 3. Xouya Halll BUKJIaL CaMOAOCTATHIN, MU peKOMEHAYEMO, 1106 BU TaKOXK BUBYMJIN I
OTHOYACTKOBe pPiBHAHHA /lipaka 3a o/{Hi€10 3 3a3HaYeHUX KHIKOK. (AOO X 3a KHKKaMH biop-
keHa i lpesina [9], Po3ainu 1-4; [lipaka [66], Po3gin 11; Bakapuyka [65], Po3ain 10; Meccia [68],
Po3ain 20, — nepeka.)
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Jil: AKI10 OyCTH 3a/IMIIA0Th JIal PaH>KiaH HEe3MiHHUM, TO IepeTBOPEHU N eKCTpe-
MyM J1ii 3HOBY 0y/le EKCTPEMYMOM.
3a npukKJaj posriaHeMo Teopiro Kagitna-Topgona. Mu MoxeMo 3anucaTu
JlOBlJIbHe NepeTBOpeHHA JlopeHLa, AK
Mt - x'u =AM xY (3.1)

JJ151 TIeBHOI 4 X 4 maTpuni A. Illo craneTbes 3 nosieM Kisiina-Topaona ¢ (x) npu
IboMy NepeTBopeHHi? Po3riisHeMo nosie ¢p(x), K JIOKaJbHY Mipy AesKOoI Besu-
YMHHU, po3MoJijeHoi B mpocTopi. Ko Bij0yBaeTbCA HAKONWYEHHS L€l Besu-
YUHU B X = X, TO ¢(X) MaTUMe MaKCUMYM Y X,. FKI0 Tenep MU nij/lamMmo noyva-
TKOBHU PO3MO/iJ OYCTOBI, TO HOBUHM PO3MOAIT MaTUMe MaKCUMYM y x = Ax,. Lle
npoistocTpoBaHo Ha Puc. 3.1(a). BianoBiHe nepeTBOpeHHs NOJIS €

() - ¢'(0) = p(A™ ). (3:2)

To6TO MepeTBOpeHE 10JIe, 06YHCIEHE B IEpEeTBOPEHii uepe3 6ycT TOYIl, Aa€ Ta-
Ke X 3HaY€eHHs, 5K i T0YaTKOBe 10Jie, 064HC/IeHe B B IIiHf ke To4Lli 10 6YCTY.

Mu MaeMo nepeKOHATHUCS, LIO Iie TepeTBOPEHHs 3aJIMLIA€E HE3MIHHOKW $op-
My Jsarpankiana Kusitna-Topzgona. 3rigHo 3 (3.2), MacoBui 4ieH %mzcbz (x)
POCTO 3MilyeThesA B TOUKy (A™'x). [lepeTBopentst 0,¢(x) Aae

0,p(®) = 0 (d(A™ %)) = (A™)” L(dvP) (A7) (33)

OCKiJIbKH METPMYHHHN TeH30p gV JopeHL-iHBapiaHTHUH, MaTpuni A~" 3az0-
BOJIbHSAIOTb TOTOXHOCTI:

(A_l)pu(A_l)GvguV =g"°. (3.4)

BUKOpUCTOBYIOYH Lie CIIiIBBIJHOILIEHHHA, MU MOKE€MO BUBECTH 3aKOH IlepeTBope-
HHS KIHETMYHOT'0 YieHa B Jiarparxkiani Kisiina - TopaoHa:

2 AY) ’ !
(0u9())" = g"*(0ud' () (Aud' (X)) =
= guv[(A_l)puapq)] [(A_l)cvacq)] (A_lx) =
= g°°(0p0) (0s4) (A™'x) =
= (0,0)" (A x).
OT2xe, BeCb JIar'paHKiaH NepeTBOPIETHCA MPOCTO AK CKAJIAP:
L(x) > LA x). (3.5)
i S, yTBOopeHa iHTerpyBaHHAM L 10 IPOCTOPY-4acy, J0peHL-iHBapiaHTHa. Cxo-
Ki 06YMCIeHHS TTOKA3yI0Th, 1[0 PiBHAHHS PyXy TaKO0X JIOPEHII-iHBapiaHTHE:
@ +mA) ' (x) = [(A7)"u0u(A™) 05 + m?] d(A ™ x) =
= (9"°0,05 + m*) (A" 'x)
= 0.
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3aKoH nepeTBopeHHs (3.2), 3aCTOCOBAaHUM 10 P, € HAUNPOCTIIIMM 3 YCiX MO-
»KJINBUX 3aKOHIB IepeTBOPEHHS NOJIIB. | BiH € €MHO MOXXJIMBUM [Ji TOJIIB, 1110
MaloTh JIUIIIEe OJJMH KOMIIOHEHT. [[poTe HaM BiJloMi NpUK/Iaax1 6araTOKOMIIOHEH-

X S5
N N

¥ D

(a) ckanapHe moJe (b) BeKTOpHE TOJE

Puc. 3.1. O6epTaHHs BEKTOPHOTO I0JIsI BIJIUBAE SIK HA PO3MillleHHs AiJSTHKH
Horo koHirypauii, Tak i Ha opieHmayir BeKTOpA.

THUX TOJIIB, 1[0 NePETBOPIOIOTHCA CKJIAAHIIKMM YUHOM. Hali3HaloMiliuM HaM
BUIIaJIKOM € BEKTOpPHE M0Jie, HAPUKJIal, TUTOMUH 4-cTpyM jH(x) abo BeKTOp-
noteHuian A*(x). ¥ nypoMy pasi BesiMurHa, po3noijieHa B MPOCTOpi-4yaci, Ma€
TaKO0X i Opi€HTalli10, 1110 3MIHIOETHCS TPU 006epTaHHSAX i 6ycTax. Ik moka3aHO Ha
Puc. 3.1(b), opieHTaLis Ma€ 06epTaTUCA B TOMY X HAaPSAMKY, 1110 ¥ TOYKa, B AKiH
06YHCIETHCSA MOJIE:

NpU TPUBUMIpPHUX o6epTaHHax V'(x) » RYV/(R™x);

3.6
npu nepetBopeHHsAx Jloperua V*(x) - A*,VY(A  x). (36)

TeH30pu 0BIIBHOTO paHI'y MOXKYTb OyTH OGOy 0BaHi 3 BEKTOPIB IPOCTUM Jj0-
JaBaHHSM iHJIEKCIB i BiAMOBIAHUM 30i/IbIIEHHAM KiJIbKOCTi MHOXKHHUKIB A B 3a-
KOHI nepeTBOpeHHS. BUKOpUCTOBY0OUYHM TaKi BEKTOPHI ¥ TEH30PHI N0JI1, MU MO-
»KeMO 3allMCaTH LiJly HU3KY JIOPEeHII-IHBapiaHTHUX PiBHAHBb, HANIPUKJIaJ, PiBHA-
HHA MakcBeJa,

o"F,, =0 abo 0%A,—0,0"4, =0,

1110 BUIIJIMBAKOTH i3 J1arpaHkiaHa
1 1
Litaxwen = 2 (Fuv)z =2 (auAv - avAu)z- (37)

Bsaraui, 6yab-sike piBHSIHHS, KOXKEH 4JIEH SIKOTO Ma€ OJHAKOBY KiJIbKICTb He-
3rOPHYTHX JIOPEHI[OBUX iH/IEKCIB, aBTOMAaTU4YHO Oy/le iHBapiaHTHUM BiJJHOCHO
nepeTBopeHsb JlopeHIia.
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Takuii MeTOZ, TeH30pPHUX MMO3HAYEeHb NNOPO/KYE BEJIMKUH KJIAC JIOPEHIL-iH-
BapiaHTHUX PiBHSIHb, MPOTE IX BUSABJSETHCS 3HAYHO OiJblile. Ik HaM iX 3HaUTH?
Mu Moriu 6 cipobyBaTH CUCTEMAaTUYHO BiZjLIYKaTH BCi MOXKJIMBi 3aKOHU Tepe-
TBOpPeHHS J1J151 oJis1. ToAi 6ysio 6 HeBaXKKO BUNIMCATH iHBapiaHTHI JIarpaH:KiaHHU.
/11 IpOCTOTU OOMEXUMO Hally yBary JiiHIHHUMU NepeTBOPEHHAMH, i TaKUM
YUHOM, AKILO P, € N-KOMIIOHEHTHUM MYJIBTUILJIETOM, 3aKOH JIOPEHII0BOTO I1e-
peTBOpeHHA BU3HAYA€EThCA N X n MaTpuuero M(A):

Py = Map(A)Pp (A 1%). (3.8)

MoxxHa nOKa3aTH, L0 HaW3araJjbHilli HeJiHiWHI epeTBOpPEeHHS BUBOJAATBHCA
IIUX JIIHINHUX 3aKOHIB, a OTXKe, HEMA€E MOTPebUu pO3rJsaTH MepeTBOPEHHs,
6inb11 3arasbHi, Hix (3.8). [Ipu nojaibioMy 06roBOpeHHi MU irHOpyBaTHUMEMO
3MiHy apI'yMeHTy 1oJis i 6yAeMo 3anvcyBaTu nepeTBopeHHs (3.8) y dopmi:

@ - M(A)D. (3.9)

Axuit npunyctuMuil Burasag Mmatpuib M(A)? OcHoBHe o6MexxeHHsI Ha M (A)
MOX<Ha 3HAWTHM IIPHU PO3IJIAAL ABOX IOCTIZ0BHUX epeTBopeHb A i A'. IxHil pe-
3yJIbTAaT Ma€ OYTH HOBUM JIOPEHLOBUM NepeTBOpeHHAM A”; TO6TO nepeTBoOpe-
HHA JlopeHLia yTBOpIOIOTE rpyny. Lle fae yMOBY y3roZ»keHoCTi, AKii 3MyI1leHi 3a-
JIOBOJIbHATHU MaTpuLi M (A) npuy noc/iIoBHiN Ail ABOX TepeTBOPEHD:

M(AYM(A) = M(A") ana ANA=A" (3.10)

OTxe, BignoBigHICTh Mi>k MaTpULIAIMU M i nepeTBOpeHHSAMHU A Ma€ 36epiraTu-
CA NpHU IX IepeMHOXeHHI. 3 NomAgAy MaTeMaTHUKH Lie 03Havyae, 1o MaTtpuni M
MalOTh YTBOPIOBATHU N-BUMipHe npedcmassieHHs rpynu JlopeHya. TakuM YMHOM,
Halle 3aBJJaHHA 3BOAUTHCA [0 MOLIYKY CKIHUEHHOBUMIPDHUX MaTPUYHUX NIpeJ-
cTaBJleHb I'pyu JlopeH1a.

[lepin HIXK pO3TJIAHYTH Lie MMTAHHA AJ14 I'pynu JlopeHLa, BABYUMO POCTILLY
I'pyny TPUBUMIpHUX 06epTaHb. Llg rpyna mae npejcraBiieHHS Oy/ib-KOI po3-
MipHOCTI n, BiloMi B KBaHTOBIM MexaHilli ik MaTpHUIji, 1[0 06epTalTh N-KOMIIO-
HEHTHi XBUJIbOBI PyHKIii 4aCTOK 3 pi3HMMHU cniiHaMu. Po3MipHicTh moB’s3aHa 3i
CMiHOBUM KBAaHTOBUM 4YHUCJIOM S dopMysioro n = 2s + 1. HaliBaXK/IMBILLUM He-
TPUBIaJIbHUM NpeJCTaBJIEHHAM € JJBOBUMipHe Npe/CTaBJIEHH, 10 BiAIOBIJA€E
cniHoBi 1/2. MaTpHu1i bOT0 Npe/ICTaBJeHHSA € 2 X 2 YHiTapHI MaTpuUlli 3 ieTep-
MiHAaHTOM 1, iIKi MO>KHa BUPA3UTH K

U=e®9/2 (3.11)

ne ' — Tpu f0BiNbHI napamMeTpy, a 6 — curMa-matpuui [ayJi.
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Jns 6yab-sikol 6e3nepepBHOI I'PyNU, HECKIHYEHHO OJIU3bKi 0 TOTOXXHOI'O
(iHpiHiTe3MMasIbHI) NepeTBOPEHHS BU3HAYaOTh BEKTOPHHUU MPOCTIp, 1110 HA3U-
Ba€TbCA a.rebpoto Jli 1jiel rpynu. bazucHi BEeKTOPH 1JbOTO BEKTOPHOTO IPOCTOPY
Ha3UBaAKWTbCs reHepamopamu anrebpu Jli, abo rpynu Jli. [lns rpynu obepTaHb
reHepaTopaMH € OlepaTOpH MOMEHTY iMOy/bCy J', 10 3aZJ0BOJILHAIOTE KOMY-
TaliiHUM CITiBBiZJHOILIEHHAM

[/, )] = ie*)* (3.12)

OnepaTtopu 06epTaHHA Ha CKIHUEHHUH KYT POPMYIOTbCS €eKCIIOHEHIil0BAaHHAM
LIMX IeHepaTopiB. Y KBaHTOBIM MexaHili onepaTop

R = exp[—i0'] (3.13)

Jlae obepTaHHA Ha KyT |0| foBKoOJa Oci 0. KomyTarniiiii cniBBigHOLIEHHS Omle-
paTopiB J' BU3HAYaIOTh 3aKOHU MHOEHHH I[MX OlepaTopis o6epTaHHA. OTxe,
Hab6ip MaTpullb, 1[0 33J0BOJIbLHATh KOMyTallilHUM criBBigHOLIeHHIM (3.12),
YTBOPIOE ILIJISIXOM eKCloHeHI[itoBaHHA B (3.13) mpejcTaBiieHHS I'pynu obep-
TaHb. Y IPUKJIaJi 3 IoNepeAHbOr0 ab3ally npeJcTaB/JeHHs ollepaTopiB MOMEH-
Ty IMIYJIbCY _
J
2
yTBOPIOE Npe/icTaB/AeHHA I'pynu o6epTansb (3.11). CnpaBeiuBe 3arajibHe TBeEp-
JDKEHHS, 1110 1J1s1 OTPUMaHHS MaTPUYHOTO NPeACTaBJeHHs 6e3nepepBHOI Ipynu
HaJIeXKUTh 3HAUTHU MaTPUYHI NpeJCcTaB/JeHHs I'eHepaTopiB Ijiel rpynu (ki Ma-
I0Tb 33/I0BOJIbHATH BiINOBIIHUM KOMYyTAal[iiHUM CIiBBiZJHOIIEHHSM), a OTIM
eKCMOHEHIiI0BaTH L iHpiHiTe3WMaJibHi NepeTBOPEHHS.

Y BUnaiKy Hauloi 3aZja4yi HaM Tpe6a 3HaTH KOMyTalliliHi ciBBijHOLIIEHHS I'e-
HepaTopiB I'PyNHU JIOPEHLLOBUX llepeTBOpeHb. [/ 'pyny 06epTaHb MOKHA OTPU-
MaTH KOMYTalliliHi ClIiBBiAHOILIEHHS], 3aIMCaBIIX I'eHepaTOPHU K AUdepeHLiiHI
olepaTopy; i3 BUpasy

(3.14)

J=xXp=xX%X(-iV) (3.15)

NpsMO BUIJIMBAlOTh KOMyTaliiiHi cniBBifHOmEeHHs (3.12) A1 MOMEHTY iM-
nyJibCy. BUKOpUCTaHHS BEKTOPHOTO 106yTKY B (3.15) BAaCTHUBO /11 TPUBUMIp-
HOT'0 MPOCTOPY. A MPOTe, MU TAKOXK MOXKEMO 3allMCaTH ONepaTOpPU SIK aHTUCH-
METPUYHUM TEH30D,

JU = —i(x'V — XV,
ne J® = J*?itak gani. Y3araabHeHHs Ha YOTMPUMBUMIpHI JIopeH1l0Bi mepeTBope-
HH{ Telep CTa€ LiJIKOM IPUPOJHUM:

JW = i(x"0Y — x M. (3.16)
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HeBgo0B3i MM mo6ayrMo, 10 1 1iCTh ONEepaTopiB I'eHEPYIOTh TPU OYCTHU i TpHU
IpPOCTOPOBIi 06epTaHHsA rpynu JlopeHua.

[l BU3HAYeHHS KOMYTAL[iMHUX MpaBuJ B aarebpi JlopeHlla MU MOXKEMO
IPOCTO BUPAXyBaTH KOMyTaToOpH AudepeHLiiiHUX onepaTopiB (3.16). B pe3ysb-
TaTi MAaEMO

U™, JP°1 = i(g™]" — 9] — g™°]** + g"°]*"). (3.17)

Byzb-iki MaTpulLi, 1110 NpeACTaBAATD L0 aJAredbpy, MalOTb 3aJ0BOJIBHATH Ta-
KVMM CaMMM KOMYTalilHUM IIpaBUJIaM.

Abu mo6ayuTH, 1110 MU MAEMO B MpaBill YaCTUHI BHUpa3y, pO3IJISHbMO OJiHE

KOHKpEeTHe Mpe/CTaBJeHHS (sIKe MU MPOCTO BUTSATHEMO, HEMOB KPOJIMKA 3 Ka-
neJsitoxa). Maemo 4 X 4-matpuui

(T*)p = (8455 — 858Y). (3.18)
(TyT p i v HyMepyIOTb KOXHY 3 IIeCTH MaTpHLb, TOAI K o i 3 HYyMepyOTh Ma-
TPUYHI KOMNOHEHTH.”) MoKeMO Jierko NepeBipuTH, 110 1i MAaTPUILi 3a70BOJIb-
HSAIOTb KOMyTalilHUM cniBBigHOWEeHHAM (3.17). | cipaB/ii, BOHM € He 110 iHIlIe,

K MaTpPHUIi, L]0 JiI0Th Ha 3BUYalHi JIopeHLIOBi 4-BeKkTopU. l1[06 mo6auuTH 1€,
napaMeTpu3yeMo iHQiHITe3UMa/IbHI NEpeTBOPEHHS HACTYITHUM YUHOM:

Ve > (85 — fou(@™)%) VP (3.19)
ne V € 4-BeKTopoM, a wy, — aHTUCUMETPUYHUI TE€H30p, 110 3aa€ iHQiHiTe3u-
MaJIbHUM KyT. [l NpUK/Iafy po3IJISHEMO BUNIAI0K W1, = —W»; = 0, a pewmra
KOMIIOHEHTIB w A0piBHIOOTH HYJ10. Toai (3.19) Mae Burssag,

10 00
01 -6 0
V- 06 10 v, (3.20)
0 0 01
1110 € MPOCTO iH}iHITE3UMA/ILHUM 06epTaHHAM Y IIoKHI (x, V). Takox Moxe-
MO MEePEBIPUTH, L0 NPU 3HAUYEHHSAX Wo; = —W19 = [3 OTPUMAEMO
1 800
B 1 0O
V- 00 1 0 v, (3.21)
0 001

iH}iHiTE3MMaNbHUN BYCT y HANPAMKY OCi X. [HLIIi KOMIIOHEHTH W TAKUM CAMUM
YMHOM I'eHepYyIOTh PellTy OYCTiB i IPOCTOPOBUX 06EpTaHb.

"BnacHe KaXKy4H, NIOALJ1 iHJIEKCIB y ([]”")OtI3 Ha Ti, [0 N03HAYalTh Pi3Hi MaTpuULj, i Ti, 1m0 no-
3HAYalOTh iXHi KOMIIOHEHTH, € YUCTO YMOBHUM, 60 HacnpasAi J — TeH30p YeTBEPTOr0 PaHIy ¥
npocTtopi 3 MeTpuKoio MiHKoBcbKoro. CaMe ocTaHHS 06CTaBUHA BiZ|pi3HSE Lie peiCTaBIEeHHS
(BeKTOpHE) BiJi OMMCAHOTO B HACTYMTHOMY NYHKTI CIIHOPHOI0, X04a Ha NMepuIui nomiay i Tam, i
TaM BUKOPUCTOBYIOTbCS 4 X 4 MaTpui. (lIpum. nepek.)
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PiBHAHHA [lipaka

Tenep, Ko/11 MU 3HAWIIJIM O/IHE CKIHUEHHOBUMIipHE MpeJicTaBaeHHs Ipynu Jlo-
peHIIa, HACTYMTHUM JIOTTYHUM KPOKOM Ma€ CTaTHU po3pobsieHHs1 GopMani3aMy aJist
3HaXO/I>KeHHS BCiX IHIIUX NpeJicTaBJeHb. Jlapma, 1110 Iie He Ha/[TO BaXKKe 3aB/ia-
HHA (3aza4a 3.1), HaBpAA UM Lie € HEOOXiTHUM JJisl HAC, OCKiJIbKM MU HalGisbIlie
3allikaBJ/ieHi B TUX peCTaBJEHHSX, 10 Bi/[MOBiJal0Th CIiHOBI /2.

Mu MoxxeMo 3HaWTH Take NpeJCTaBJeHHS, BJaBIIKCh [0 MPUHOMY, 1[0 Ha-
JexuTb Jlipakosi. [IpunycTumo, 1110 MaeMo Habip 3 HOTUPbLOX N X N MaTpUllb Y,
AKIi 3aJ0BOJIbHAKTh aHTUKOMYTALiIMHUM CHiBBIIHOLIEHHAM

Y =y + vy = 29" X 14 (anre6pa [ipaka). (3.22)

Topi MoxxeMo HeraliHoO 3anMcaTH n-BUMipHe NpeJcTaBlIeHHd anre6pu JlopeHna.
BoHo Mae BUIIAA: ]
l

S = L[y, '], (3.23)

[ToBTOpHO 3acTocyBaBiU (3.22), J€rko NepeKoHaTHUCs, 110 Ii MaTpHLi 3a/0-
BOJIbHSIOTb KOMYTaL[iMHUM CHiBBiAHOWEHHAM (3.17).

[le 064MCI€HHS MOXXHA MPOBECTU Y NPOCTOPi OyAb-s1KOI pO3MipHOCTI, 3 JI0-
pPeHI0BOI0 ab0 €BKJIi/JTOBOI0 METPUKOIO. 30KpeMa, BOHO Ma€ OyTH ClipaBeAJId-
BUM Y TPUBUMIpHOMY €BKJIiJOBOMY IIPOCTOPI; i clipaB/i, MM MOX€eMO IIPOCTO 3a-
nUcaTu

Y/ =io’ (curma-marpuui Mayui),
aormxe, {y,y'}=-28Y.

MHOXXHUK i B IEpLIOMY PAAKY 1 3HaK MiHYC Y [pyrOMY € YUCTO YMOBHICTIO.

Tozi B MaTpuLX, 110 IpeACTaBAATD aareopy Jlopenua,

SU = 2 glikgk, (3.24)
MU BIli3HAEMO BiZjoMe ABOBUMipHe NpeJCTaBJeHHS I'Pyny 06epTaHb.

Tenep 3naiieMo matpuui [ipaka y* aJiss 4oTUpUBUMipHOTro npoctopy MiH-
KOBCbKOTO0. BUSIBJISIETBCS, 1110 BOHM MalOTh OYTH sikHaliMeHIIe 4 X 4, 60 He iCHY€E
yeTBepTOI 2 X 2 MaTpHULi, AKa aHTUKOMYTYE 3 TpbOMa CUI'Ma-MaTpULaMu [layi.
Kpim Toro, Bci 4 X 4 npeacrtaByieHHs aare6opu /lipaka yHiTapHO eKBiBa/JIeHTHi.
OT>Ke, HaM J,0CTaTHbO BUIIMCATH JIUIIE OJHY SIBHY peaJiizanito anrebpu /lipaka.
OnHe npe/icTaBJIeHHS, Y BUIVIA/L 2 X 2 GJIOKIB, €

01 i 0 o
0 . 14 .
1 0)’ Y = i o) (3.25)

81le i nonepesiHe TBep/PKeHHs BUILIMBAIOTh 3 3arajbHoi Teopii mpejcTapenb rpynu JopeHna,
BUKJaAeHoi B 3azauvi 3.1.
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lle npeacTaB/IeHHSA HA3UBAETLCA Bell1esuM abo Kipa/ibHUM. My nepeKoHaeMocH,
110 BOHO Ha/3BUYaHHO 3pYy4yHe, | BUKOPUCTOBYBATHMEMO HOT0 MPOTArOM YCi-
€l kuuru. (IIpote 6yabTe nuJbHI, 60 6araTo Nipy4yHUKiB 3 Teopii noJssa obupa-
I0Th iHIIIe Ipe/CTaBJeHHs, y AkoMy Y° € AilaroHaibHOM. | 103a TUM, Y KHUXKKAX,
Jle IPaLo0Th 3 KipaJlbHUM NpeJCTaBJeHHSAM, YacTO 06MPaOTh iHIIY JOMOBJIe-
HiCTb MPO 3HAKM.)

Y HaloMy npejcTaBJIeHH], [eHepaTOpH OYCTIB Ta MIPOCTOPOBUX 00epTaHb €

. . . O.i 0

S = 30 v'] = %S”k(% fk)E%s”"Z"- (3:27)

YoTUPUKOMIIOHEHTHE T0JIe J, 1110 TEPEeTBOPIOETHLCA NpHU OycTax i 06epTaHHAX
3rifiHo 3 (3.26) i (3.27), Ha3uBalOTh JipakoguM cniHOpOM. 3a3HAIMUMO, 1O IeHe-
paTopu o6epTaHb SV € J0CTOTY TPUBUMIPHOIO CIIHOPHOIO MaTPHILEIO TePeTBO-
peHb (3.24), moBTOpeHoI0 ABiui. [eHepaTopu GycTiB S°° He € caMoCTIpPSKEHUMH,
a 0T3Ke, Hallla peaJiizalis O0yCTiB He € yHiTapHOO (Lie cipaBeAJIUBO i /1J151 BEKTOP-
Horo npezcraBaeHHs (3.18).) [ cnpaBi, rpyna JlopeH1ja ,,HEeKOMIAKTHA", a OTXKE,
He Ma€ OJHO3HAYHUX CKIHUEHHOBUMIPHUX YHITAPHUX Npe/iCTaBJA€eHb. YTiM, AJis
Hac 1je HeiCTOTHO, OCKIJIbKY J He XBUJIbOBa QYHKIlif, a KJIaCU4YHE TOJIe.

Temnep, Ko/ MU 3HAEMO 3aKOH NepeTBOPEHHS AJid Yy, MyCUMO 3HAaUTH Bifo-
BiJjHe piBHAHHA noJiA. OJHUM 3 MOXJIUBUX € piBHAHHA Knaina - TopaoHa:

@2 +m?)P=0 (3.28)

BoHo cnpauboBye, 60 cniHOpHi MaTpuLi nepetBopeHHd (3.26) i (3.27) gitoTb
Jiviie y ,,BHYTPIlIHbOMY" IPOCTOPi i )KOJJHUM YMHOM He BIJIMBAIOTH Ha Jude-
peHLilHUK onepaTop. [IpoTe MoXxHa HanKcaTH U XKOPCTKillle piBHAHHSA Nepuio-
ro NOpsAKY, 1[0 BKJIIOYa€E B cebe (3.28) i BogHOYAC MiCTUTh A0AAaTKOBY iHpOp-
Mauiro. [l 4boro MaEMo 3HaTH Lie OJAHY BJACTUBICTb Y-MaTpulb. HeckiazHi
NiApaxyHKU N03BOJIAIOTH [IEPEBIPUTH, L0

[y", $°°] = (J*)*vy",
a60, eKBiBaJIEHTHO,
1+ wpcspc) (- _wpcspc) =(1- _‘”pcgpc)uvY
Ile piBHsAHHS € iHiHITE3UMaNbHOW GOPMOIO Bij

ATYMAL = AMYY (3.29)
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Je

Ax = exp(—i' a)u\,S“") (3.30)

2 2

€ CHIHOPHUM IIpe/icTaBJeHHAM nepeTBopeHHd JlopeHua A (mopiBHAKTe 3 HaBe-
JieHuM y (3.19) yucTo BEeKTOPHUM npejcTaBieHHsAM). PiBHsaHHA (3.29) 3acBia-
4yye, 110 Y-MaTpHULi iHBapiaHTHI BITHOCHO OJHOYAaCHOI'0 IlepeTBOPEHHS 3a Be-
KTOPHMMH i CHIHOPHMMH KOMIIOHEHTaMU (TaK caMo, IK 6 iHBapiaHTHi IIpH Npo-
CTOPOBUX 00epTaHHAX). [HIIMMU CI0BaMH, MU MOXKeMO CIPUMMATH BEKTOPHUH
iHZeKc LB Y cepio3HO i 6paTH CKaJApHUH 1,06y TOK Y 3 0, /11 yTBOPEHH JIO-
peHl-iHBapiaHTHOro0 AudepeHLiiiHOr0 onepaTopa.

Tenep Mu roToBi 3anucaTy piBHAHHA /lipaka:

(iy*o, —m) Y(x) = 0. (3.31)

[[fo6 mokasaTu MOTro JIOpeHI|-iHBapiaHTHICTb, MPOBeAEeMO HaJ KOT0 YACTHUHOIO
nepetBopeHHs JlopeH1ia i 064YHUCAUMO:

[iv'0, — m] w(x) = [iy*(A™H)"0y — m] A P(A™'x) =
= A%A;[iy“(/\-l)“uav —m] A g(A7'x) =
= A [iA;y“A%(A-l)Vuav - m] YA x) =
= A1 [iA"oy? (A7) 0y —m] Y(A7x) =
= As[iy"dy —m] Y(A™"x) = 0.

A6 n06auyunTH, 10 piBHAHHA Jlipaka MicTUTb B co6i piBHsHHA Kisiina - Topo-
Ha, JONMLIEeMO 3J1iBa Bif Hboro (—iy"d, —m):

0=(iy"o, —m)(iy"oy —m) =
= (Y"'y'0,0, + mH) ¢ =
= (30" v} 0,0, +m?) =
= (3> + md) .

Jlna 3HaxoMKeHHd JlarpaHxkiaHa Teopil /lipaka MU MaeMoO BrajaTy, K Iepe-
MHOXHUTH JiBa JipaKoBi CliHOPH, 106 OTPUMAaTH JIOPEHLIOBUH cKazidap. Hakio-
yepuHime npunymenHs, Y, He roguThbesa. [lpy JopeHI0BOMY 6yCTi e Jae
LIITATA ; aKk6U MaTpuls 6ycTy 6ysa yHiTapHa, MU MaJiu 6 AJr = A1 ,1Bce 6ys0
) Fapasﬂ [IpoTte A1 He € yHiTapHO, 60 reHepaTtopu (3.26) Hecamocnpmxem
PimeHHsa npo6neMH NIOJIAATAE B 3alIPOBA/KEeHHI dipako8o cnpsijceH020 CIiHo-
pa:
¥ = yiy°. (3.32)
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[Ipu indiHiTEe3MManbHOMY NlepeTBOpeHHI JlIopeH1ja, TapaMeTprU30BaHOI0 Yepes
- [ . : .
Wyy, MAEMO Y — 1|JT(1 + Eww(S”")Jr)yo. Cyma o p i v Ma€ 1WicTh pi3HUX HEHY-

JIbOBUX JIOJIaHKIB. ¥ 4jieHax, 1110 BiAOBiJal0Th 06epTaHHIO (|1 Ta Vv 06U/Ba BiJ-
MinHi Big Hys1s1), (S*)T = S*, i S komyTye 3 ¥°. Y 6ycTOBUX Y/leHax, e |1 aGo v

AOpiBHIOIOTH Hy/T0, (S™)T = —S*, ane S* anTukomyTye 3 Y°. [lepeHeceHHs Y°
HaJIiBO yCyBa€ epMiTOBe cripsikeHHs 3 SY, 1110 la€ HaM 3aKOH NEPETBOPEHHS
Y- YA (3.33)
2

a oTXe, BeJiM4MHA P\ € JIOPEHLOBUM CKa/lsAPOM. CXOXKUM YMHOM MU MOXKEMO
N0Ka3aTH, 3a fonoMoroio (3.29), mo Yy* P € 10peHLl0BUM BEKTOPOM.
ToMy npaBuJIbHUH JIOPEHII-iHBapiaHTHUM JarpanxkiaH /lipaka €

Lpirac = LII(lYuau - m)t'J (334)

PiBuanH# Eitnepa-Jlarpanxa aus | (a6o ) HeraitHo mpusBoauTh 10 piBHAH-
He [lipaka y Bursigaai (3.31); a piBHsaHHS Elniepa-Jlarpanxa a5 § ae Take x
PIBHSIHHS B €pMIiTOBO CHpsi>)keHii dopmi:

—id,by* —my = 0. (3.35)

Beits1eBi cniHOpH

3 6/104HO-JjiaroHabHOI popMu reHepaTopiB (3.26) i (3.27) oueBUAHO, 1O Aipa-
KOBe Ipe/icTaBJeHHs I'pynu JlopeHa € npugioHum.> Mu MOXKeMO yTBOPUTH Ba
JIBOBUMIpHI Ipe/cTaBJIeHHS], pPO3IJITHYBLIN KOXeH 6JI0K OKpPeMO i 3anucaBIIN

_ (V.
P = <¢R>. (3.36)

/IBOKOMIIOHEHTHI 06'€KTH |, Ta Y, HA3UBAKOTbCA JiBONOJIAPU30BaHUM i IpaBo-
NOJIAPU30BAaHUM gell1eauMu cniHopamu. Bu MoxeTe JierKo epeKoHaTHUCs, 110
3aKOHHU IX MmepeTBOpeHHs NpH iH}iHiTE3MMaIbHUX 06epTaHHAX O i 6ycTax f €
TaKi:

L|JL_)<1_ie' _B'g)q&;
LPR_)<1_i9'2+B'%)¢R-

[]i 3akoHM MOB’s13aHi Mi>k C06010 KOMIIJIEKCHUM CIPsI?)KeHHSIM. 3aCTOCYBaBIIU TO-
TOXHICTb

o
2
- (3.37)

o’0" = —o0?, (3.39)

k61 MU MpaL}OBaIy 3 IHIIKUM Tpe/ICTaBJeHHAM 'aMMa-MaTpUIib, IPUBiAHICTb 6yJ1a 6 He Taka
oueBHU/HA. lle, By1acHe, i € TOJIOBHOIO IPUYMHOI BUKOPUCTAHHS KipaJbHOTO Npe/iCcTaB/eHHS.
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HEBAXKKO MOKa3aTH, L0 BeJIMYUHA 0°J; IepPEeTBOPIETHCS AK MPABOIOJISIPU30-
BaHUU CIIHOP.
B TepMinax Y, i Y, piBHAHHA [lipaka Ma€ BUIVIAL;

@m0, 7o CLIV)(M) =0 e

J\Ba npejcrasieHHda rpynu JlopeHua y, i Y, 3mimyroTbcs B piBHAHHI /lipaka 3a
PaxyHOK MacoBOTO 4JeHa. AJie AKI0 BCTAHOBUTH M = 0, TO piBHAHHA A4 Y, |
Y, PO3'€AHYIOTbCA:

(0o —0- V)Y, = 0;

_ (3.40)
i((0g+0-V)Y, =0.

Ile Tak 3BaHi pigHsAHHSA Bell/is; BOHU 0C06JIMBO BaXK/IMBi IPU BUBYEHI HEUTPUHO
Ta Teopii c1abKoi B3aEMOJ|I.
€ MOXJIMBICTb TPOXH NOKPALIUTH X 3anuc. BBeeMo 3a 03Ha4eHHAM

o*=(1,0), o"=(1, —o), (3.41)
OTXe,
0 o*
b
Y (6“ 0 > (3.42)

(Pucka B 6 He Ma€ KOJHOTO CTOCYHKY A0 pucku B Y.) Toai piBHssHHSA [lipaka Mo-

»KHa 3allMCaTH K
-m ic-0\(y,.) _
<i6 ‘0 —m ) (q;R) B (3.43)

i6-0y, =0, io-dy, =0. (3.44)

a piBHAHHA Benna:

§3.2. PimeHHs piBHAHHA /lipaka /14 Bi/IbHUX 4YaCTOK

[[lo6 Bupa3Hie BiguyTH pi3uky B piBHAHHI [lipaka, po3rjisiHeMO HOro IJ0CKO-
XBWJIbOBe pinteHHs. OCKIJIbKY AipaKoBe noJie Y 3a/0BOJIbHSAE piBHAHHIO K-
Ha-lopsoHa, MU BiZipasy 3Ha€EMO, 110 BOHO MOXe GYTH 3amucaHe fK JiHildHa
KOMOiHallif IJIOCKUX XBUJIb:

U) =u(p)e ™%, pe p*=m’ (3.45)

TUMYacoBO 30cepeMMOCs Ha PillleHHAX 3 HO3UTUBHOK YacTOTO, TO6TO p° >
0. BexTop-cToBIelp u(p) Ma€ 3a/0BOJILHITH J0JJATKOBOMY OOMEXEHHIO, siKe
MOXKHa OTPUMATH NpH niActaHoBLi (3.45) y piBHsAHHA Jlipaka:

p, —m) u(p) = 0. (3.46)
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Haknpocrile npoaHanisyBaTH Lie piBHAHHSA B CUCTEMI CIIOKOIO, fie p = P, =

(m, 0); a 3arasibHe pillleHHA [JiSl JOBUJIBHOTO 3HaUY€HHS P MOXHa NOTIM OTpH-

MaTH IJIAX0M 6ycTy A:. Y cucTeMi ciokoo piBHAHHA (3.46) HabyBa€ BUIIALY
2

(my® = m) u(py) = m(‘} _}) u(py) =0,

a Moro pillleHH €
u(po) = m@ (347)

JiJ1s1 6y/1b-IKOT'0 YMCJI0BOr'0 JBOKOMIIOHEHTHOrO cliHopa &. JloMoBUMOCSL HOP-
MyBaTH £ Tak, mo6 £ § = 1; MHOXHUK /M BBeZIeHO JJIs TOAANbIIOI 3pyYHO-
cTi. M1 MoeMo iHTepIpeTyBaTH CIIIHOP &, po3IJIsAaldu reHepaTop obepTaHb
(3.27): € nepeTBOPIOETHCS NPU 1IbOMY SIK TUIIOBUHM JJBOKOMIIOHEHTHUHN CIiHOP
I'pynu o6epTaHb, a OTKe, BiH 3BUYallHUM YMHOM BU3HAUYa€ CIiHOBY Opi€HTALil0
pimeHHs piBHsAHHA [ipaka. Hanpukiag, koiu § = (), TO CIliH 4acTKU cripsiMo-
BaHO Bropy B340BX TPeTHOI OCi.

3a3HayMMo, 10 Mmicjasd 3aCTOCyBaHHSA piBHAHHA /Jlipaka MoOKHa JOBIJIbHO
obpaTu Juule ABa 3 YOTUPbOX KOMIOHEHTIB u(p). Lle came Te, yoro Mu norpe-
OyBaJiM, OCKIJIbKM YacCTKa 3i criiHOM 1/2 Ma€ Jsiniie ABa Gpi3uyHi cCiHOBI cTaHU —
Bropy i BHU3. (3BiCHO, MU TPOXU MepeJYacHO 3aBeJId MOBY PO YACMKU Ta CNIH.
Y § 3.5, npokBaHTyBaBuIHY noJie Jlipaka, Mu dogedemo, 10 CIIiIHOBUM MOMEHT iM-
NYJIbCY ipaKOBOI YaCTKH € g a Hapasi JiMlle 3ayBa)KUMO, 1110 JI1 KOXKHOI0 P €
JiBa MOJIUBI pilieHHA u(p).)

Tenep, ko1 MU MaeMo 3araJibHUM BUpa3 15 u(p) B CUCTEMI CLIOKOIO, MOKe-
MO oTpuMaTH u(p) y 6yAb-AKiM iHIWiNA cucTeMi LIgXoM 6ycTy. Po3rissHeMo 6ycT
y3/I0B> TpeTboi oci. Cnepiy MycMMo HaraZiaTH cobi, K Aie 6ycT Ha 4-BeKTop. B
iHQiHiTe3MMaNbHIN popMmi

E 01 m

()=l o) ()
Jle 1 € AesiKUi HeCKiHYeHHO MaJIui napaMeTp. /|Jisl CKIHYeHHOT0 1) MAEMO HallH-
caTtu

01 m
eaft4n(3 ))(5)-
0 1 ) 0 1 m

lcoshn(1 O) + 51nhr|<1 0)] (O) = (3.48)

_ [mcoshn
~ \msinhn /)"

=
o 0
~__
Il
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[lapameTp 1 Ha3UBa€TbCSA cmpimKicmi. st BeJIMYrMHA € aAUTUBHOIO IIPH MOCTi-
JIOBHUX OyCTax.

Tenep 3acTtocyemo To camuid 6yct A0 u(p). 3rifiHo 3 piBHAHHAMHU (3.26) i
(3.30), maemo

e 35 2)]()-

= :cosh g(é (1)) — sinh<c:)3 _(;3>l M(E) =

_ () + e () 0 <E) _

- o (12 1 ermn(i52) )
{,/E ¥ p3<1 _203> +JE—- p3<1 203>}E

= . (3.49)

1+03 1—-o03
JE+p3 +JE—p3
OcTaHHi} PAZ0K MOKHA CIIPOCTUTH ¥ OTPUMATH

_ (VP 0o§
P-6%§

Jle KBaJIpaTHUM KOPiHb BiJi MaTpHLIi C/1iJ pO3YMITH TaK, 1[0 6epeThbCsA MTO3UTUB-

He 3Ha4eHHS KBaJ|paTHOI'0 KOPeHs Bif KO>KHOTO 11 BJlacHOTO 3Ha4eHHS. Llel BU-

pas ajs u(p) He Jivllle KOMIAKTHIIIMY, a ¥ 36epirae YMHHICTbD /1Sl JOBIJIbHOTO
HanpsaMmky p. [Ipanoryu 3 BUpa3aMu TaKOr'0 TUIY, KOPUCHO 3HATH TOTOXHICTh

(p-o)(p-6) =p*=m’. (3.51)

Bu moxkeTe 6e3nocepeiHbo nepeBipUTH, 110 (3.50) € pinteHHsAM piBHAHHA Jipa-
kay ¢popmi (3.43).

Ha npakTuui 3a3Bu4ail 3py4yHillie npanoBaTH 3 KOHKPETHUMH CIIiHOpaMHU &.
KopucHum Bu6GopoM 6ysiv 6 TYT BJacHi cranu o°. Hanpukiag, axmo § = (3)
(cmiH yropy B37j0BX TpeTbOi 0Ci), MU MAaEMO

_ M(%))_) <0>
up) = <\/m((1)) BeJTMKMH BycT V2E (H)’ (3.52)

tozi Ak s § = (9) (cniH yHU3 y340BXK TPeTHOI 0ci)

_ \/E+p3(2)> ((&’))
u(p) B <,/E — p3((1)) BEJINKUI GyCT \/ﬁ 0 ' (353)
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[Ipy n — o0 cTaHU BUPOIKYETHCA Y IBOKOMIIOHEHTHI ClliHOpU 6€3MacoBoi yac-
TKU. (Tenep My 6a4MMo, /15 YOr0 NOTPi6eH MHOXKHUK /m vy (3.47) — BiH 36epi-
ra€ CKiHYeHHICTb CIHOPHUX BUpa3iB y 6e3MacoBiil Mexi.)

PimenHs (3.52) i (3.53) € B/1acHUMU cTaHaMU ollepaTopa chipaabHOCMmi,

PN 1..{c" 0
h=p-S=3p; 0 o (3.54)
Yactka 3 h = +1/2 Ha3UBAETLCA NPABONOAAPU30BAHOK, TOAI K 3 h = —1/2 -

80n0/15pu308aHor. CliipaJIbHICTb MACUBHOI YaCTKH 3aJIEKUTh BiJl CUCTEMMU BiJi-
JIiKy, 60 3aB>/IJM MO>KHA NNEPEUTHU [0 TAKOI CUCTEMHU, Je il IMIyJbC MPOTHUJIEKHO
CnpsiMOBaHUM (aJsie cIiH He3MiHHUH). [lJ1s1 6€3MacoBOi YaCTKH, 1[0 PYXa€TbC 3i
MIBUJKICTIO CBITJ/Ia, TAKUH NepexiJ; BAKOHATU HEMOKJIUBO.

Hapazsuuaiino npocta dpopma u(p) AJis 6e3MacoBOi HaCTKM Y BJIaCHOMY CTaHi
CHipasibHOCTI pOGUTh MOBEJ[IHKY TaKUX YaCTOK JIETKO 3po3yMisioro. Y Po3zii 1
1le J03BOJIMJIO HaM YraZlaTU BUIVISA] Nepepidy po3cisHHA s ete™ — ptu~y
6e3MacoBill Mexi. Y HaCTYnmHUX po3/isiax MU HEOJHOPA30BO BJjaBaTUMEMOCH [0
6e3/lyMHHUX 00UYUC/IEHb, MC/S1 4Oro 6YAeMo po3r/issJaTy BJAACHI CTaHU CHipasib-
HOCTi y BUCOKOEHEpPreTUYHOMY HaOJIMXKEeHHI, ab1 30arHyTH, 1[0 MU 3POOHUIIH.

Tenep Mu Bxke rOoTOBI 3p03yMiTH NOXOJKEHHA NO3HA4YeHb P, i Y, A4 Belt-
JIeBUX CNiHOPIB. PilieHHAMHU piBHAHHA Belss € cTaHU 3 BU3HAYEHOIO CIipaJsib-
HICTI0, 1110 BiATIOBIZAAIOTH JIIBO- Ta NMPAaBONOJIAPU30BAHUM YacTKaM. JlopeHIi-iH-
BapiaHTHICTb CHipaJIbHOCTI (/1J151 6e3MacoBOI YaCTKU) € OUeBHAHA B 3aNIUCY BEM-
JIEBUX CIIHOPIB, OCKIIbKU Y, 1 Y, iICHYIOTb y pi3HUX IIpeCTaBJIeHHAX I'pyny Jlo-
peHna.

3py4HO 3aNK1CyBaTH yMOBY HOPMYBaHHA AJis1 u(p) B JIOPEHI|-iHBapiaHTHOMY
BULIAAL Bume My 6aunny, mo Yy He € inBapianTHHUM. Tak camo,

wtu= (5575, Y 0)- \/\/gz = 2E, £'E. (3.55)
Jl11 OTpUMaHHS JIOPEHLL0BOT0 CKaJIsipa BU3HAYKMMO
a(p) = u'(p)v". (3.56)
BigTak, npoBiBLIM MaiKe iJeHTUYHI 06YHUCI€eHHS, MAEMO
fu = 2mé&'E, (3.57)

Ile # 6y/ie HalllOl YMOBOIO HOpMyBaHHs. KpiM Toro, Mu 04aTKOBO BUMaraemo,
106 ZIBOKOMIOHEHTHHUH criHOp & 6y/10 HOPMOBAHO 3BUYAHHUM YMHOM: £ § = 1.
Takox 3py4HO 06paTu 6asucHi cninopu &' Ta & (Ha 3pasok (}) i (9)) oproro-
HaJIbHUMHU. J|J1s1 6e3MacoBOi YacTKM piBHAHHS (3.57) € TpUBia/IbHUM, TOX Y LIbO-
My BHUNAJIKy MM MaEMO MKMCAaTU YMOBY HOpMYBaHHS y BULIsAAI (3.55).
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[lizcymyeMoO pe3ysibTaTH HALIOTO pO3IJAAY. 3arajbHe pillleHHs piBHAHHA
Jlipaka Mo>KHa 3anycaTH SK JiHiHHY KOM6iHallil0 MJI0CKHUX XBUJIb. [I03UTHBHO-
4acCTOTHI XBWJIi MAalOTh BUTIA/]

Px) =up)e ®*, p*=m? p°>o0. (3.58)

[cHy1OTb /iBa JIiHIHHO He3aJiexHi pileHHs a5 u(p):

uw(p) = ( \/_Vziijé) s=1,2, (3.59)

AKI MU HOPMYEMO BiZilIOBiAHO 10
" (p)us(p) = 2m 8™ abo u''(p)u(p) = 2E, 8. (3.60)
TakUM CaMMM YHHOM MOKEMO 3HAUTH HEIaTUBHO-4aCTOTHI pillleHHsI:
Px) = v(p)e®*, p*=m? p°>0. (3.61)

(3a3HauyMMo, 1110 MU 06paJIv 3a Kpallje NOCTaBUTH 3HAK IJIFOC B eKCTIOHEHTI, HiX
JIONYCTUTH Biz'eMHe 3HaueHHs p°.) IcCHYIOTh JBa JIiHIHHO He3a/leXHi pilleHHs

aas v(p):
s _[ VP~ GT]S _
v (p) = (_ m 6n5>’ s=1,2, (3.62)

Zien’® € iHIKUM 6a31COM IBOKOMIIOHEHTHUX clliHOPiB. Lli pileHHs HOpMyeMo 3ri-
JHO 3

7" (p) v:(p) = —2m 8™ a6o v (p)vi(p) = +2E, 8", (3.63)
CniHOpH U 1 ¥ TaK0 B3AaEMHO OPTOI'OHAJIBHI:

w(p)vi(p) =7 () uv(p) =0. (3.64)

ByabTe nubHi, ockinbku u™ T (p) v5(p) # 01 v (p)us(p) # 0. IpoTe 3a3HaYM-
MO, 1110

uT(p) v (—p) = v (p)uS(-p) = 0, (3.65)

Jle MU 3MiHMJIM 3HaK 3-iMIyJIbCYy B OZJHOMY 3 MHO>KHUKIB ¥ KOXKHOMY CIIIHOPHOMY
OOy TKY.



§ 3.3. Marpuui Jipaka Ta 6iniHifiHi dopmu AipakoBoOro noJis 61

CniHoBi cymu

[Ipu po3spaxyHkax ¢pelHMaHOBHUX JiarpaM y Hac 4aCTO BUHUKaTHMe NMOTpeba
B3SITHU CyMy 3a CTaHaMHM noJisipusanii ¢pepMionib. lllnsgxoM npocTUX 064YKCIEHD
MOXKEMO OTPUMATH HeOOXiZiHe JI/isl [bOT0 CIiBBi/JHOIIEHHSI TOBHOTHU:

> e =y (o) (#'vre £ o) -

s=1,2 s

:<\/p-0\/p-6 \/P'G\/P'0>:
Jp-6p-6 Jp-6yp-0

_( m Pp-O
" \p:6 m )

Y Apyromy psaaKy MU BUKOPUCTA/IX TOTOXHICTb

yev-i-(39)

s=1,2

OT>xe, MaeMoO 6akaHy GopMyJ1y:

D u@E@ =y-p+m (3.66)

N

TakuM caMUM YUHOM,

D r@rEE=y-p-m (3.67)

N

Komb6inauwis y - p 3ycTpivyaeTbca Tak 4acTo, wo PeliHMaH BBiB O3HAYEHHA: P =
Y"p,. BiATenep M1 yacTo BXXUBATHMEMO LieH 3aMHUC.

§ 3.3. Martpuui Jipaka ta 6ijiHiiAHI popmMH AipaKOBOro moJis

Mu 6aumsu B § 3.2, 1110 BeJTMYMHA Py € TOPEHLOBUM cKalgpoM. TaK0 JIerKo 110-
Ka3aTy, 0 Jy* € 4-BeKTOPOM — MU CKOPUCTAHUCH 3 LIbOr0 GpaKTy, KOJIU OTPH-
MyBaJld BUpa3 Ji/151 AipaKkoBoro jiarpaHxiaHa (3.34). A 3apa3s po3risiHeMo popMy
lIJFLp, fe ' — nedka 4 X 4 nocTiiiHa MaTpuULd, i 3a/laMOCs 3araJbHIlIUM MHATAaH-
HSIM: YA MO>X€MO MU PO3KJIAaCTH Liel BUpa3 Ha J0JaHKH, 1110 MalOTh MIeBHi TPaHC-
dopmMaliniHi BaacTuBocTi wogo rpynu Jlopenua? BignoBiab 6yae cTBepHOLO,
SKII0 3anyileMo MaTpuIo [ yepe3 wicTHaAUATh 6a3UCHUX 4 X 4 MaTpUllb, BU-
3HAYEHUX SIK aHTUCHUMEeTPHUYHI KoMb6iHaIlii Y-MaTpUllb:
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1 1 MmaTpunga
yH 4 MmaTpuni
Y =%[y“, Y] = Yy = —io™ 6 MaTpUllb
yHe = yliyvyP] 4 maTpuIii
VOGS y[uyvypycl 1 maTpuysa

16 3arajsioMm

Tpancdopmarifivi BJaCTUBOCTI I[UX MATpPHUIlb JOCUTh JIETKO BCTAaHOBHUTH.
Hanpuknag,

By - (A (Z v 1) (BAy) =
= ZU(AT Y ALATYA; — ATYALATYAL ) =

= NN GyP

KoxxeH Habip MaTpuIb NepeTBOPIOETHCA K aHTUCUMETPUYHUM TEeH30p MOCJIi-
JIOBHO 3pOCTal04y0ro paHry.

OcTaHHi ABa HA60pPU MaTPULb MOXKHA CIIPOCTUTH, 3alIPOBA/IUBILIU 101aTKO-
By raMMa-MaTpHUII0

0,,1,,2,,3 _ Ll pvpo
Y=Y = -5 Y yeYe: (3.68)

Topmi yMPe = —ighVPoy® j yHVP = jghVPOy y5 .ManHuﬂ Y® Ma€ HacTyIHi BJJaCTUBO-
CTi, 1110 iX MO>KHa NepeBipUTH, CKOPUCTABIIMCh TOTOXHIicTIO (3.68) i aHTUKOMY-
TalilHUMMU crniBBigHOUIeHHAMU (3.22):

" =v5 (3.69)
¥*)? = 1; (3.70)
¥, ¥y} =0. (3.71)

3 oCTaHHbOI BJIACTHUBOCTI BUIIJIUBAE, 1110 [ys, S”"] = 0. OTxe, npeACcTaBJIeHHS
Jlipaka Ma€ 6y T NPUBIAHKUM, 60 BJIaCHi BEKTOPY MaTpULi y° 3 pisHUMU BJIaCHU-
MU 3HaUYeHHSIMU 1epeTBOPIOIOTHCS 6€3 3MilllyBaHHA (el KpUTepill NpUBiHO-
cTi BifjoMuii sik siema lllypa). ¥ Haumomy 6a3wuci,

Y’ = <:(1) 2) (3.72)

y 6Ji04HO-JjiaroHabHiK popmi. To6TO, AipakoBHU criHOP, 1110 MaE Jiulle JiBO-
(mpaBo-) MoJIAPU30BAaHUN KOMIIOHEHT, € BJaCHUM CTaHOM Y° 3 BJIaCHMM 3Haye-
HHAM —1 (+1). [ cnpaBgi, ui cniHopu epeTBOPIOIOTHCS 6€3 3MilllyBaHHS, IK MU
ABHO MMOKa3aJiu B § 3.2.

A Tenep nepenuieMo Haily TabaML0 4 X 4 MaTpulb, 3aIPOBaAMBIIH CTaH-
JlapTHY TepMiHOJIOT10:
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1 CKaJsAp 1
Y BEKTOp 4
o™ =% [Y" v'] TEH30p 6
yHy? TIICEB/JOBEKTOP 4
y® IICEBJIOCKAJISAP 1
16

Tepminu nceedosekmop i ncesdockaisip N03HA4alOTh BeJIMYMHH, 1[0 TOBOJA-
ThCs BIZIIOBIHO IK BEKTOPH Ta CKa/IIpU NPHU Oe3nepepBHUX NepeTBOPEHHAX
JlopeH11a, ajie 3MiHIOIOTb 3HAK MPHU AUCKPETHUX NepPEeTBOPEHHSAX MAPHOCTI (1ie
MU po3r/issHeMo B § 3.6).

3a 0OMOro10 BEKTOPHHUX i MCeBJ0BEKTOPHUX MAaTPULb MOXKEMO YTBOPUTH
JlBa CTPyMH 3 Gi/TiHIHHKUX GOpM AipaKOBOTO MOJIS:

M) =0 VE); M) = POV (). (3.73)

064urcauMO JUBepreHuii LUX CTPYMiB, BUXO/ YU 3 TOTO, 1110 P 33/10BOJIbHSE PiB-
HAHHIO [lipaka:

0 = P yM + Py o = (m)y + P(—imy) = 0. (3.74)

OTxe, j* 3aBxk /U 36epiraetbcs, ko P(x) € pitieHHAM piBHsAHHSA Jlipaka. Kosn
MU MOEIHYEMO JlipaKOBe IoJie 3 eJIEKTPOMArHiTHUM, j* cTa€ MUTOMUM eJIeKTPU-
YHUM CTPyMOM. TaKMM caMUM YUHOM MOXKHA OGYUCTUTH

Q" = 2im Yy Y. (3.75)

[Ipu m = 0 ueit ctpyM (oro 4acTo Ha3WBAKTb AKCIAIbHUM 8EKMOPHUM CMPY-
MOM) TaKOX 36epiraetrbcs. B 1boMy pa3i KOpUCHO YTBOPUTH JiiHiMHI KOMGiHaLii

w - 1—v° o 1+vy°
Ji = lIJY“(T) L ¢Y“<T . (3.76)
Kosiu m = 0, ue € nMTOMI eJIEKTPUYHI CTPYMHU JIiBO- Ta MPaBOINOJSAPHU30BAHUX
YaCTOK BiZIMOBiZHO, i BOHU 30€epiraroThbCcsl OKpeEMO.

JlBa ctpymu j* Ta j*° € HOTEPOBUMH CTPYMaMH, 1[0 BiJ0OBifal0Th JBOM Ie-
peTBOPEHHAM

YO = e P), W) - VY.
[lepuie 3 HUX € cUMeTpi€l JAipakoBoro JyiarpawxiaHa (3.34). Jlpyre Ha3uBae-
ThCSl KIpA/IbHUM NepemeopeHHAM i € cuMeTpiero gudepeHLinHOro (KiHeTHUYHO-

ro) 4ieHa B L — ajle He MacoOBOI0 4JieHa; OTXkKe, TeopeMa HoTep nifgTBep/KyE,
1110 aKCiaJIbHUU BEKTOPHUM cTpyM 36epiraeTbces siuiie npu m = 0.
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JlobyToK JiipakoBUX OiJiIHINHUX POPM 3a/10BOJIbHAIOTh CIiBBiJHOLLIEHHSM,
BifjoMuUM ik momodicHocmi @ipya. M1 06roBOpUMO JiMllle HAUNPOCTIllly 3 HUX,
SKY KiJIbKa pa3iB OyeMo 3aCTOCOBYBAaTH B HallOMY Kypci. Llto TOTOXHicTb Hail-
Jieruie 3anycaTy B TepMiHaxX JBOKOMIIOHEHTHHX BelJIEBUX CIIHOPIiB, 3anpoBa-
JokeHux y (3.36).

OcHoBa CniBBiIHOLIEHHS — TOTOXHICTB JJ1d 2 X 2 MaTpHIib 6%, BUSHAYEHUX
y (3.41):

(0")p(0")ys = 2€ayEps. (3.77)
JlJ11 pO3yMiHHA 1JbOTO CNiBBiJIHOLIEHHS Tpeba 3a3HAYUTH, L0 iHJEKCH «, Y Te-
pPeTBOPIOIOTHCA 3a JIOPEHILOBUM NpeJCcTaBJeHHAM Y, , TOAI K 3, § mepeTBOpIO-
I0TbCA 32 OKPEMHUM Ipe/CTaBJeHHsAM Y, a BC BeJIMYMHA MAa€ OYTH JIOpeHL|-
iHBapiaHTHO!0. AJIbTEPHAaTUBHO, MOXXHA B ABHOMY BUIVIAJI IlepeBipyUTH BCi 16
KOMIIOHEHTIB piBHSAHHA (3.77).
O6kJafiarouu TOTOXHICTh (3.77) 3 060X 6OKIB MpaBOMOJIIPU30BaHUMH 4Ya-
CTUHAMU (TOOTO HMXKHIMU NMOJIOBUHAMU ) AiPaKOBHUX CIIHOPIB Uy, Uy, Uz, Uy, Ma-
€EMO

(1r0"U2R) (713R0'uu4R) = ZsayalRaa3RYEBSu2RBu4R8 =

i B (3.78)
= —(U1r0" Usr) (u3R GuuZR)

lle HeTpuBiaJibHe CNiBBi/IHOIIEHHS CTBEPAKYE, 1110 A00YTOK GiNiHIKHUX popM y
(3.78) € aHTHUCUMETPUYHUM NIPU NepecTaHOBKaX iHAEKCIB 2 i 4, a Takox 1 i 3.
TotoxHicTb (3.77) cnpaBejiuBa i AJisg 6%, TOMy MU 3HaX0JUMO

(1.6 uz,) (a3L6uu4L) = —(@1,6"us.) (a3L6uu2L) . (3.79)

[HOAi KOpHCHO 00’'eHAaTH TOTOXKHiCTh Pip1ia (3.78) 3i cniBBiAHOLIEHHAM MiX 0"
Tacok:

€ap(0M)gy = (6%) g Epy- (3.80)

OcTaHHil BUpa3 TaKOoX NepeBips€ThCs B ABHOMY BUTVIsAIL. 3acTocyBaBiuu (3.80),
(3.79) i cniBBigHOMIEHHSA

6%, = 4, (3.81)

MOKeMO, HallpUKJIaZ, CHPOCTUTH XKaxX/JIUBi 06y TKU GisiHiHNX GOpM Ha 3pa3okK

(ﬂ1L6“c"c’r}‘uu)(ﬂu&uc"&}‘uu) =
= ZsayﬁlLaagLYSBg(c"c'f}‘uZL)B(ovéku“)S =
= Zeayﬂuaﬂuyﬁﬁﬁuzm(Gxévcvéxuu)g = (3.82)
=2 (4)2 * EqyUiLaUsryEpsU2LgUsaLs =
= 16(i11,6 "uz,) (U316, UaL)-
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[cHy10Th Takox TOTOXXHOCTI Pip1a /i/18 NepecTaHOBOK 4-KOMIIOHEHTHUX Ji-
paKoOBUX CHiHOPIB i 4 X 4 maTpup [ipaka. [IpoTe /14 iX oTpuMaHHA Kpaliie CKO-
PUCTATUCHI CUCTEMATUYHIIKUM miaxoAoM. Y 3azadi 3.6 npejcTaBJ/ieHO 3arajb-
HUU MeTO/, i IesiKi IPUKJIaU MOr0 3aCTOCYBaHHS.

§ 3.4. KBaHTyBaHH4 JipaKOBOro moJis

Tenep My B>ke roTOBI /10 M06Y 0B KBAaHTOBOI Teopil BiJIbHOTO AipaKoOBOTO MOJIs.
3 narpaH»iaHa

L= -m)y =P (iy"d, —m)y (3.83)

6a4MMo, 1110 KAHOHIYHU I IMITYJIbC, CIPSKEHUH 10 J, € iljﬂ, a 0T>Ke, raMiJIbTOHiaH
H= f AxP(—=iy - V+m)y = j ’x Yt (—iy’y - V+my°) y. (3.84)

dxuio My Bu3Hadumo o = Y%y, B = y°, TO BeJIMUMHY B Ly»KKaxX MOKEMO iHTep-
NpeTyBaTH K raMijibTOHiaH /lipaka B 0JHOYAaCTKOBiA KBAaHTOBIW MeXaHilIli:

hp = —ia -V +m§p. (3.85)

fIk He Tpe6a KBaHTyBaTH JipaKoBe moJie:
YPOK 3i cCrliHy ¥ CTAaTUCTUKHU

[I[o6 MpoKBaHTyBaTH JipaKoBe MoJie 3a aHaJori€ro 3 nosieM Kisitna-TopoHa,
MU MYCHUJIM 6 HaKJIaCTU KaHOHIYHI KOMyTalliliHi CliBBiHOLIEHHS

U, (), VI ()] =8P (x—y)8ay  (onHaKoBuii yac), (3.86)

Jie a i b mo3HayarTh KOMIIOHEHTH ciiHopa . Lle Bxke j0BoJi AUBHO, 60 AK6U
Y(x) 6ysio AiiCHUM, TO JiiBa CTOPOHA PiBHSAHHSA 3MiHIOBasIa 6 3HAK MpPU 3aMiHi
X < Yy, TOAI K [paBa CTOPOHA CUMETpPHUYHA 00 TAKOI IepecTaHOBKU. AJle
OCKiJIbKU cniHOp Y(X) KOMIIJIEKCHUH, MU MIOKU He MaEMo npoTupiy. Hacnpas-
Jll 2K MU CKOpO MepeKOHAEMOCH, 1[0 KOMYTAllilHi CHiBBiJHOLIEHHS, HaKJa/leHi
HaMM Ha JiipaKoBe Io0Jie, IOPO/KYIOTh i 3HaYHO cepilo3Hiuli npo6semu. [Ipote
O0y/ie MOBYaJIbHO MOJUBUTHUCH, SIK JaJ€KO MU 3MOKEMO 3alUTH — Iie JI03BOJIUTh
HaM Kpallle 3p03yMiTH 3B’I30K MiXK CIIIHOM i CTaTUCTUKOI. OTOX NPOJ0BXKUMO;
aJie naM’siTauTe, L0 HACTYIIHI KiJIbKa CTOPiHOK 3peIITO0 3aBelyTh HAC y 6€3BU-
XiJb.

Haia nepiia 3azjaya — 3HaWTH NpeACTaBJAeHHS KOMYTalliMHUX CHiBBiJHO-
lIeHb y TepMiHax ollepaTopiB HApOJKeHHH Ta 3HUIEeHHS, AKe AiaroHanisye H.
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3 BurIsAAy raMmisibToHiaHa (3.84) sicHo, 1110 6y1e KOpHUCHO po3kJacTu Y(x) 3a 6a-
3UCOM BJIaCHUX QYHKIiN hp. MU BxKe 3HAEMO 1ii BJacHi QyHKILii 3 06UMC/IEHD ¥
§ 3.3. TaM MM BUSIBUJIH, 1110

[iv°0o + iy - V—m]u’(p) e ¥ =0,

Tox us(p) e'P* € BacHuMU GyHKLiAMHU hyp 3 BIacHUMHU 3HaYeHHsAMH E. Tak ca-
Mo v°(p) e~ X (abo, ekBiBasieHTHO, V°(—p) ePX) € BracHuMM PyHKLiAMH hp 3
BJIACHUMHU 3Ha4yeHHAMHU —E,. BOHM yTBOpPIOIOTH MOBHUM Habip BJacHUX QyH-
KIii, 60 AJis 6y/ib-IKOTO P iCHYIOTb ABa CHiHOPH U i /iBa CIiHOPH v, 110 AAl0Th
HaM YOTHPHU BJIACHI BeKTOpHU 4 X 4 MaTpuli hp.

PosksiaBuiu Y 3a UM 6a3ucoM, OTpPUMYEMO

e )_f 2n)’ \/_ 'plxszz[afaus(l’)+bipv5(—p)], (3.87)

Ae a, i by, € oneparopHumMu KoedinienTamu. (I[lokn My MpaLrOEMO B KapTHHI
[llpoaunrepa, ae P He 3a/eXUTh Bif 4acy.) [locTysoeMo KoMy TaliiiHi ciiBBijI-
HOLIEHHS

[ap, ag'l = [b}, b3l = (2m)*6@ (p — @)&™. (3.88)

Topi Jierko nepeBipuTH crpaBeAauBicTb (3.86) aaa PiP':
d*q

(2m)? 1/2E - 2Eq
x> (Iap, a3 1w (B) & (@ + by, b1 v (—p) 7 (—)) =

7,8
d? 1 .
= P~ eirmy (3.89)
(2m)® 2E,
X[(VEp—y-p+m)+ (Y Ep,+y-p—m)]y’ =

=8®x —y) X Lyxa.

el(Px=ay) o

weo, v = [ 2P,

Ha apyromy kpoui MU BUKOPUCTAJIM CIiBBiHOIIEHHS NOBHOTH (3.66) i (3.67)
JJIA JJ1S1 CHIHOBUX CYM.

Tenep mu rorosi 3anucatu H y TepMiHax a i b. [licsig me oJHOro KOpOTKOro
o64yMceHHs (BUKOPUCTABIIM CHiBBiHOLIeHHS opToroHasbHOCTI (3.60), (3.63)
i (3.65)) 3HaxoauMMO

d3
(2m)’?

H =

Z(E asfas — Epbsbs). (3.90)
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Y Apyromy 4JieHi 3aKpa/jiacb AKacChb »KaxJ/IMBa MOMMJIKA: MOPOKYIOYU Jenalli
6isble yacTok yepe3 b’ Mu MojkeMo 3MeHIyBaTH eHeprilo 0 HECKIHYeHHOCTI.
(3amina b © b’ e gomomorna 6, ockinbku Le 3pylHyBaJI0 6 KOMyTaliliHi crIiB-
BigHoweHHd (3.89).)

3[a€ThCs, MU HApa3UJIUCS Ha JOCUTh CepHO3HYy NpobJsieMy, IpoTe COPOOYii-
MO HiTH e AaJji ¥ JOCJAIAUTY NPUYUHHICTD Y LiH Teopil. [l/1g bOro HaJleXXUTh
o6uucautu [P(x), YT (x)] (abo, mo 3pyunime, [Y(x), P(x)]) y pisni MoMeHTH Ya-
cy 1 cnoAiBaTHCA OTPUMATHU HyJIb [103a MeXaMU CBITJIOBOIro KOHyca. Hannepiue
Ma€EMO MeperTH 0 KapTUHU ['aii3eHbepra i BiAHOBUTH 3aJIEXKHICTb BiJf yacy Y
Ta . CKOpMCTABLIMCh CHiBBiJHOIEHHAM

elHta.lS)e—lHt ape—LEpt’ Lths —iHt bs +iBpt (3.91)

HeramHo OTPUMYEMO

W(x) = f Z(af,us(p) e™P* + biv(p) e™);
2 ‘/ZE
( n) (3.92)

P(x) = f an? —ZE Z(affﬂs(p) eip"‘+bfff75(p) e ).

Tenep My MOXkeMO 0GUYMCIMTH 3arajJlbHUH KOMyTaTOpP:

dcp 1
(2“)3 2Ey

X Z(ufl(p)a; (D) e P 1 v (p) 75 (p) P V) =

[Wa(x), Y ()] =

N
d’p 1
(2m)® 2E,
% ((V + m) e~ P (x=y) 4 P —m)g eip'(x—J/)) =

— lax + m e_lp(x_y) — e"p(x_y) —
ab (2 ) 25

= (i#x + M) 4[4 (), )]

Ockinbku [P (%), ¢(y)] (komyTaTOop AificHoro moust Knsitna-Topmona) nosa cBi-
TJIOBUM KOHYCOM JIOPiBHIOE HYJIIO, 111 BEJIMYMHA TaK0X HY/IbOBA.

[IpoTe Take po3B’si3aHHSA MPOO6JIEMU NPUYUHHOCTI BUJAETHCA Mi03PIIUM.
Hexa# |0) € craHOM 1110 3HMILYETBCS BCiMaA ay i by, To6TO: ap,|0) = by|0) =
Toni

[Wa (), W ()] = (01[W, (x), Y ()]|0) =
= 0]y, () W (1)10) = (O] () Yo (x)]0),
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TaK caMo, K JJis noJsist Kasiina-TopgoHa. Ajie TaM MU MaJsli BHECKM Bifi IBOX
YaCcTUH KOMYTaTOopa: 1Mo3a CBITJIOBUM KOHYCOM PO3IMOBCIO/XKEHHS YaCTKHU Bif x
Jl0 Y CKOPOYyBaJIOCSl PO3MOBCIOKEHHSIM aHTHYACTKHU BiJ X 10 V. A TYyT 061/iBa
BHECKH Jla€ neplua yacTuHa komyTtaTtopa (0| (x)y(y)|0), Toai Ak gpyra ToTo-
»KHO HYJIbOBAa. B3a€EMHO CKOPOYYIOTbCS YaCTKH 3 NO3UTUBHOIO Ta HEI'ATUBHOIO
eHepriero, NpU4oMy 06U/iBi PpO3MOBCIO/PKYIOTHCS BiJl X 10 V.

Ile cniocTepexkxeHHs paKTUUHO BKA3y€e HAM LLJISIX 10 PO3B’si3aHHS Npo6JieMU
HeraTuBHOI eHepril. OiHe 3 HALIKUX NPUMYILIEHb, 3p06JeHUX MPU KBAHTYBaHHI
Teopii Jlipaka, Ma€e 6yTu XUOHUM. ToMy 3a6y/1bMO MOCTY/JIbOBaHI HAMU KOMYTa-
nifHi cniBBigHOUEHH: (3.86) Ta (3.88) i nOrISHBMO, AKUM YHHOM MO>KHa 3a6€e3-
NeYHUTH PO3MOBCIO/PKEHHS YAaCTOK 3 MO3UTUBHOIO eHepri€lo B 060X HaNlpsIMKaXx.
Tako>k MU MaEMO BiIMOBUTHUCS BiJi HAlIOro BU3HAYEeHHS BakyyMy |0) sik cTany,
1[0 3HUILIYETbCA BCiMa ap, i bp. [IpoTe 36epexkemMo Bupasu (3.92) ana Y(x) Ta
J(x), Ax onepatopis laitsen6epra, ockinbku Y(x) Ta P(x), AK pilleHHsA PiBHAH-
Hs /lipaka, MalOThb pO3KJ/1aJlaTUCS 32 TAKMMH M10J10CKO-XBUJIbOBUMH PillleHHSAMM.

Mepemoscim posrasuemo ammityay (0| (x)P(y)|0), Axa Mae npeacTapas-
TH YaCTKY 3 NIO3UTHUBHOIO EHEPTi€l0, 1110 PO3MOBCIOKYETHCS Bifi X 10 y. Y iIboMy
BUNAZKy MU 6 XoTinu, o6 craH Y(y)|0) (v kapTuni Faiisen6epra) 6ys JiHii-
HOI KOMOiHalli€l0 CTaHIB JiKIlle 3 MO3UTUBHOI abo JiMille 3 HEIaTHUBHOIO eHep-
riero (ockinbKu raisen6epris cran Wy = et#'Wg), OTxe, HEHYILOBUN BHECOK
y (y)]|0) MOKyTb POGUTH JIMILIE YJIEHH 3 af,*, a Lle 03HAyag, 110 bIS,Jr MalOTh 3HU-
1yBaTH BakyyM. BignosigHo, (0| Y(x) Moxe MiCTUTH JiviIe MTO3UTUBHO-4aCTO-
THi KOMIIOHEHTHU. 3BiJiICM MAaEMO

_ d’p 1 i
OO0 = Of [ 555 =D e
PT

(3.93)

LY @e
X — a’'u"(q) e'?7|0).
,[(21'[)3 2Eq - q (q) | )

Mu MoxxeMo Jie1o ckasaTH 1po MaTpuyHi eneMeHTH (0] ay, af;f|0), HaBITb He 3Ha-
I0YH, SIK IEPECTaBJISIIOTHCS Ay, | af]*, a Jivllle Ha NiJicTaBi TpaHCadLikHOI Ta 06ep-
TaJIbHOI iHBapiaHTHOCTI. fIK1I0 0CHOBHMM cTaH |0) iHBapiaHTHUN [0 TPaHCJIA-
uii, To |0) = e**|0). Kpim TOro, 0cKiNbKH aflT NOPO/IKYE IMITYJIBC , MOXKHA CKO-

puctaTucs piBHAHHAMM (2.48):
(0lajagt|0) = (0]ajagfe™*|0) =
= pl(P—@)- LP- t —
= e"P7V¥(0]e" *a,aq"|0) =
— pllp-a)- t
= e"P7VX0| a,ag"|0).

A otxe, (O] a;afﬂO) He JIOPiBHIOE HYJIIO, JIMIIe TO/li, KOoJIu p = q. Tak camo Mo-
»KHa MOKa3aTH, 110 3 06epTasibHOI iHBapiaHTHOCTI |0) BUuniuBae r = s. (Lle mae
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O6yTH 3p03yMiJIO iHTYITUBHO i MOXKe OYTH MepeBipeHo Mic/sl BUBYEHHS olepa-
TOpa MOMEHTY iMNyJbCy AaJi B iboMy naparpadi.) 3 1jux MipKyBaHb po6GUMO
BUCHOBOK, 1110 MATPUYHUU €JIeMEHT MOXXHA 3alIUCaTH y BUTIAL]

(Olajagf|oy = (2m)*8® (p — q) 8" - A(p),

Jie A(p) Noku He BU3HA4YeHO. 3ayBaXXKUMO, L0 32 YMOBU MO3UTHUBHOCTI HOP-
MU CTaHy (a 1je 0/Ha 3 060B’I3KOBUX BJIACTUBOCTEHN OY/1b-SIKOT0 riJIbOEPTOBOIr0
npoctopy) A(p) Mae 6yTu 6inbli00 Big Hys4. Tenep MU M0OXKeMO MOBEPHYTHUCS
Jlo (3.93) i 3anucaru

T = | Z u () W (p) A(p) €7 =

(2m)° 2E,

.[(21'[) ZE Z(p-l'm)A(p)ezp(x .

[le#t BUpa3 iHBapiaHTHUM JiulIe TOJi, KoK A(P) € TIOPEHI[0BHUM CKa/IsIPOM, TOO-
0o A(p) = A(p?). A nosask p?> = m?, To A(p) Ma€ 6yTH KOHCTAHTOM. Y KiHIeBO-
MY MiZICYMKY 0JIePXKUMO

dcp 1

S e Py 4, 3.94
(2“)3 2Ep ( )

(01Y, ()W (1)10) = (iF + m),,

Tax camo B ammityzi (0|, ()W, (x)|0) MU X04eMO MaTH JiMIe BHECKH T103U-
TUBHO-4aCTOTHHUX 4JeHiB 3 J(y) i HeraTuBHo-4acTOoTHUX 3 P(x). OTxe, a, yce
Lile 3HUIIYE BaKyyM, a OT by, y>ke Hi. BUXOASIM 3 apIyMeHTIB, ileHTHYHUX BHIlle-
HaBeJleHUM, MaEMO

f — P . B (3.95)
(2m)® 2E,
Jle B € iHI1010 MO3UTUBHOK KOHCTAHTOK. 3HAK MiHYC TyT BaXXJIMBUU — BiH 10-
XOAUTH 3i CIiBBi/{HOIIEHHS MOBHOTH (3.67) AJid ), vV Ta 3HAKY NPU X B €KCIIO-
HEHTI. A 1le 03HaJae, o MU He 3MoxeMo orpuMaTH (0|, (x)U,(y)|0) = 0 mo3a
CBITJIOBUM KOHYCOM, 60 AiBa 4yieHH (3.94) Ta (3.95) ckopoTu/rcs 6 Jiviie 3a yMo-
BU A = —B, aJie 1le HEMOXXJIMBO, OCKIJIbKU i 4, i B MalOTh 6YTH MO3UTUBHUMH.
Tenep po3B’sizaHHsA Npo6JiIeMH MakKe B HallMX pyKaX. BcTaHOBUBLIK A =
B =1, nerko oTpuMaru (1osa MexaMH CBIT/JIOBOr0 KOHyca):

(01w, (Wb (1)10) = —(0|hs (), (x)10).

OTXe, cliHOPHI MMoJIs1, pO3/1iJIeHi IPOCTOPONOAiOHUM iHTepBaJIOM, dHMUKOMYTYIOTh
MiX coboro. [[boro goctaTHbO AJis1 36epekeHHSI NPUYMHHOCTI, OCKiJIbKM BCi

(015 (NP, ()]0) = —(iF + m),,
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NPUMHSATHI CIOCTEPEXKHI BeJIMYWHU (Ha 3pa30K eHeprii, 3aps/y i 4Mciia 4acToK)
no6yi0BaHi 3 napHoi KOMOiHallil CIHOPHUX MOJIiB, a AJ 6y/ib-IKUX CIIOCTepe-
»KHMX Takoro Tuny O; i O, Mu Bce e Maemo [04, 0,] = 0 npu (x — y)? < 0.

[IpUMITHO, 1110 NOCTYJIOBAHHAM AHMUKOMYTALiMHUX CHiBBIHOLIEHB JJif Ji-
paKoBOro MmoJisi MU BOAHOYAC pO3B’A3yEMO NpobJieMy HeraTUBHOI eHeprii. PiB-
HOYaCOBi aHTUKOMYTAIliliHi CMIiBBiJHOLIEHHS MAaTUMYTh BUIJISA/

W, (), U1} = 8P (x — y) 8
W0, ¥, (M} = W), Vi) = 0.

Mu mMoxxeMo posksiacty Y(X) 3a ay, i by, sik i panimwe (piBusHHA (3.87)). Onepa-
TOPU HAPO/PKEHHS i 3HUILEHHS MalOTh 3a/0BOJILHSATH YMOBaM

(3.96)

{ap, ag}y = (b}, b3} = 2m)*8P(p — q) 6™ (3.97)

(pelrTa aHTUKOMYTATOPiB JIOPiBHIOIOTh HYJIIO), 11106 BUKOHYBAJIMCh CHiBBiHO-
meHHd (3.96). HactynHe 064uc/ieHHS AA€ raMiJibTOHIaH

(Zn) Z(E asfas — E,bsThs),

TaKUU CaMUH, [K 1 paHilile; b;* BCe Le HApO/PKYIOTh CTAaHU 3 HEIaTUBHOIO eHep-
. . : r 5 _ 3¢(3) _ rs

rieto. HpQTe cniBBigHOLIEHHS {b], qu} = (2n)°8%(p — q) 8" € cUMeTpUYHUM

wozo by i bf,*. Tomy npocTo nepeBU3HAYUMO:

Ts — st Tst —
CHEE -SRI (3.98)

3p03yMiJio, 1110 HOBIi ONEPATOPH 3a/0BOJIbLHAOTh TAKUM CAMUM aHTUKOMYTallil-
HUM CIiBBiHOILIEHHSM, aJie Tellep APYTUU YJieH y raMiJIbTOHiaHi €

—Epbstbs = +E,b3hS — (const).

Ao BuGpaty |0) siK CTaH, 10 3HUIIYETHCS ONEPATOPAMHU aj i 5;, TO BCi 30y-
JokeHHs |0) MarOTh MO3UTHUBHY €Heprilo.

ITo » cTanoca? /lyig Kkpaworo po3yMiHHA [JbOTO NIPUHOMY, BIiJMOBUMOCH Ha-
pasi Big Teopii moJsis ¥ po3rJ/isiHEMO TeOpito JiMlie 3 O/[Hi€l0 Mapoto onepaTopiB b i
bT, ana akux Bukonyernbca {b, bt} = 1i{b, b} = {bf, bT} = 0. 06epemo cran |0)
Takui, o b|0) = 0. Tozi bT|0) € HOBUM cTaHOM; MO3HaYMMO ¥Horo |1). Llei cTan
3a7l0BOJIbHAE yMmoBaM b|1) = |0)ibT|1) = 0. Omxe, b i b’ gitoTk y rine6eproso-
My mpocTopi 3 ABoX cTaHiB |0) i |1). Mu moriu 6 cka3aTy, 1o |0) € ,TOPOXKHIM"
cTaHoM, a bT ,,3anoBHI0E" Hior0. AJle piBHO3HAYHO MM MOIJIM 6 Ha3BaTH | 1) mopo-
»KHIM CTaHOM i cKa3aTH, 1o b = bt 3anoBHI0E oro. [li 1Ba npeAcTaBJieHHs ab-
COJIIOTHO €KBiBaJIEHTHI, IOKU He BU3HAaY€eHa NIeBHA CIIOCTEpPeKHA BEJIMUUHA, 1[0
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JI03BOJIUTh HaM (i3MYHO PO3PI3HATH 1ii CTAaHU. Y HALIOMY BUNAAKY KOPEKTHUM
€ TaKUW BUOIP, KOJIM CTAH 3 HUXKUYOK eHeprielo mopoxHiu. | 3a/11 yHUKHEHHS
IJIYyTAHWUHU JOLIJIBHO MO3HAYUTHU €PMITOBUM CHPSXKEHHAM TOM OollepaTop, L0
NOPO/KYE NO3UTUBHY eHeprito. CaMe Tak MU | BUMHHUJIH.

3a3Ha4YMMO MDX IHIIMM, L0 OCKIJIbKHU (E“)2 = 0, TO cTaH He MOXXHA 3aIl0B-
HUTH [IBiui. 3arajibHille, 3 aHTUKOMYTAI[ilHUX CNiBBiZHOIIEHb BUIJIMBAE, L]0
Oy b-IKMM 6araTo4yacTKOBUM CTaH € aHTUCUMETPUYHHUM BiJIHOCHO IlepecTaBJie-
HHSA JIBOX YacTok: afaf|0) = —afaf|0). Takum unHOM, MM pOGHMO BUCHOBOK,
110 CXO40BHUM OIlepaTopaM, sKi 3al0BOJIbHAKTb AHMUKOMYMAayitiHUM CIiBBiJI-
HOLLEHHSAM, BiJOBIIal0OTh YaCTKH, L0 NiJKOPATbCA cTaTUucTULl Pepmi-/ipa-
Ka.

[[fo¥iHO MU MoKa3aJiy, 10 JJis1 3a6e3neyeHHs] IPUCYTHOCTI y BaKyyMi 30y-
JKeHb JIUILIE 3 TO3UTUBHOI eHEPIi€l0 MU MYCUMO IPOKBAHTYBATH JlipaKoOBe 10-
Jie 3 aHTUKOMYTallilHMMU CHiBBiZHOLIEHHSIMY; 3a LIUX YMOB YaCTKH, [IOB’s13aHi
3 ZipakOBUM 110JIeM, 3aJ0BOJIBHATH cTaTucTULi Pepmi- [lipaka. Lleit BucHO-
BOK € OKPEMHUM BUIIAZKOM OiJIbII 3araJibHOr'0 Pe3y/bTaTy, BIiepllie OTPUMaHO-
ro [layni:!° 3 BUMOT JIopeH1I-iHBapiaHTHOCTI, MO3UTUBHOI eHeprii, TO3UTHUBHOI
HOPMH Ta NPUYMHHOCTI BUIJIMBAE, 10 YACTKHU 3 LIJIMM CIIIHOM MiJKOPSATHCA
ctaTucTulli bo3e-ElHIITEeNHA, TO/i IK YaCTKH 3 HAIliBIiIJIUM CIIiHOM 3a/10BOJIb-
HAIOTh cTaTucTrli Pepmi-/lipaka.

KBaHTOBaHe aipakose noJjie

A 3apa3 cucTeMaTH4yHO NiJICYMYEMO pe3yJbTaTh KBAaHTYBaHHA Teopii /lipaka.
[lepenoBciM 0OYUCTUMO Hallli IO3HAYEHHSI — BiJ[Ternep MU NUCAaTUMEMO b (ome-
paTop, 110 3HWXKYE eHeprilo cTaHy) NpocTo fik by, a bt ax bi. Vci Bupasw, mo ix
MU MOTPeOYBATUMEMO B MOAaJbIIIN pOOOTi, BUlIMCaHi HUXKYeE; a BCce, HABeJleHe
B IIONlepeIHbOMY IIYHKTI, 1110 IM cynepe4uTh, Tpeba 3abyTu. Criepuly HanuueMo
NI0JIbOBI OIlepaToOpu

i )_f 2n)’? WZ( apu’(p) e + bpfvi(p) eP); (3.99)

e )_f(Zn) WZ( 7°(p) e + aptad (p) ). (3.100)

OnepaTopy HApOKEHHS Ta 3HULIEHHS MiJNOPSIJKOBYOTbhCS aHTUKOMYTALiii-
HUM NpaBUJIaM

{ap, §7} = (b, b1} = @m*8P(x —y) &™, (3.101)

10W. Pauli, Phys. Rev. 58, 716 (1940), penpunT y [51]. CTporuii posras HaBeseHo y CTpitepa i
BaiiTmana [64].
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a peliTa aHTUKOMYTAaTOPiB AOPIBHIOWOTH HYJ/0. PIBHOYAaCOBi aHTUKOMYTallilHI
cniBBigHomenHs A P i P € Taxi

W0, Y} = 8¥ (x — ) ans

+ f (3.102)
W, (), U, (M} = W X), ¥, (¥} = 0.
Bakyy™m |0) BUBHaAYa€THCA K CTaH, 110 A/ HbOTO
a,|0) = by|0) = 0. (3.103)
['aMisibTOHIaH MO>KHA 3alMCaTH, 9K
Ep(ajfas +b31bs), 3.104

Jle MU BiIKMHYJIM HECKIHYeHHU M NIOCTIMHUH O aHOK, 1[0 BUHUKAE BiJ aHTUKO-
MYTYBaHHs by i bf,’f. 3BiZicK 6aUMMO, 1110 BaKYyM € CTAHOM 3 HAHMXK4 00 eHepri-
€10, K MU ¥ X0TiM. OnepaTop iMIysibCy €

P= fd?’xqﬂ(—ivw = f (‘;‘)’3 p(aSfas +b5Tbs). (3.105)

Otxe, 06M/Ba onepaTopu ajf i bS" HapomKyI0Th YacTKu 3 eHeprieto +Ey, Ta iM-
nmy/nbCoM P. [l03HaYMMO YaCTKH, HapoKeHi aif, sk depmionu, a HaposKeHi bST,
K aHmugepmioHu. OTHOYACTKOBI CTAHU

Ip, s) = /2E, a3T|0) (3.106)
BU3HAUYMMO TaK, 11100 ixHil cKa/JsipHUHN AOOYTOK
(p, 7lq, 5) = 2E,2m)°8% (p — @) 8™ (3.107)

OyB JlopeHI-iHBapiaHTHUM. 3Bi/icM BUIJIUBAE, 110 onepaTtop U(A), Akuil 34i1-
CHIOE NepeTBOpeHHs JlopeHLa Ha CTaHaxX riJibbepTOBOr0 MPOCTOPY, € YHITap-
HUM, X04a 6yCcTH A% HeYyHITapHi.

He 3aBaguTh NpoBeCcTU NepeBipKy Ha BIANOBIAHICTh I MepeKOHATHUCH, 110
U(A) peanisye npaBuibHe nepetBopeHHs Y (x). Toxx nopaxyemo:

UY()U™" =
j @m)’ |2E, (3.108)

—ip- t —ipxy -1
xZ(af,us(p)e P+ v (p) e PUT.
S



§ 3.4. KBaHTyBaHHA AipaKoBOTO MOJIs 73

3ocepeAMMOCh Ha NepUIOMY YJIeHI; JPYTUHA 00YHUCAIOETHCA LIJIKOM aHaJIOIT4HO.
3 piBHsiHHA (3.106) BUIIMBAE, 1110 A, IEPETBOPIOETHCS BiANOBI/HO 10

_ E
U(N)aSU(A) = Ei:a;p, (3.109)

3a YMOBH, [0 Bicb KBAaHTYBaHHS CIiHY MapaJiejibHa J0 HaPSIMKY 6ycTy a6o
oci o6epTaHHs. [[[o6 ckopHUCcTaTHCA LIUM CINiBBiHOIIEHHSM JJis 06YMCIEHHS
(3.108), nepenuiemo iHTerpaJ, sk

2E, a;

.[(Zn) \/ﬁ j(Zn) 2E,

Jlpyrvil MHOXKHUK [1IepeTBOPIOETHCA NifJ Ai€to U 3BUYallHUM YMHOM, a IEPUIMH €
JIOpeHIl-iHBapiaHTHUM iHTerpasoM. TakuM YHHOM, SIKII[0 MU 3acTocyeMo (3.109)
i 3po6bumo nifcraHoBKy p = Ap, To (3.108) HabyBae BUTIAAY

a’p

UMB@UTW) = | s 5 ) WO DBy ape N

Ane uS(A™'P) = A7*u’(P), ToMy HacnpaB/ii MU MAaEMO

&*p
UM W()U(A) = 2y 3E zAl uS(B) af e~ AT 4 .

= A7 P(Ax).

(3.110)

et pe3ysbTaT CTBEPXKYE, 1110 IepeTBOPEHe MoJie HAPOPKYE i 3HUILYE YaCTKHU
B Touli Ax, K 1 HasexuTh. [IpoTe 3a3Ha4MMoO, 1110 1€ TepeTBOPEeHHA 3/iMCHIO-
€ETbCA B iHIIOMYy HanpsMKy MOpiBHAHO 3 (3.2), e nepeTBOpeHe noJje ¢ 6yJ10
064ucaeHo B A~ x. Pisauug B ToMy, o B § 3.1 MU po3I/Isaau nepeTBOPEeHHs
nonepesHbO iCHYI04Or0 PO3MO/iay 10Jid, 1110 BUMiptoBasocs GyHKLiew ¢(x). A
TYT MU IIepeTBOPIOEMO 0ito noJjsl Y(x) Npu HapoJKeHHi ab60 3HUILEHHI YaCTOK.
Ii ABa cnoco6u peasnisauii nepeTBopeHHs JlopeHIa NPaLOIOTh Y NIPOTUJIEKHUX
HalpsMKax. 3ayBaKKUMO, OJIHAK, 1[0 MaTPHULi, AKi AilOTb Ha |, i mepeTBOPEeHHA
KOOpPJIMHATH X MAlOTh [IPaBUJIbHY BiJHOCHY Opi€HTali0, y3ro/xeHy 3 (3.8).

Jani po3misiHeMo chiH AipakoBoi yacTKku. Mu npumnyckasy, 1o JjipakoBi ¢pep-
MiOHU MalOTh CIiH 1/2; Tenmep Mo>XeM0o BUBECTH Iie 3 Hauoro ¢popmaJiamy. Ak Mu
BXKe MT0Ka3aJ/ly, YaCTKH, HapoJ KeHi onepaTopaMu af,’f i bf,*, MarwThb JBa ,CHiHO-
Bi“ cTranu: s = 1, 2. [IpoTe MU 11ie He JJOBeJIY, 110 1|eH ,ClliH" MaEe 604au AKUNCh
CTOCYHOK /10 MOMEHTY iMIyJibCy. /ljig [bOro MyCMMO OTPUMATH BUpa3 JJid ole-
paTopa MOMEHTY IMIy/bCY.
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Harazaemo, 1o MU 3HaWIJIM omepaTop JiiHidHOro iMny/abcy B § 2.2, pos-
IIg/lal04yy 30epekeHy BeJIMUUHY, OB’ 13aHY 3 TPAHCJALIMHOI0 iHBapiaHTHICTIO.
OnepaTop MOMEHTY iMIy/JIbCy MOKEMO 3HAWUTH CXOXXUM YMHOM, fIK HACJiJ0K
obepTasibHOI iHBapiaHTHOCTI. [Ipy 06epTaHHi (ab0 O6yAb-IKOMY iHIIOMY Mepe-
TBOpeHHi JlopeH11a) AipakoBe moJie Y mepeTBOPIOETHCS (32 HALIUM TOYaTKOBUM
BU3HAYEHHSAM), K

P > V') = Anp(A ).

Jluis 3acTocyBaHHs TeopeMy HoTep MaEMo 06YHUCAMTH 3MiHY MoJis y GiKCOBaHiN
TOYl1li, TOGTO

S = ' (x) — P(x) = Ap(A™x) — W ().

Po3riisiHeMo AJis1 BU3HaYeHOCTi iHdiHiTe3MMa/ibHe 060epTaHHsS KOOpPJIMHAT Ha
KyT 0 foBKoJIa oci z. [lapameTpu3salisa boro nepeTBOpeHHs HaBeJeHa Biipa3y
nicas piBHAHHA (3.19): w1, = —w,; = 6. [ligcTaBuBLIM 1 napameTpH B (3.30),
3HaxX0AUMO

~1_1L v_q4_1lnay3
A =1 2(JL)M\,S”—I 292

1
2

Tenep MoxxeMo 00YHUCIUTHU

SY(x) = (1 ~-1g 23) Wt x+ 0y, y— 0x, 2) — Y(x) =
= —e(xay — X0y + 523) W(x) = 6L,
YacoBuii KOMIIOHEHT 36€epeeHOro HOTEPOBOr0 CTPYMY Ma€ BUL/IAA M

oo L
GERFTCR)

[Toni6Hi BUpa3u MaloTh Miclie JJis 06epTaHb J0BKOJIA OCEU X i Y, TOX onepaTop
MOMEHTY iMIYJIbCY €

= —ilj_Jy"(xay — x0y + 523) .

J = fd3xqﬁ(x X (=iV) + 5 ) ¥ (3.111)

i HepenATUBicTCbKUX pepMioHiB nepunil JogaHokK y (3.111) gae opbiTasnb-
HHUHM MOMEHT iMnyJibCy. OTXe, APYTUH LOJAHOK BiZINIOBIlAa€ CIIHOBOMY MOMEHTY
iMmnynbcy. Ha »kanp, noginy (3.111) Ha criiHOBY ¥ 0p6iTa/IbHY YaCTUHU He TaKUH
SIBHUU y peJIATUBICTCBKOMY BUIIA/IKy, TOMY JJOCUTb CKJ/Ia{HO HallMCATH 3arajb-
HUU BUpAa3 [JI4 Li€l BeJIMYMHU Yepes3 CX0/0Bi ollepaTopH.

U dk y BunagKy 3 TpaHCcAALiAMU (AUB. cTOp. 27), MU MaEMO He O/JHH, a KiJIbKa OKpeMo 36epesxe-
HUX CTPyMiB. llboro pasy Bxe 1IicTh — /ISl TPhOX IPOCTOPOBUX 06epTaHb Ta TPbOX OYCTIB, i B
pe3ysbTaTi yTBOPIOETHCSA TEH30P TPETHOTO PAHIy, aHTUCUMETPUYHUM 3a IPYTUM i TpeTiM iHfe-
kcaMHu. Iy no6GyZ0BY oniepaTopa MOMEHTY iMIysbcy 6epyThcst komnoHeHTH 012, 023 ta 031
uboro TeHsopa. (IIpum. nepeka.)
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A npore, A1 JoBeJeHHs QaKTy, 10 AipakoBa 4acTKa Mae CIiH 1/2, JOCUTb
PO3IJIAHYTHU YaCTKMU y CTaHi crokow. B npoMy pasi opbiTasbHUN AOJAHOK Y
(3.111) He na€e BHECKY, i MU MOKEMO JIETKO OTPUMATH CIIiHOBUU 4JIeH Y TepMi-
Hax CX0/IoBUX onepaTopiB. HalinpocrTime B3sTH BUpa3s (3.99) aada P i 3anucaTtu
roro B kapTuHi Ulpoaunrepa (Y(x) = Y(0, x)):

crm-x de d3p d3p ip'~x eip'xx
2m)® J 2n)? ‘/ZE - 2Ey
x Z(a;’,TuT’T(p') + bf'p,vT'T(—p')) (arur(p) + b7 (—p)).

!

rr

Mu xoTisiu 6 3acTOCyBaTH Liel onepaTop A0 0AHOYACTKOBOI'O CTaHY 3 HYJIbOBUM
immysbcom aj'|0). Haiterie ne 3po61TH, BAABIIKCE [0 HACTYIIHOTO IPHHOMY.
J Ma€e Hy/IbOBe 3HaYeHHs Ha BaKyyMi (3a BiJICyTHOCTi YaCTOK MOMEHT iMIyJib-
cy € Hyab), Tomy J,a5t|0) = [J,, aj']|0). A ockinbku gns wacTku B crasi cno-
KO0 OpOiTa/JIbHUM YJieH Y J, He A€ BHECKY, TO Ilel BUPA3 MOXKHA MepernrucaTH
ak JTadT|0) = []C“‘”, af,*]|0). €4MHUN HEeHYJbOBUU J0/JaHOK B OCTAaHHIM Be-
nuauHi Mae crpykTypy [apt a;', a$t] = 2m)36® (p)ai8™s; inwi Tpu wienu a6o
06epTalThCA Ha HYJIb, 200 3HULLYIOTh BakKyyM. OT0XK, 3HaX04UMO

crm-r STlo) — o z< ST(O) —Uu (0)) TlO) = Z(EST%Er> CIST|0>,

Jile MU BUKOpUCTasu siBHY Gopmy (3.47) ansa u(0), 106 oTpuMaTH OCTaHHIN BU-
pas. Cymy 3a iHZIeKCOM 1 HakJIer1ie B3sITH, 0OpaBIlH CIIHOPH § SIK BJIACHI CTaHU
o3. Tozi 3HaxoauMo, 1o AJs1 € = (§) 0AHOYACTKOBHUH CTaH € BJIACHUM CTaHOM J,
3 BJIACHUM 3HaYeHHSM +1/2, a aist & = (§) BiH € BIaCHUM CTaHOM J, 3 BJIaCHUM
3HaueHHsAM —1/2. lle came TOM pe3y/bTaT, IKOT0 MU U O4YiKyBaJu [Jisl eJIEKTPO-
HiB.

AHa/10T1YHO BU3HAYaAETHCSA CHiH aHTUdepMioHa 3 HYJIbOBUM iMIYJIbCOM. Asle
B LIbOMY pasi, OCKIJIbKM MOPSA/IOK YieHiB 3 b i bT y J, € 3BopoTHIl, MU oTpuMy-
EMO JI0JJaTKOBUM 3HAK MiHyC NpU 0GYUC/IEHHI [bpbg, bi] = [—b}:bp, bi]. Tox
JlJIsl IO3UTPOHIB 3B’SI30K MiXK ClliHOpaMu 1° Ta CNiHOBUM MOMEHTOM iMIMYJIbCY
npoTuiexHui: () BignoBigae cniny —1/2, Toai sik () Bignosimae cniny +1/2.
Ile 06epHeHHS 3HAKY Y3r0o/Ky€EThCS 3 lepe6aueHHSAM JlipakoBoi Teopii Aipok.
3 1bOr0 NOMVIALY NO3UTPOH € BiZICYTHIM €JIEKTPOHOM 3 HEIaTUBHOIO €Hepri€lo.
AK1110 3HUK/IMU eJIeKTPOH MaB NIO3UTUBHE 3HAa4eHHA J,, TO HOr0 BiZICYTHICTb Ma€
HeraTUBHe 3Ha4YeHH4 /.

Y nifcyMKy, MOMEHT iMHyJIbcy dbepMioHIB y cTaHi CIIOKOI0 JA€EThCSI BUPAa30M

L5110y = £1a5t10),  7,b5710) = F2b5TI0) (3.112)
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Jie BEpPXHili 3HaK npu3HadeHui aus &, n° = (}), a HwxHikn — g (9).

B Teopii Jlipaka € 1ie ojHa BeJIbMU Ba)KJIMBa 36eperkeHa BeJiMyuHa. Y § 3.4
MU 6a4ni, mo cTpyM j* = Py* | 36epiraeTbca. 3apa, acoliioBaHUi 3 UM
CTPYMOM, €

d3
0= [@xuewe) = [ 55> (ot +br,0t)),

abo, AKIL0 MU IPOIrHOPYEMO Lije OJHY HECKIHUEHHY KOHCTaHTY,

Q=f( Z(as+ S —b3bs). (3.113)

OTxe, af,* HapO/KYIOThb pepMioHHU 3 3apafoM +1, ToAi Ak bf;r HapO/KYIOTh aH-
TUudepMioHu 3 3apsagoM —1. Kosiu Mu noejHaeEMo AipakoBe MoJie 3 eJJleKTpoMa-
I'HITHUM, TO 06aYUMO, 110 Q € He 11O iHIlIe, IK eJIEKTPUYHUU 3aps/ (3 TOUHICTIO
Jl0 MOCTIMHOT0 MHOXKHUKQ, 1[0 3aJI€XKUTh BiJi TUIMY YACTKH, IKY MU X04€MO OIHU-
CaTH; HAPHUKJAJ, [Jis1 eJIEKTPOHIB eJIeKTPUUHUM 3apsij € eQ).

Y KBaHTOBIM eJleKTPOAMHAMIIi MU BUKOPUCTOBYBAaTHMEMO CIIiIHOpHe noJie Y
JLJ151 OIIMCY eJIEKTPOHIB Ta MO3UTPOHIB. YacTKH, HApOpKeHi (151- € eJIEKTPOHAMU;
BOHHM MalOThb eHeprito E,, iMmny/abc p, cnid /2 3 nonﬂpmaule}o, 110 BiANoBizae
&, i 3apag +1 (B ogunuIsX €). YacTku, HapomKeHi bfﬁ, € MMO3UTPOHAMH; BOHHU
MaloTb eHeprito Ep, iMIysbc p, cnid 1/2 3 nossipusaui€ro, IPOTUIEKHOI 10 &,
i 3apsag —1. CtaH Y, (x)|0) MiCTUTb MO3UTPOH Y MOJIOKEHHI X, YU NOJIpHU3a-
1is1 BiZinoBijae 06paHOMy KOMNOHeHTOBI criHopa. Tak camo, P (x)|0) € cTaHOM
O/IHOTO eJIeKTPOHA B MOJIOKEHHI X.

IIponaraTop Jipaka

O6uYMCIeHHS] aMIIITYU PO3MOBCIO/XKEHHS [IJIsl IipaKOBOTO M0JIsI TENep CTaE
IPOCTOIO0 BIIPABOIO:

Ol b0 = [ 28, %Zu;(m -

(3.114)
= (ide +m), (2) ZE e~ (=)
OB = [ & o B B -
(3.115)

—lp-(y—x)_

=—(Lax+m)abf P 2E
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Tak caMo, IK MU 1ie po6uJIH 151 piBHsAHHA Kisiina - [opgoHa, MoxeMo mo6yy-
BaTH JJiA piBHAHHA [lipaka ¢yHKio [piHa, 10 3a/,0BOJbLHATUME PiSHUM rpa-
HUYHMM yMoBaM. Hanpuksiaj, 3anisuisa pyHkuis [pina €

Sz (x = y) = 0(x" — )01 {,(x), b ()} 10). (3.116)
Jlerko nepeBipuTHy, 1110

Sr(x —y) = (idx + m) Dr(x — y), (3.117)
OCKIJIbKH y IpaBii 4aCTHHI YieH, 1[0 MiCTUTD 000 (x°—y°), 06epTaeThcst Ha HYJIb.
Bukopucrasiuu (3.117) i Toit daxT, wo ¢d = 0%, Mu 6a4uMo, 1[0 S € PYHKIIiEI0

Ipina oneparopa [lipaka:
(idx —m) Sp(x —y) = i8W(x = ¥) - Laxa. (3.118)
®yukuito [pina oneparopa /Jlipaka TakoX MOXXHa OTPUMATH 3 EPETBOPEHHS

®yp'e. PoskaaBmm Sg(x — y) B iHTerpan ®@yp'e i nofiaBmu 3 060x CTOPiH ole-
paTopoM (i@, — m), 3HaX0AUMO

i8@(x - ) =f d

2;’;4 P —m) e P To(p), (3.119)

(

a, OTXKe,
i i(p+m

p_m_ p2 —m?’

S'R(P) =

JlJist oTpMaHHs 3amisHijoi GyHKLil [piHa MU MaEMO 064YUCAUTH iHTerpas mo p°
y (3.120) B310BX KOHTYpY, 306paxkeHoro Ha ctop 39. [aa x° > y° samukae-
MO KOHTYP 3HHM3Y, OXONUBIIH 00M/ABA NOJIIOCH, I B pe3y/bTaTi OTPUMYEMO CYMY
(3.115) Ta (3.114). [l x° < y° 3aMHUKaEMO KOHTYp 3rOpPH i OTPUMYEMO HYJIb.

®yukiis [piHa 3 rpaHnyHuMU yMoBaMu PeliHMaHa BU3HAYAEThCSA KOHTY-
poM, 306paxkeHUM Ha cTopiHii 40:

(3.120)

L (d' i@tm o,
Sr(x—y) = (2n)* pz—m2+i£e =
_ +HO[WEW®)I0) ana  x° > y° (koHTyp sropu)  _ (3.121)
—(OIIMNY)N0) ana  x° < y° (koHTyp 3HM3Y)

= (0T y()W()10),

Jie MM BUSHA4YMJIU XPOHOJIOTIYHUM JOOYTOK CIIIHOPHUX ITOJIIB 3 10, aTKOBOIO 3Mi-
HOI0 3HAKy IIpU lepecTaHoBLi onepaTopis. llel 3HaK MiHyc HaZ3BU4YalHO Ba-
»KJIMBUU Y KBAHTOBIM Teopii noJisi $pepMioHiB; MU 3HOBY 3yCTpiHEMOCSH 3 I[UM Y
§4.7.

dk i B Teopii Knsitna-Topgoxa, Bupas (3.121) gis peliHMaHOBOrO mpora-
raTopa € HaMKOPUCHIIIMM pe3yJbTaTOM LbOro po3Ainy. Koy Mu npoBoauMo
nepTyp6aTHBHI 064MceHHd 32 peNHMaHOBUMHU JliarpaMaMHu, TO CTABMMO Y BiJi-
NMOBiIHICTh MHOXHUK S (p) KOXKHIiN BHYTpilIHii pepMioHHiH siHil.
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§ 3.5. /IuckpetHi cumeTpii B Teopii [ipaka

B octanHbOMY naparpadi My po3IJIssHYJIM peaJiidaliio 6e3nepepBHUX epeTBO-
penb JlopeHla Ha riibb6epToBOoMy npoctopi B Teopii /[lipaka. Mu BusiBUIY, 1110
JIJIsl KO>KHOTO nepeTBopeHHs A icHye yHiTapHUM oniepaTop U(A), AKUM 3/1iliCHIOE
KOpeKTHe IlepeTBOPEeHHH M10J1iB:

UMWEOU™(A) = AT b(Ax). (3.122)

Y uboMy naparpadi My po3r/isHeMO aHaJIOI'iyHi onepaTopH, 110 peani3yoTh pi-
3Hi AMCKpeTHI cUMeTpii ZjipakoBOro noJs.?

Ha nopaTtok 1o 6e3nepepBHUX NepeTBOpeHb JIopeHLa icHYOTbh /Bi iH1Ii Ipo-
CTOPOBO-4YacCOBI omnepaliii, 110 € NTOTEHL[IHHUMU CUMETPISIMU JarpaHKiaHa: nap-
Hicmb Ta [Heepcisa yacy. [lapHiCTh, 1110 N0O3HAYA€EThCA K P, nepeBoAuUTs (t, X) —
(t, —x), obepTarwyu HanpsM y npocTtopi. [HBepcis yacy, 1o no3HavyaeTbes sk T,
nepeBoAUTH (t, X) — (—t, X), IepecTaBJsAYA MUHYJIUHN i MalOyTHIN CBiTJ/IO-
Bi koHycH. ’KoAHa 3 UX onepaliil He Moxe OyTH OTPUMaHa 4yepe3 6e3nepeps-
Hi nepeTBopeHHs JlopeH1ia. [IpoTe 06u1Bi 36epiratoTb iHTEpBa/l MiHKOBCbKOI'O
x% = t? — x%. 3a cTaHAAPTHOIO TEPMIHOJIOTiE, Ge3nepepBHi nepeTBopeHHs Jlo-
peHLa BiAHOCATBCA [10 BJIACHOI OPTOXPOHHOI I'pyny JIopeH1a, 1110 T03HAYA€ETHCA
K LIL. [loBHa rpyna JlopeHua noZisi€TbCsA HA YOTUPU HE3B I3HI KOMIIOHEHTH:

L! <£> L' =pPL! 0 “
+ _= + »OPTOXPOHHA

TT IT
L! =TL, & L!=PTL! ,ueoproxponHa“
p
,BJlacHa“ ,HeBJlacHa"

PazoMm 3 posrisggoMm P i T, 6yje 3py4yHO PO3IJISSHYTH i TPETIO (He NPOCTOPOBO-
4acoBY) AUCKPETHY omepaliio — 3apsidose cnpsidceHHs, 10 N03HaYa€eThcs 5K C.
[l4 oneparig nepecrasJisi€ YaCTKXA Ta aHTUYACTKHU.

KoxHa pesiaTUBiCTCbKA Teopis MoJis Ma€e 6yTHU iHBapiaHTHOIO 1110/10 LIL, Ipo-
Te He KOH4Ye 060B’s13koB0 — 1010 P, T a6o C. lkui ctaTyc 1ux onepariu y pe-
aJIbHOMY CBIiTi? 3 flO0CiZiB BijoMO, 1110 TpU cusu [Iprupoau — rpaBiTalinHa, ese-
KTpPOMarHiTHa Ta CUJbHa B3aEMO/ii — € CUMeTpUYHUMM BijHOCHO P, C i T.Csa6-
Ka B3aeMo/is nopyuye cuMeTpii C i P okpemo, asie 36epirae CP i T. [IpoTte aeski
pifkicHi nmpouecwu (Bci, 1110 Joci cnocTepiraaucs, BKJAOYalOTh HEUTpaibHi K-Me-
30HM) NopywyThb Tako CP i T. Bci cnocTepexeHHs CBig4YaTh, 1[0 KOMOiHaLis
CPT € ToyHO cumMmeTpieto [Ipupoam.

lzan/I BUKJIQJ|I LIi€] TEMU aBTOPHU 3 NeJlarOTiYHUX MipKyBaHb BJAJIUCA [0 iICTOTHUX CIPOLIEHb.
[PyHTOBHHIA, OCTATHBO CTPOTHi (ase LiKOM Gi3UYHMI) PO3IIA JUCKPETHUX CUMETPIH y
KBaHTOBIl Teopii moJsist MoxkHa 3HaTU y Bat6epra [61]. (IIpum. nepeka.)
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3araJibHONIPUMHSATA Hapa3i TeOpeTHYHa Mo/JieJib CAabKoi B3aEMOAil, KaJii-
6poBoYHa Teopis [emoy - Baiin6epra-CanaMa, BukaageHa B Po3zini 20 (Tom
[II). ¥ ui#t Teopii C i P nopymyroThCsl HAMXKOPCTKILIKMM YUHOM. BiiacHe, € 10cUTh
HEeCNno/liBaHUM (X04a He BUNAIKOBUM) TOU GaKT, 1110 C i P BUABASAIOTHCS LiJIKOM
NpUJAaTHUMU CUMETPIAMH y NepeBakHil GiJIbIIOCTI MpoLeciB, AKi J1erko cnocTe-
piraroTbCs Ha NpakTULi. 3 IHIIOTO OOKY, 0Ci HEBIJOMa HAacHpaB/i KpacvBa Te-
opisd, o nopyuye CP-iHBapiaHTHICTb. ¥ HasiBHiN Teopil, Jie MaloThb Miclie TpU
(abo 6inblre) reHeparii ¢epmioHiB, NpUcyTHINA napameTp, 10 B pasi Woro Bij-
MIHHOCTI Bijj HyJi1 IpU3BOAUTD [0 nopylieHHs CP-iHBapiaHTHOCTI. [IpoTe 4u-
CJI0Be 3HaY€eHHS [JbOr0 IapaMeTpy 3po3yMiJie He 6isiblie 3a BeJIMYUHY MacH eJie-
KTpOHa; $pi3ruuHe NOoX0oKEHHS MopyLieHHs CP 3a/uaeTbcs 3araZkoBuM. Jai
MU 06roBOpHUMO Lie nuTaHHA B § 20.3.

IlapHicTb

[liciga nporo BeTyny po3srasgHeMo Aito P, T i C Ha aipakoBi yacTku Ta noJd. Cro-
4yaTKy 3aliMeMocs napHicTio. OnepaTtop P 3MiHIO€ HanpsiM iMIyJ/IbCYy YacTKU 6e3
3MiHH 1i cliHy:

I3epPKaJIo

e

O O

<—P—->

MaTeMaTH4HO Lie 03HAYag, 10 onepawiio P Mae peani3yBaTH YHITapHUH one-
patop (mpaBuJbHille no3HayaTu Horo U(P), aje MU nMUcaTUMEMO NMpocTo P),
SIKMH, HalIPUKJIaJ, IepeTBOPIOE CTaH af,*|0) Ha a5_1;|0). [HIIMMU CJI0BaMHU, MU XO-
yeMo, 100

PaytP =n,a’t i PbyP=n,b%, (3.123)

Ae 1, in, — MoxuBi ¢pasu. Bonu o6MexxeHi yMoBO10, 1110 NO/BiliHE 3aCTOCYBa-
HH{ olepaTopa NapHOCTI Ma€ MOBEPTATU CIIOCTEPEKHI BEJIMYUHU [0 iX NepBi-
CHUX 3HaueHb. OCKiJIbKY CIOCTepeXHi BeJIMYMHU N0OYA0BaHi 3 NapHOi KiJIbKO-
cti pepMioHHUX OnepaTopiB, TO 1ist yMOBa BUMArag, mob n3, nz = +1.

Tak camo, ik 6e3nepepBHe nepeTBOpeHHs JIopeHLia peasi3oBaHe NOCTIHHOIO

4 X 4 MmaTpuLelo A1, IepeTBOPEHHS NAPHOCTI TaKOX Ma€ Oy TU MpeiCTaBJIeHUM
2

NOoCTiMHOW 4 X 4 MaTpuLelo. [ll06 3HAUTH 1110 MAaTPULIIO ¥ BUSHAYUTHU 1), TA 1),
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o6uyurcaumo airo P Ha Y(x). 3acTocyBaBiuu (3.123), oTpuMyeEMO

PY(x)P =
j(z )2 (3.124)

z(naa_pu (p) e P% + ;b (p) €P).

Tenep 3aminuMo p Ha P = (p°, —p). 3asHaummMo, wo p - x = P - (t, —X). A TaKoX,
PD-o=p-06ip- 06 =p-o.lle 103BoJsIE 3aIMCATH

_ (VP 08\ _ \/’25'55): 0., (55
u(p) <\/ﬁ§> <\/ﬂ§ Y u(@);

_( vP-on |\ _ p-on — 05
v(P)—(_ p'5n> (_ 'ﬁ-0n> Y v(P).

Toni (3.124) cTae

ap 1
PhxP = f @n)? J2E; |

X Y (Naagu’ @) ™7 4 bl v () e 9)

N

llei BHpa3 Ma€ [OpPIBHIOBATH IEBHIM MOCTIMHIA MaTpuli, NIOMHOXeHiM Ha
Y(t, —X), i ne crnpaBAi Tak, AKIL0 MU BCTAHOBUMO 1);, = —T,. 3Bi/ICH BUIIJIUBAE

NNy = MMy = -1 (3.125)

OT>Ke, MU OTPUMYEMO NIepeTBOPEHHS NapHOCTi Y(x) B ocTaTO4YHii Ppopmi:

PY(t, X)P = n,Y°U(t, —X). (3.126)

Byze Baxx/JIMBO 3HATH (HaNpUKJ/IaJ, [IJ11 HAIMCaHHSA JlalpaHXKiaHiB), K Mepe-
TBOPIOIOTHCS Mif Ai€l0 MAapHOCTI pi3Hi 6iniHiMHI dopMu aipakoBoro noJis. Hara-
JIAEMO, 1110 € II'AATh TaKUX OiJMIHINHUX popM:

Uy, Uyt IS YW UYRYRl, by (3.127)

MHOXKHUK [ B IeIKMX i3 HUX NPUCYTHIN [Ji1 3a6e3MeYyeHHs1 CAMOCIPSXKEHOCTI,
1110 BU MOXKeTe JIerko nepeBipuTH. (Byab-sakuili HOBUH 4J/leH y JlarpaHxiaHi My-
cuTb 6yTH filicHuM.) [lepeioBciM 064K CaIUMO:

Py(t, x) = PYT(t, )PY® = (PU(t, P)TY* = nydi(e, —x)v°.  (3.128)
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Toai ckansgpHa 6iyiHiiHA popMa epeTBOPIETHCS, K

Pt )W(E X)P = "Dt —x)v Y W(t, —x) =

a (3.129)
= +Y(t, —x)U(t, —x),

a 1Ji1 BEKTOPHOI MaEMO

PY(t, )y e (t, X)P = P(t, =)y y'yYu(t, —x) =
_(+0 —oviuE %) amap=o, (3.130)
—y(t, —x)y*P(t, —x) anap=1,2,3.
3ayBaXKMMO, L0 1leH BEKTOpP HAaOyBa€ TOTO K 3HAKYy MiHyC NMPU MPOCTOPOBUX

KOMIIOHEHTax, 0 W BekTop x". Tak camo mepeTBOpeHHS MCEBAOCKa/IsApa Ta
TIICEB/IOBEKTOPA €

Pl'lIJ(t, X)YS‘IJ(t' X)P = ilI_J(t, _X)yoysyolp(t' —X) =
= —ilIJ(t, —X)ysllj(t, —X),

PU(t, XYMy P(t, X)P = (L, —x)y Yy you(t, —x) =
[0 vt —x) arap=0, (3.132)
U —)YYSU(E, —x) msp = 1,2, 3.

Ax mu i nonepemxkanu B § 3.4, npedikc ,liceB/j0" 03HaYa€E J0AaTKOBUN 3HAK Mi-
HyC IIPY NepeTBOpeHHi mapHocTi. (BiactuBocTi nepersopenns iP[y*, Y]y =
2yo*V 3asmumeHo A 3ajaui 3.7.) 3a3HauuMo, 110 TpaHcdopMaliiiHi BIacTH-
BOCTi ¢pepMioHHUX OLIiHINHUX GOPM He 3a/exKaThb Bif 1),, TOMY, He BTpPa4alO4ix
3araJIbHOCTI, MO>kHa 6yJI0 BiJi CaMOro No4aTKy BCTAaHOBUTU 1), = —1), = 1.

A npore, BifjHOCHUH 3HaK MiHyc y (3.125) npu nepeTBOpeHHSAX MAapHOCTI
depmioHa i1 aHTUQepMioHA Ma€ BaXKJIMBI Hacliaku. Po3risiHeMo ¢depMioH-aH-
THdepMiOHHHUH CTaH afﬁbf{HO). 3acTocyBaBLIM P, 3HaX04UMO P(afﬁbf{HO)) =

(3.131)

—(aS_W;,bS_'J|0)). OTxe, cTaH, 10 MiCTUTb PpepMioH-aHTUPEepMiOHHY Napy, OTpU-
MYE€ I0JaTKOBUU MHOXHUK (—1) npu nepeTBopeHHi napHocTi. g inpopmauis
HaMG6i/bII KOPHCHA JIJIS1 PO3TJIsS/ly 3B’ I3aHUX CTaHIB, y AKUX iMIysbcU dpepMio-
Ha Ta aHTUPepMioHa iHTeI'pOBaHi 3i IPOAUHIEPOBOIO XBU/IbOBOIO PYHKILIE 1
YTBOPIOKOTH JIOKa/Ii30BaHy B NPOCTOpPi cucteMy. MU OK/JIaZHO BUBYMMO TaKi
cTaHU B § 5.3, a TyT JiM1Ie 3a3HAYMMO, L0 JIJI51 IPOCTOPOBOI XBUIbOBOI QYHKILi],
CUMETPUYHOI 040 X — —X, CTaH € HENAPHUM, TOAI AK JJi1 QaHTUCUMETPUYHOI
o0 X = —X QYHKUIi cTaH € napHuMm. [lo npukaaay, 3B’s3aHuml ctran 3 L = 0
Ma€ HeraTUBHY MApHICTh; CTaH 3/ = () nepeTBOPIOETHLCS, AK IICEBAOCKAIAP, TUM
YacoM fIK TPU CTaHU 3 ] = 1 nepeTBOPIOIOTHCS, AK IPOCTOPOBI KOMIIOHEHTU Be-
kTopa. Lli B/1acTUBOCTI BUSABJISIIOTh cebe B MpaBuJiax Biibopy JJ/s po3najliB Mo-

3UTPOHIIO Ta CUCTeMHU KBapK-aHTUKBapK (3ajaua 3.8).
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IHBepcisa yacy

3BepHEMOCH Telep A0 peaJsizaillii iHBepcii yacy. Mu BoJtisiv 6 orpuMaTtu T 'y dop-
Mi yHiTapHOTO0 OnepaTopa, 10 NepeBOJAUThb ap Y a_p (i Tak caMo As1d by), a Y(t, X)
y U(—t, X) (3 AeKUM NOCTIKNHUM MAaTPUYHUM MHOXXHHUKOM). YTiM, 3a6€31e4nuTU
TaKi BJIaCTUBOCTI Ha/I3BUYalHO BaXKKO, 60 BUIIlE MU BXKe OAYUJIY, 1110 IEPETBO-
pEeHHs ap Ha a_p, PIBHO3HAYHO NEePeTBOPEHHI (i, X) Ha (t, —X) y BHpasi A/
PO3KJIaZIEHOr 0 3a CX0L0BUMHU olnlepaTopaMu Y. CKJIIaHICTb CTaHe 11ie 04YeBU/IHi-
11010, KOJIM MU BUCYHEMO BUMOTY, 1100 onepaliis iHBepcii yacy 6y/ia CUMeTpi€ro
JUid BisibHOI Teopii [lipaka, [T, H] = 0. Y ybomy pasi,

lIJ(t, X) — ethQJ(X)e_th =
= TY(t, X)T = e (TY)T)e 't =
= TY(t, )T|0) = e (TY(x)T)|0),

3a ymoBY, o H|0) = 0. TyT npaBa yacTHHA € CyMOIO JiMllle HEraTHBHO-4Ya-
cTOTHUX 4seHiB. Ta akmo T ob6epTae 4acoBy 3aJjiexHicTb moJs Y(t, X), ToAi
JliBa 4yaCcTHMHA JIOPiBHIOE (3 TOYHICTIO A0 mocTiHoi MaTpuui) Y(—t, x)|0) =
e~ Ht;(x)|0), w0 € CyMOIO MO3UTHBHO-YAaCTOTHUX YeHiB. OTKe, MM JOBEJIH, 1[0
T He Moxe OyTH peasi30BaHO SIK JiHIMHUHN YHITapHUN onlepaTop.

Ilo »x MU MoxxeMo 3po6uTH? Buxiza nossrae B ToMy, 1106 36eperTu yMoBy
yuitapHocti TT = T, ane npu oMy BctaHoBUTH, o T A€ i Ha c-uuca, i Ha
ornepaTOpU HAaCTYIHUM YHHOM:

T(c-uucno) = (c-uucmno)'T. (3.133)

TopiHaBiTe npu [T, H] = 0, 3a/1eXXKHiCTb Bi/l Yacy BCiX eKCIIOHEHIIiIHHUX MHOXKHHU-
KiB o6epraerbca: TetHt = ¢~ HIT, Qckinbky Bca 4acoBa €BOJIOLIA Y KBAHTOBIH
MeXaHilli 34IUCHI0ETHCA Yepes3 TaKi eKCIOHEeHL[iMHI MHOXXHUKHY, 1€ Ha NPaKTHILi
3MiHIO€ 3HaK t. 3ayBaKUMO, 1110 Olepalisi KOMIIJIEKCHOTO COPSI>)KeHHS HeJIiHINHa,
a T € aHmuainiliHumM a60 AHMUYHIMAPHUM OTIEPATOPOM.

Ha fozady 10 3MiHM HAanpAMKY IMIyJIbCy YacTKH, T TaK0K Ma€ nepeBepTaTu

ii cmiH:
O T O

[[1o6 BHMpa3uTH 1ie B IBHOMY BUIVISIZi, MM MOBUHHI 3HAUTU MaTeEMaTU4YHY
onepaliito, 1[0 epeBepTaE cruiHop &.

Bulille MU nmo3Hayasiv CIiHOBUM cTaH ¢pepMioHa iHAekcoM s = 1,2. Jlani B
1bOMy Maparpadi nop’sisyBaTuMeMo s 3 Gi3UUHO NPOEKIli€Elo criny dpepmioHa
B3/I0BK MEBHOI OcCi. AKI0 111 Bicb Ma€ NOJIApHi KOOpJAMHATH 0, ¢, TO ABOKOMIIO-
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HEHTHI CIIHOpU 31 CIIIHOM yropy i BHU3 Y340BX L€l OCi €

0 o ©
cos — —e ¥ gsin —

M=  25] Y= g 2
eld sinz cosE

Hexaii & = (§(1), (1)) ans s = 1, 2. BU3HAaYMMO TaKOXK
£ = —ig?(£)". (3.134)
Lls1 BeJIM4MHA € IEPEBEPHYTUM CIIIHOPOM; 3 IBHUX GOPMYJI MAEMO

g =G, —8(M). (3.135)

Takui BUpa3 JJisl nepeBepTaHHA CIIiHY B HaW3araJbHilllOMy BUNIA[AKy BUIJIMBAE
3 TOTOXHOCTI 002 = 0%(—0"). lle piBHSAAHHSA 03HAYaE, 1110 JJIs criiHopa § Ta oci n,
SKi 33/10BOJIBHSAIOTH YMOBI n - 6§ = 4§, cipaBe//iMBe CMiBBiAHOILIIEHHS

s 2T*\ . 2 gk o2 2 *Y . _2T*
(n-0)(=ic"¢’) = —ic”(—n - 0)'§ = i0o"(§) = —(~ic"%).
3ayBaXKMMO, 1110 TaKe BU3HAUYEHHH J1J1F lepeBepPTaHH4 CIIiHYy IPU3BOAUTD JI0 TO-
ro, 10 B pe3y/bTaTi JBOX MOCAiJOBHUX Ollepaliii MU OTPUMAEMO NMOYAaTKOBUMN
CMiHOBUH CTaH, MIOMHOXeHUH Ha (—1).
A 3apas 3icTaBHUMO pi3Hi CMiHOBI cTaHU pepMioHiB 3 UUMHU cniiHOpaMu. Omne-

s o . s : S s
paTop aj 3H1/m5ye eJIeKTPOH, MM CIiHOP U (;_)2 MicTuTh § . Oneparop by 3HMILYyE
NO3UTPOH, Yui ciniHop v¥(p) mictutb 1® = § °:

v (p) = <_‘\7£i—s>- (3.136)

AxiB (3.135), BUBHAYUMO
-s _ 2 1 -5 _ 2 1
a,” = (a; —ap), b,” = (by, —bp). (3.137)
Tenep MU M0o2keMO OTPUMATH CIiBBiJHOLIEHHS MiX lipaKOBUMM CIIiIHOpPAMHU U i

v Ta IX 4acoBolo iHBepcieto. Busnauumo p = (p°, —p). Lleit BekTOp 3a0BO/IbHSIE

TOTOXKHOCTI /P - 06° = 0%\/p - 0°; [JIs1 JOBeJieHHs TpeGa PO3KJIaCcTH KBajpa-
THUH KOpPiHb fK Y (3.49). [Ipu neBHOMY BUOODI CIliHY Ta iMNy/bCy, OB’ I3aHUX
3 ZlipakoBUM crniHopoM u’(p), Hexal u~°*(P) no3Hayae cnOiHOp 3i 3MiHEHUM Ha-
NPAMKOM IMIYJbCYy W NepeBepHYTHUM CINiHOM. MiX IJUMH BeJMYWHAMH iCHYE
CHiBBIJHOILIEHHS

) = ( [5- 0(—i02§S*)) _ <—i02WzS*) _
JP 6 (-io’g))  \~io*Jp 58"

- _i<% 22) @] = yYV @]
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Tak camo assa v°(p) maemo
v ® =y el
CxkopucTaBUIKCh PiBHAHHAM (3.137), BUBHAUYUMO NepeTBOPeHHs PpepMioH-
HUX OllepaTopiB Npu IHBepcil yacy, Ak
Ta,T =aZ, To,T =bZ,. (3.138)

JlojaTkoBa crnijibHa ¢asa HisgK He BIJIMHE Ha Hall NOJaJbIIUNA PO3MAL i s
npocTOoTH BUaydeHa. CniBBigHOmEeHHA (3.138) galTh MOXKJIUBICTD 06GUUCTUTH
nito T Ha depMioHHe moJie Y(x):

d°p 1
(2m)* J2E
X Z T(asu (P)e”P* + bilv* (p)e?*) T =

TY(t, X)T = ]

f (2m)?® \/_
X Z(a:; ()] e?* + b ()] e ) = (3.139)

=f i) A
Z Su” (p)elp(t —x)_l_b st —5(p)e ip-(t, x))

=y’ tb(—t, X).

Ha ocTaHHbOMY KpoOLli MU BUKOPUCTAIU P - (t, —X) = —P - (—t, X).
Jani mu moxxemo nepeBipuTH Aito T Ha pi3Hi 6isiHiNHI opmu. [lepesoBcim
HaM 3HaJI0OUThCS

T )T = (TY(t, OO = vt (=t ) (y¥*) 'y’ =

- (3.140)
= U=t (-vY?).
Toni nepeTBOopeHHs OiNiHINHOI cCKa/sApHOI GOPMHU MA€ BUIJIAL
TU(t, )P (L, X)T = U(—t, X)(=vV?) (YY) (-t x) =
Pt DY, DT =Pt D(=v'y") (vy'v’) w(-t, %) (3.141)

= +1I_J(—t, X)‘IJ(—t; X)'
[IceBockansip HabyBa€ A0AAaTKOBOI0 3HAKy MiHyC Ipu npoxo/pkeHHi T yepes i:
Til(t, )y°W(t, T = —iP(—t, O(=y'¥) Y’ (y'V*) (-t x) =
= =il (=t, )y Y(=t, X).
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151 BeKTOpa MM MaEMO NMPOBECTH OKPEMi 06UYUC/IEHHS AJ1s1 KOKHOTO 3HAaYEeHHS
ingekcy p = 0, 1, 2, 3. [licaig fessKux BUKJIAL0K BU OTPUMAETE

Ty(t, YL, )T =
= U=t 0(=yY) ) (YY) w(-t x) =
_ s ovie(-t x) A =0;
(=t x)y*"P(—t, x) aaap=1,2,3.
[le came Te mepeTBOpeHHs, IKe HAM NOTPi6GHE /1Jisl BEKTOPiB Ha 3pa30K MUTOMO-

ro cTpyMy. Bu MoxeTe nnepeKoHaTHCs, 10 NICEeBA0BEKTOP M1epPeTBOPIETHCA NIPU
iHBepcii yacy TakMM CaMUM YUHOM.

(3.142)

3apsaaoBe CHpPsKeHHA

OCTaHHBOIO 3 TPbOX AU CKPETHUX CUMETPil € cuMeTpis C MiK YaCTKaMHU Ta aHTH-
yacTkaMu. He BUHUKaAE »KOAHUX NTpo6JIeM 3 peasizalieto C K yHITapHOTO JIiHiK-
HOI'0 olepaTopa. 3apsa/l0Be CIPSXKeHHs 3a3BU4Yali BU3HAYaAKOTh K Nepexif Bij
depMioHa 3 NEBHOIO CHiHOBOIO Opi€HTaLi€l0 0 aHTUdEPMiOHA 3 TAaKOK CAMOI0
cniHoBOM opieHTaui€w. Toxx 3pyYHUM BUOOPOM 1151 NlepeTBOpPeHHs pepMioH-
HUX OIlepaTOpPiB 3HUILEHHA €

CalC=b5;  CbiC=d. (3.143)

[ 3HOBY, J1J1s1 MPOCTOTHU MU iIrHOPYEMO MOXKJIMBI 0aTKOBI ¢pa3u.
Hani mu xoueMo orpumatu fio C Ha P(x). Hacamnepes HaM 3HaZ006UThHCS
cniBBifHOWEeHHA Mix v°(p) Ta u®(p). BukopucroByrouu (3.136),

e _ (VPO (=08 ' (ot po e\ _
(U (p)) - (_\/’ﬁ(_iczgs*)> - < iozmzs* ) -

(0 —ic?\(Jp 0F&
~ \io? 0 Jp:-o&
TakyM 4YUHOM,

wp) = -0 ®), v =-®). (3.144)

Axmo nigcraBumo (3.144) y Bupas Jis1s onepatopa ¢epMioHHOT0 10J1s, a MOTIM
nepeTBOPUMO LieH onepaTop 3a fonomoroto C, To 3HalZeMo

1
vy’ J2E,

Z( iy*bpv* (p) e — iytagiut(p)e”) = (3145)

CW@)C = f

= —iy?P(x) = —iy* (Y1) = —i(Py*y?)".
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3a3HauuMo, o C € JIIHINHUM YHITapHUM ONlepaToOpOM, IONPHU Te, L]0 1[0 BiH Me-

peBoAUTL Y — .
[ 3HOB-Taky, MU XOTiJiK 6 3HATH, [K C Ai€ Ha 6iniHINHI popMu. CnoyaTKy HaM
Tpeba OTpUMaTH

CYC = cytey® = (—iv?y) v° = (=iy’y?y)". (3.146)

BuBecTu nepeTBOpeHHs AJs GiMiHIHHUX GOpM Jelo CKIafHille, TOMY BapTO
SIBHO BUIIMCATH CIIHOPHI iHAeKcH. s ckanspa,

- . T .- T T

CPYC = (—iyy* W) (—i0y*Y?) = —vapVocWcWaYaeVea =
= +PaySVaaYoYacWe = —UyYYy? Y = (3.147)
=+,

(3Hak MiHyC Ha TPeTbOMY KpOIli BUIIJIMBAE 3 AHTUKOMYTAaTUBHOCTI pepMioHiB.)
Jlns nceBiockasisipa He HabaraTo cCKJaajHilie:

LT . . T . T T . T
Cipy* Y€ = i(=iy’y*y) v (—=idy’y?) = ivy°y. (3.148)
,[lf[ﬂ BEKTOpAa i INCEBAOBEKTOPA MAEMO ITPOBOAUTH O6‘-II/ICJIeHHH OKpeMOo AJid KO-

KHOTO iX KOMIOHeHTa. BpaxyBaBuiy, o Y° i y? € CHMEeTPUYHUMH MATPUIISIMH,
ToAi AIK Y 1 y® — aHTUCUMETPUIHUMHU, 3HAXOLUMO

CYYHPC = =Py y; (3.149)
CYYHYUC = +PyHy° . (3.150)

Xoya onepatop C nepeBoAuThb | y J i HaBNaKy, BiH HacmpaB/i He 3MiHIOE MO-
pAAKy orepaTopiB Hapo/ykeHHs i 3HuIeHHsA. OTxe, AKIO 3 Yy° Bxke BUpaxy-
BaHa HeCKIHYeHHA KOHCTAHTA, 3raJlaHa nepe/ piBHAHHAM (3.113), To BoHa He
3’ABJISIETHCA 3HOBY BHAC/I/I0K 3apsJ0BOTO CIIPSKEHHS.

MMiacymokno C, PiT

TpancdopmauiiiHi BnacTuBoCTi pi3Hux 6iniHiiHUX opm nix fiewo C, P, i T 3Be-
JIEHO B IiICYMKOBi# Ta6uii. TyT MU BUKopucTaau ckopodyeHdsa (—1)* = 1 gia
u=0i(-D'=1g1apn=1,2,3

Uy Wy gyt gyt o Oy
+1 -1 =D DY DA DY D
+1 -1 DY DY -E=DAEDY D
+1 41 -1 +1 ~1 +1
CPT | +1 +1 -1 ~1 +1 ~1
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Mu BKJIOYWJIK CIOAM TpaHchOopMaliiiHi BJaCTUBOCTI TeH30pHOI 6iiHiIKHHOI
dopmu (auB. 3azauy 3.7), a TaKOXK onepaTopa MoxigHoI.

3a3HaYMMO, W0 BiIbHUH Aipakis sarpamkian L, = Y(iy*d, — m)Y € inBapi-
aHTHHUM BiJHOCHO KO>XHOTO 3 iepeTBopeHb C, P i T okpeMo. MoxkHa mo6y/1yBaTH
3arajibHillli KBAHTOBI CUCTEMH, L0 MOPYIIYIOTh OYAb-SKY 3 IUX CUMETpii, 10/1a-
1oy 710 L, neBHe 36ypeHHs 0.L. [IpoTe 8L MyCUTb 6YTH JIOPEHI[OBUM CKaJISIPOM,
i ocTaHHil psAgoK Ta6aMLi BKa3ye, 1o Bci kKoMGiHawil P Ta |, Aki € JopeHIo-
BUMHU CKaJisipaMHu, iHBapiaHTHI BiflHOCHO KoM6iHOBaHOi cuMeTpii CPT. Hacnpas-
Jli cipaBe/JINBe Haii3arajbHillle TBEPKEHHS, 1110 HEMOXKJIMBO MOOY/1yBaTH JIO-
peHL-iHBapiaHTHY KBAHTOBY TEOPII0 M0JI 3 CAMOCIIPSAXKEHUM raMiJIbTOHIaHOM,
y akii nopymeHo CPT cumeTtpiro.!3

3agaui

3.1. IpynaJlopenua. Harajaemo koMmyTauiiHi cniBBigHomenus (3.17) g rpy-
nu JlopeHua:

U, 171 = (g™ = g"J*7 = g + g")*").

(a) BusHauumo reHepaTopu ob6epTaHb i OYCTIB IK

i _ 1 _ijkyjk i _ joi
nei,j,k =1,2, 3. Toxi inpiniTeaumanbHe nepeTBopeHHs JlopeHLa MOXKHA
3anucari, K

®->(1-06-L—-if-K)o.

BunuuiTe KOMyTalikHI CHiBBIAHOIIIEHHS LIUX BEKTOPHUX ONIEPATOPIB y SB-
Homy Bursiai. (Hanpuxinag, [LY, L] = ieV¥L*.) NokaxiT, 110 koM6iHOBaHi
ornepaTopu

J,=2@L+iK) i J_=3(L-iK)

KOMYTYIOTb Mi>K CO0010 i KO’KeH 3 HUX 33/10BOJIbHSIE KOMYTAI[iMHUM CITiB-
BIIHOLLIEHHAM JIJ1I1 MOMEHTY iMIyJIbCY.

(b) CkiHueHHOBUMIipHI IpeJCcTaB/JeHHS I'PyNH 06epTaHb TOYHO BiiNIOBi/Ial0Th
NPUILYCTUMHUM 3HAa4YE€HHAM MOMEHTY IMIYJIbCY — LIIJIMM Ta HalliBLiJIUM YHU-
c1aM. 3 pe3y/bTaTy NyHKTY () BUILJIUBAE, 1110 BCi CKIHUEHHOBUMIpHI npeJ-
cTaBJieHHs I'pynu JlopeHLa BiIOBiAal0Th NapaM LiJInX ab0 HamiBLiJIUX YU -
cena (j,, j_), NOB’A3aHUX 3 NapaMH IpeJCTaBJIeHb I'Pynu obepTaHb. CKo-
PUCTABLUKCH 3 TOTO, 10 /] = 0/2 y npeAcTaB/JieHHI MOMEHTY iMIy/abCy 3i

13]]a TeopeMa, Ik i TeopeMa Hpo CIiH i CTATUCTHKY, CTPOro JjoBejeHa B [64].
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CIIHOM 1/2, BUNIMILITEL Y ABHOMY BUIVISZI 3aKOHM NEPETBOPEHHS JJId JBO-
KOMIIOHEHTHHMX 00’EKTIB, IKi IepeTBOPIOIOTLCSA 3a NPeCTaBIeHHAMU IPy-
v JlopeH1a, 1o BiAnosigawTs napam (3, 0) i (0, 3). MokaxiTe, wo e €
JlOCTOTY nlepeTBOpeHHA Y, i Y, oTpuManiy (3.37).

(c) ToroxHicTb 67 = —6?00? [03BOJISIE 3aMIMCATH TEPETBOPEHHS Y, B YHiTap-
HO eKBiBaJIECHTHOMY BUIJIAA1

¢’—>¢’(1+ie'9+3-9),
2 2

ne ' = ylo? 3acrocyBaBiuM ILie MPaBUJIO, MM MOXKEMO MpEACTaBUTH
00’EKT, 1110 IepPeTBOPIETHCA SK (%, %), y dopMi 2 X 2 MaTpulli, AKa migno-
PAAKOBYETbCA 3aKOHOBI IIepeTBOPEeHHA [ Y, 3J1iBa | BOJHOYAC — 3aKO-
HOBI epeTBOPEHHA JJI TPAHCIIOHOBAHOrO Y, cnpasa. [lapameTpusyemo
I[}0 MaTPULIO TAKUM YUHOM:

Ve+iv? vi—iv?
vt+iv? v —iv?

[TokaxiTs, [0 06’eKT V! mepeTBOPIOETHCS K 4-BEKTOP.

3.2. OrpumaiiTe momodcHicms lopdoHa

"oy u iohv
pt+p qvl ).

u()y*u(p) = u(p )[

neq = (p' —p). Mu 6yieMo BUKOPUCTOBYBATH 110 popMmysy B Po3zii 6.

3.3. CmiHopHIi A0o6yTKH. (LIa 3aza4a, pasom 3 3agadyamu 5.3 i 5.6, BIpOBaXKyeE
epeKTUBHUN 0OYUCIIOBAJILHUM MeTOoJ, AJis NpolleciB 3 6e3MacOBMMH YacTKa-
mu.) Hexait klj, k}' — ¢pikcosaHi 4-BekTopH, 1110 3310BONILHAIOTL yMoBaM ki = 0,
k¥ = —1, ko - k; = 0. BusHauMMo 6a3uCHi COiHOPU HACTYNHUM 4uHOM. He-
Xall Uy — JiBONOJSIPU30BaHUM cHiHOp A/ pepMioHa 3 iMmysnbcoM ky. Hexait
Ugro = KUz Toxi st 6yab-9KOTO P, WO € CBiT/IONOAIGHUM (p? = 0), BUSHAYU-
MO

W) = e Pure | un(p) = e P

L m RO R \/ﬂ LO-

[li yM0oBYM BM3Ha4aOTh $pa3u CliHOPiB 0JHO3HAYHO (32 BUHATKOM BUIAKY, KOJIH
p napaJjieJIbHUH Kg).

(a) MokaxiTs, 110 koure = 0. [ToKaXKITB, 1110 AJ151 6YAb-SIKOTO CBIT/IONOAIGHOTO
p BUKOHYETbCA pu,(p) = pugr(p) = 0.
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(b)

(9

Jns sBunagky ko = (E, 0,0, —E), k; = (0, 1, 0, 0), BUNUILITh y IBHOMY
BUIJIAAIL Upo, Uro, UL (D) 1 Ur (D).

Busnauumo cniHopHi do6ymku s(p,, p,) i1 t(p,, p,) A CBITIONOAIOHUX P,
p; AK

s(p1, D2) = Ur(puL(p,), t(P1, o) = UL(py)ur(p,)-

BukopucTaBUIY ABHUU BUTJISAJ, Uy, 3aZj@aHUH y (b), 064U CIITh IBHO CHIHOPHI

AOGYTKH i NOKaxiTh, o t(p,, p,) = s(p, p1) 1Py, P2) = —s(Py 1)
KpiM Toro, nokaxitsb, 110

Is(py, pz)lz = 2p; - Py

OTxe, cniHOPHIi A00YTKHU JIOPiBHIOIOTh KBaipaTHUM KOPEHSM Bij, ckassip-
HUX NOOYTKIB 4-BEKTODIB.

3.4. MaitopaHoBi pepmionu. Buxoasuu 3 (3.40), Mo>kHa 3anIMcaTH PesIITUBICT-
CbKe piBHAHHSA /151 6€3MacoBOr0 2-KOMIOHEHTHOTO pepMiOHHOTO MOJIs, 110 Te-
pPeTBOPIOETHCA SIK [iBa BEPXHIX KOMIIOHeHTa JipakoBoro cininopa (). [losHauyu-
MO TaKe 2-KOMIIOHEeHTHe noJie x,(x), a = 1, 2.

(@)

(b)

[TokaxiThb, 1110 € MOXKJIMBICTb 3alIMCaTH PIBHAHHA 414 X, (X), AK A/ MacHUB-
HOTO 110Jifl, HACTYIIHUM YUHOM:

i6 - 0x — imo?y" = 0.

To6To mokaxiTh, mo-nepuie, 10 Lie PiBHAHHA € PeJATUBICTCbKU iHBapi-
AHTHUM 1, O-ZIpyTe, 10 3 HbOTO BUIUIMBAE piBHsAHHA KigiiHa-Topaona
(02 + m?)x = 0. Lle# BUIJIsI MacOBOTO 4ieHa /s pepMioHa Ha3UBAETHCH
MaloOpaHOBHMM MaCcOBUM YJIEHOM.

Yu BUnMBa€ piBHAHHA MaliopaHu 3 slarpaH:iaHa? MacoBul 4JieH, 3/1aBa-
Jiocsi 6, BUHUKAE NPH BapitoBaHHi Bupasy (02),,&.X,,- Ta OCKiIbKH 0% € aH-
TUCUMETPUYHOIO MaTpHUILEel0, Llell BUpa3 06epHYBCcs 6 Ha HYJIb, AKOU X(x)
Oy/10 3BUYaMHUM C-4MCJIOBUM N0JieM. MU 3HAEMO, 110 IPU KBAHTYBaHHI
x(x) cTaHe aHTUKOMYTOBaHMM KBaHTOBUM MoJieM. OTXe, € CEHC PO3BUHYTH
H0ro KJacu4yHy Teopilo, po3risaaanydu x(x) K KJI1acCMYHe aHTUKOMYTOBaHe
noJie, TOOTO SIK TaKe, 1[0 HAOYBA€E 3HAYEHb Y I'PACMAHOBUX HYUCAAX, 1110 3a-
JOBOJIBHAIOTb YMOBI

af = —Ba  AaA 6yAb-aKUX a, .

3a3Ha4uMMo, 110 3 LUX CHiBBiJHOIEHb BUIIMBaE a? = 0. [pacMaHoBe moJie
€(x) MO>KHa pO3KJIaCTH 3a 6a3UCOM PYHKIIiH, K

50 = ) anh, ()

n
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(0

(d)

(e)

ne ¢, (x) — opToroHa/nbHi c-uucaoBi QyHKI], a o, — Habip He3aleXHUX
I'PacMaHOBUX 4uces. BU3HaYMMO KOMIJIEKCHE CHpsPKeHHS J0OYyTKy Ipa-
CMaHOBMX YHCeJI SIK TaKe, 1[0 06epTae ixHii NopsIoK:

(af)” = poc =~

[le npaBuUJI0 KONiIOE €EPMITOBE CIIPAXKEHHA KBAHTOBUX I10J1iB. [IoKaXiTh, 1110
KJIaCU4YHa Aid

S = fd4x [X'l’l(-). . aX + %(XTGZX _ X'I’GZX*)] )

(ze x" = (x)") € aiiicHoro (S* = S), i BapitoBaHHA S 3a BeIMYMHAMU X Ta X
NPU3BOJAUTH 10 PiBHAHHA MalopaHH.

3anuieMo 4-KOMIIOHEHTHE AipaKOBe InmoJie, AK

() = $§

i HaraZl@eMo, 10 HUXKHIM KOMIIOHEHT ) IepeTBOPIOETHCS 3a Npe/icTaBJie-
HHAM, YHITapHO €KBiBaJIeHTHUM KOMIIJIEKCHO-CIIPSKEHOMY NIpeiCTaBJIeH-
HIO Y. TAKMM YHHOM, MU MOXEMO NepenrcaTv 4-KOMIOHEHTHe AipaKoBe
1oJie B TeEpMiHaxX JBOX 2-KOMIIOHEHTHUX CIIHOPIB:

(%) = x4(%), Yr(x) = iGZX;(x)-

[lepenuuiTs sarpaHxiaH /Jlipaka y TepMiHax x; Ta X, 1 3BE€pHITb yBary Ha
dbopMy MacoBOro 4JieHa.

[TokaxiThb, [0 i NYHKTY (C) Ma€ rjio6aibHy cuMeTpito. O64YUCIiTh AUBED-
TeHI1[il0 CTPYMiB

JF=xtety, " =xleMx — x26M %,

Ju1s Teopidt nyHKTIB (b) Ta (c) BifgnoBiAHO i 3icTaBTe pe3y/bTaTH 3 CHMETPi-
AMU 1ux Teopii. [lobynyiTe Teopito 3 N BiibHUX MAaCUBHUX 2-KOMIIOHEH-
THUX pepMioHHUX N0J1iB 3 O(N) cuMeTpi€to (ToO6TO 3 06epTaJbHOIO CUMe-
TPi€l0 B n-BUMiIpHOMY IPOCTOPI).

[IpokBaHTylTe Teopito Maliopanu nyHKTIB (a) Ta (b). To6To, nepeBeAiTh
x(x) y kBaHTOBe 10JI€, 1110 33/J0BOJIbHSIE KAHOHIYHOMY aHTUKOMYyTalliliHO-
MY CHiBBiJHOIIIEHHIO

X0, x50} = 89 (X~ ¥) San,
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noOyAyuTe caMOCIPS>KEHUU TaMiJIbTOHIaH i 3HaWAITh peACTaBJeHHs Ka-
HOHIYHMX KOMYTalliiHUX CIIiBBIIHOLLIEHb, IKi /liar'0OHaJi3y0Th raMiJIbTOHi-
aH y TepMiHax onepaTopiB HapoJKeHHs Ta 3HULIeHHs. (BkasiBka: nopis-
HsWTe nmoJie X(x) 3 IBOMa BepXHiMU KOMIOHEHTAMH KBaHTOBAHOTO Jiipa-
KOBOTO M0JIf1.)

3.5. CynepcumeTpifa. MoxHa HanucaTy Teopii nosisfg 3 6e3nepepBHUMU CUMe-
TpifiMHY, 1[0 NOEAHYIOTh GpepMioHU Ta 6030HU; TaKi NepeTBOPEHHS HA3WBAKOTh
cynepcumempisamu.

(a)

(b)

)

HalnpocTiluiuM npukJ/iaZoM CynepcuMeTPUYHOI Teopii 0Jisl € Teopis BiJib-
HOT'0 KOMIIJIEKCHOT'0 6030HHOTO 10151 ¥ BIIBHOTO BelJieBOro pepMioHHOTO
M0JId 3 JIarpaHXXiaHOM

L£L=0,0"0"d + x'iG- ox + F°F.

Tyt F € J,04aTKOBUM KOMILJIEKCHUM CKaJIAPHUM I10JIEM 3 PIBHAHHAM PyXy
F = 0. [lokaxiTh, 1110 1|eH JlarpaH»KiaH € iHBapiaHTHUM (3 TOUYHICTIO [0 OB-
HoOl IuBepreHl1lii) BiAHOCHO iH}iHiTE3UMa/IbHUX EPETBOPEHb

8¢ = —ie oy,
8x = €F + o - dpo?e’,
8F = —iet5 - 0y,

Ae I1apaMeTp €, € 2-KOMIIOHEHTHUM I'pacMaHOBUM Cl'[iHOpOM.

[TokaxxiTh, 1110 YJaeH
AL = [mq)F + % imxTozx] + (k.c.)

€ TAKO0X JIIBOIHBapiaHTHUM BiJJHOCHO NepeTBOpPEHHH, 3aJaHOr0 B MYHKTI
(a). Ycynbte F 3 noBHOTO JIarpaHxkiaHa L+ AL, po3B’sA3y104d M0ro piBHAHHS
pyXy, i IOKaxXiTh, 110 6030HHEe Ta PpepMioHHe noJisd ¢ i X MalOTh OHAKOBI
MacH.

Mo>kHa 3anucaTy CynieCUMeTPUYHI HeJIiHIMHI piBHAHHSA [10J14, J0AaBUIX [0
JlarpaH)KiaHa 4JIeHU TPeTbOoro Ta BUIUX NOPALKIB. [lokaxiTh, 1110 HaCTy-
IIHa, J0OCUTB 3arajbHa Teopia noJs 3 (¢;, x;), i = 1, ...,n, € cynepcumeTpu-
YHOIO:

WISl , i W[J]
0p;, 2 04,00,
e W[] € noBinbHOIO QyHKIiE0 N0/ §;, IKa HA3UBAETbHCS CYyNepnomeH-

yiasom. Jlna npoctoro Bunagky n = 1i W = g¢*/3 Hanumits piBHAHHA
pyxy A ¢ Ta x (micas ycyHeHHs F).

L=20,¢p;o"d; +x]i6-0x; +F;F;+ | F; Xio°x; + k.. |,
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3.6. IlepeTtBopenHs Pipua. Hexait u;, i = 1, ...,4 € 4HoTUpPU 4-KOMIIOHEHTHI Ai-
pakoBi cniHOpHU. ¥ TEKCTi MU JIoBeJik lepecTaHOBOYHI ¢popmyau Pipua (3.78) i
(3.79). llepiua 3 HUX MOXKe OYTH 3amnMcaHa B 4-KOMIOHEHTHUX O3HAYEHHSX, SIK

_ 1+v°\ 14y° _ 1+v°\ 14y°
uﬂ”( Zy >uzu3yu< ZY >u4=—u1y”< ZY Uqllzy, Zy Uy,

HacnpaBzi € nozji6Hi nepecTaHoBOYHI pOpMyJiH AJis BCiX JOOYTKIB

(aerUZ) (113 FBU4) ’

ne ', I'® — 6yap-aka 3 16 koM6iHaniit MaTpunb Jlipaka, HaBefieHUX y § 3.4.

(a) Jna nmoyatky HopmyeMo 16 maTpunb [ 3a ymoBoI0

(b)

(0

Tr[M“T?] = 46,

e nae T = {1, y°, iy, ... }. Bunuuwits yci 16 esieMeHTIB 1boro Ha6opy.

3anuiiThk roJI0BHY TOTOXKHicTh Pipua, AK piBHSIHHA

(aeruz) (113F‘4u4) = Z CABCD (ﬁll"cu4) (113FDU.2)
C,D

3 HeBioMuMu KoedinienTamu C42 -, BuKOpHCTaBLIM TOBHOTY HaGopy Ma-
TpuLb 'Y, NOKaXiTh, 1110

C*cp = 12 Tr[I°TAr°re].

OTpHMaﬁTe y ABHOMY BI/IFJ'IHﬂi 3aKOHM INepeTBOPEHHA CDlpua AJ1 ,[[OGYTKiB
(ﬂluz)(a3U4) i (ﬂly”uz)(ﬂgyuu4).

3.7. lla 3apayva crocyeTbes guckpeTHux cuMetpin P, C, i T.

(a)

(b)

OTpumMaiiTe TpaHcpopMaliHi BJAaCTUBOCTI Npu nepetBopeHHsax P, C,i T
AHTHUCUMeTPUYHOI TeH30pHOI pepMioHHOI GiniHiNiHOT dopmu YoV, ne
o' = Z[y* v']. lle noBepuiye Tabiuuio TpaHCGOpMaLiHHUX BJIaCTHBO-
cTel 6isiHIMHUX GOPM, HaBeleHy HAaPUKIHIi pO3/iay.

Hexaii ¢p(x) — kommiekcHe nosie Kisiina-TopgoHa, Ha 3pa3oK po3IJisHy-

TOro B 3azadvi 2.2. 3HaWiTh yHiTapHi onepatopu P, C Ta aHTUYHITapHUU
oneparop T (Bci BUSHaYeHi 4epes IXHIO /i10 HA ONepaTOPH 3HULIEHHA ap |
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(9

b, A1 YacToK Ta aHTU4YacToK Kisalina-TopgoHa), ki 1al0Th HACTYIHI Ne-
P
peTBopeHHs A noasa Kaaina-TopaoHa:

Po(t, X)P = d(t, —x);
To(t, X)T = d(=t, X);
Cod(t, x)C = d*(t, x).

3HaliTh TpaHcdopMalifiHi BJaCTUBOCTI KOMIOHEHTIB CTPyMY
JH = i(d 0" d — dpo¥dT)
npu nepetBopeHHsax P, C,iT.

[TokaxiTh, 10 OY/ib-AKUKA CaMOCHPSXKEHUN JIOpEHII-CKaJIAPHUN JIOKa/b-
HUH omepaTop, yTBopeHuit 3 Y(x), ¢p(x) i cpsirkeHUX A0 HUX MOJIiB, Ma€
PCT = +1.

3.8. 3B’aA3aHi cTaHW. /IBi yacTKH 3i ciiHOM 1/2 MOXKyTb 06’€IHATUCA ¥ CTaH 3 OB-
HUM cniHoM 0 a6o 1. XBuiboBi GyHKIIT UX CTaHIB OYAYTh BiANOBIIHO Hemap-
HUMHM ab0 NapHUMHU MPHU NlepecTaHOoBI IXHiX CHiHiB.

(@)

(b)

BukopucTaiiTe 1o iHpopmariito AJis1 064UCIeHHS 3HaYeHb P- i C-napHOCTI
JU151 BCiX eJIEKTPOH-TIO3UTPOHHUX 3B’S1I3aHUX CTaHIB 3 S, P a60 D XBUJIbOBU-
MU QYHKI[ISIMHU.

Ockinbku esieKTpoH-GOTOHHA B3aEMO/is 33/jJaHa FraMiJIbTOHIaHOM
— 3 ;
AH —fd xeAyj",

Jie j* — eJIeKTpUUHUM CTPYM, TO eJIeKTPOZMHaMiKa iHBapiaHTHA BiJ{HOCHO
P i C, AK1110 KOMIIOHEHTHU BEKTOPHOT0 NOTEHLia/ly MalOTh TaKi K 3Ha4YeHHS
P- i C-mapHoCTi, K i BiagnmoBigHi KoMnoHeHTH j*. [lokaXKiTh, 1110 3BijicK BU-
IJINBAE TaKKMU AMBOBMXXHUU PAaKT: OCHOBHUM CTaH NO3UTPOHIIO 31 ciiHOM 0
MOKe pOo3NacTUCs Ha /iBa GOTOHH, ajle OCHOBHUU CTaH 3i cliHOM 1 MycuTb
po3najaTvcsa Ha Tpu GOTOHU. 3HAWUAITh NpaBUJa Bibopy AJs aHiriaganii
BUIUIMX CTaHIB MO3UTPOHIIO i AJ11 0AHOPOTOHHHUX NEePEXOAiB MiXK PiBHAMU
IIO3UTPOHIIO.



Po3nin 4

[los1s1 i3 B3aeMogi€lo i peMHMaHOBI giarpamMu

§4.1. Teopia 36ypenb — Ppisiocodisa i npukaagu

Mu feTaJIbHO pO3IVIAHY/IM KBAaHTYBAaHHA [ BOX BiJIbHUX TeOpiH MOJif, AKi NpHU-
6/IM3HO ONMUCYIOTh OiNBLIICTL BiJOMUX y NMpUPOZAI YacTok. I[IpoTe goci ctaHu
BiJIbHUX YaCTOK OYy/IM BiIbHUMM CTaHAaMM raMiJIbTOHiaHa; MU He pO3IJsJaau
Hi B3a€EMOZt0, Hi po3cissHHs. [[106 oTpMMaTH TOYHIIly KAPTUHY peasibHOTO CBi-
Ty, MM MyCHMO BKJIDYHUTHU /10 TaMiJibTOHiaHa (abo JiarpaH»kiaHa) HOBi, HeJIiHiK-
Hi 4YJIeHHU, SKi NoeAHATh MiXk coboro pi3Hi ¢yp’e moau (i BignmoBigHi iM yac-
TKU). [l 30epekeHHs NTPUYMHHOCTI 6yAeMo BUMaraTH, 106 HOBi 4leHU Mi-
CTUJIY J0OYTKU MOJIiB Y OJHIM TOYLi NpOoCTOpy-4acy: Tak, [q)(x)]4 roAUThCS, a
¢ (x)P(y) — Hi. OTKe, YsieHH, 1110 ONUCYIOTh B3aEMO/it0, MATUMYTb BUIJIA[

Hi = [ @x3[6) = = [ d*x Lin[60)].

Hapasi o6Mexumocs TeopisiMy, y IKUX H iy (= —Line) € PyHKLi€IO JMILIE TOIB,
a He IXHiX MOXiJHUX.

Y yboMy po3AiJii MY po3TJiIiHEMO TPU BaXKJIMBI IPUKJIa/IM TEOPil MoJis i3 B3a-
eMmogieto. [lepuioto € Teopis ,pi-uoTupu’:

L=10u9)" - im*p* - L ¢*, (4.1)

ne A — 6e3po3mipHa kKoHcmaHma 368’a3Ky. (Bsaemozis ¢ 6ysa 6 Tpoxu npocTi-
113, IpOTe B [1bOMY pa3si eHepris He Oysia 6 NO3UTHBHO-BU3HAY€EHA, aXK [IOKU He
Jl0/laHO BULUM MapHUU cTeneHb Bif ¢.) Xoya MU BUBUYAEMO 110 TEOPil0 3 CyTO
nearorivHo0 MeTow (OCKiJIbKY BOHA € HAWUIMPOCTIlI0I0 KBAaHTOBOIO TeOpi€lo i3
B3a€EMO/Ii€10), MO/ieJli peaibHOTO CBITY TaKU MiCTATh d)4-BBa€MOAiIO; HaWBaXKJIU-
BillMM NpUKJIaZL0M y (i3Il HACTOK € CaMOZisl TircoBoro mnoJis B CTaHAapTHiN
eJleKTpoc/1abKiit Teopii. A B pyroMy ToMi MU no6a4uMo, 110 Teopis ¢* Takox
NIOCTA€ y CTATUCTUYHINA MexaHii.

PiBHsAHHA pyxy A Teopii ¢*,

@ +m?) o =—2 ¢, (4.2)
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HEMOXJIMBO PO3B’A3aTH yepe3 $yp'e-aHasis, AK BisbHe piBHAHHA Kisiina-Top-
JIOHA. Y KBAaHTOBIM Teopii MU HaKJIalaEMO PiBHOYACOBe KOMyTalliiHe CIiBBij-
HOIIIEHHSI

[0, ()] = 8@ (x—y),

AKe He 3aJeXUTh Bifi Lin. (3a3Ha4MMO, BTIiM, 110 AKOU Liy MiCTUB 0.}, TO BU-
3HaueHHs T(X) 3a3HaJio 6 3MiH.) /locUTh NPOCTOIO BIPaBolo Oy/ie BUMIMCATHU ra-
MiJIbTOHIaH 1Li€l Teopii i 3HalTH raii3eH6eproBe piBHAHHSA PyXy AJis onepaTopa
¢(x); pe3yabTaT 36ira€Tbcs 3 KJIaCUYHUM PiBHAHHAM pyxy (4.2), K 1Lie 6yJ10 i 3
BIJILHOIO TEOpIE€IO.

HamuMm gpyrum npukiaZoM Teopil nmoJs i3 B3aEMo/ji€to Oye KBaHTOBA eJie-
KTpOJUHAMIKa:

Lxen = Lpirac T Lmaxwen + Line =

o o (43)
=y@p —myy — 7 (Fw)” — Ay,

Ae A, € eJIeKTpOMarHiTHUM BeKTOPHUM NOTeHLianom, F,, = 0,A,—0,A4, — TeH-
30pOM eJIEKTPOMArHiTHOrO MoJid, a e = —|e| — esieKTpu4HUM 3apsjoM. (o6
onucatu ¢pepMioH 3 3aps/ioM @, Tpeba 3aMiHUTH e Ha Q. K110 MU X04eMO po3-
[JISHYTH KiJibKa THMIB 3apsi/P)KEHUX YACTOK, TO MPOCTO MPOAYOIIOEMO Lpjrac |
Litaxwell L7151 KOXKHOT0 pisHOBUAY.) ['iIHOI0 MOAMBY € Ta 06CTaBUHa, 1110 Lied Ipo-
CTHM JIaI'paH>KiaH OMMUCYE MakXe BCi ABUILA, IKi MU CIIOCTEPIraEMo BiJ MaKpo-
CKOMiYHMX MaclTabiB fo Bijgcraneit 1072 cm. HacnpaBai x Jarpanxian y KE/J|
MO>XHA 3alMCcaTH Lie NPoCTille:

- 1
Lygg = Y@l —m)y — 3 (F)?, (44)

Ae D, € kanibposouHo-KosapiaHmMHa noxioHa,
D, =0, + ieA,(x). (4.5)

HamictoTHimoro BaactuBicTio narpanxiaHa KE/l € iioro iHBapiaHTHICTb BifjHO-
CHO KaJ1ibpOBOYHOTO NePeTBOPEHHS

P(x) > e“OPlx), Ay Ay — 5 0.a(x), (4.6)

1110 peasti3yeThCsA Ha [jipaKOBOMY M0JIi SIK s10Ka/1bHe pa30oBe 06epTaHHA. Taka iH-
BapiaHTHICTb Ma€ pyHAaMeHTa/ibHe TeOMeTPHUYHE 3HAY€E€HHS], 1110 BUMIPAB/IOBYE
3anpoBapKeHHs KosapiaHmHoi noxidHoi. [IpoTe AJis1 HAlIKX 1jiJied JOCUTb TOTO,
1o (4.6) € cumeTpi€to Teopil.

PiBHsiHHA Eliniepa-Jlarpanxa gus Y(x),

i —m)Y(x) = 0, (4.7)
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€ piBHAHHAM /lipaka, NO€JHAaHUM 3 eJIeKTPOMArHiTHUM 10JIEM 33 PELLeNITOM Mi-
HiMa/bHO20 38°513KYy, 0 — D. PiBHsiHHA Elsiepa-Jlarpanka AJis noss A, Ma€ BU-
T

0 F™ =e Py'P =ej. (4.8)

Ile HeopHOpiHI piBHAHHA MakcBe/ia 3 TUTOMHUM cTpyMoM j¥ = Jry’{, oTpuMa-
HMM 3i 36epeKeHoro AipakoBoro BeKTopHoro crpyMy (3.73). fk i B Teopii ¢*,
pPIBHSIHHA pyXy TaK0X MOXXHa 3allMCAaTH K rai3eH6eproBi piBHAHHA JAJis Olle-
paTtopis Y(x) i Au(x). lle serko nepeBipuTH Asg P(x); mpoTe MU A0Ci He 06TO-
BOPHWJIM KBAHTYBAHHA €JIEKTPOMArHiTHOTO MOJIA.

HacnpaBgi B HamoMy Kypci MU B3arajii He po3I/igJaTUMEMO KaHOHIYHe
KBaHTYBaHHS eJIEKTPOMarHiTHOro noJis. lle BesibMu 3aniyTtaHa TeMa, 34,e0i/1b-
II0OT0 Yepe3 KaJibpoBOYHY iHBapiaHTHICTb. 3a3HAYUMO, 1[0 OCKIJIbKU A° He BU-
HMKa€ B JarpaHxiani (4.3), To iMnyabc, cupsbkeHuit o A, TOTOXHO AOpiB-
HIOE HYJIIO. A 1le cynlepedYuTb KaHOHIYHOMY KOMYTAL[iMHOMY CIiBBiZJHOILIEHHIO
[A°(x), (y)] = i8(X — y). MoxJ/IMBe pilleHHs NPo6JeMH MOJIATAE B TOMY, 106
KBaHTyBaTH M0JIe B KyJIOHOBil Kani6poBLi, ko V - A = 0 i komnoHeHT A° €
3B’A13aHOI0, a He IMHaMIiYHO10, 3MiHHOIO; aJie B [IbOMY pas3i JJ0BOAUTHCH KEPTBY-
BaTH IBHOIO JIOPEHL[-IHBAapiaHTHICTIO. AJIbTEpPHAaTUBHO, MOKHAa KBAaHTYBAaTH I10-
Jie B JIopeHLoBil kani6posui 0,A" = 0, MoaniKyBaBIIM JarpaHKiaH TaKUM
YHHOM, 06 y HboMy 3’aBuBCA yieH 3 A°. lle fae KomyTaniliHi cniBBigHOMIEH-
Ha [AY(x), A'(y)] = —ig"'8(x — y), 3arajioM Taki cami, K A/ YOTUPbOX I0O-
niB Knaitna-Topgona. [lpote goxaTkoBuii 3Hak Minyc y [A°, A°] mpusBoauTh
Jlo iH1oi (BTiM, moZ0J1aHOi) Mpo6JIeMH: CTaHH, HAPO/KEHI ag*, MarThb HEIraTUB-
Hy HOpMYy.!*

deliHMaHOBI NpaBuJIa AJis1 00YMCIAEHHS aMILIITY/ IPOIEeCiB, /ie MpUCYTHI dpo-
TOHHU, HalJIeriie OTpUMaTH Yepe3 GopMy/ItoBaHHS Teopii noJsis y TepMiHax QyH-
KI[IOHAJIbHOTO iHTerpyBaHHS, sike po3rsgaeTbcsa B Po3aini 9 (Tom II). A B Tpe-
THOMY TOMi MM M06a4MMO, L0 Lled MeTO/, Ma€ [0JaTKOBY MepeBary nNpocToro
y3arajibHeHHS Ha BUIIaJ|0K HeabesieBUX KaJliOpOBOYHUX MOJIIB. Y IbOMY PO3/i-
JIi MU IIPOCTO cIpobyeMo BrajaTu ¢pelHMaHOBI npaBua A5 GoToHiB. Lle byze
30BCIM HECKJIaJHO IIiC/Id TOro, 1K OTPUMAEMO BiZIIOBiHI MpaBuJa [J1d aHAJIOT -
YHOI, aJie mpocTimoi meopii lOkasu:

Lyukawa = Lpirac T Lxlein-Gordon — g LDL|J¢ (4’9)

lle 6yne HawuM TpeTiM npukaazom. Teopis FOkaBu cxoxa Ha KE/, mpoTe B Hiit
3aMicTb BEKTOPHOro ¢OTOHA NPUCYTHA CKaJIAipHa YacTKa ¢. YsieH i3 B3aeMOZ €0
Mae 6e3p03MipHYy KOHCTAHTY 3B’AA3KY ¢, aHAJIOT14YHY eJIeKTPUYHOMY 3apsay e.

1 Jlerko 3Hal T 4y10BHii BUKJIaJ 060X IPOLeAyp KBaHTyBaHHs. Tak, /11 KyJIOHOBOI KaJli6pOBKH
nuB. bitopken, [lpesn [10], Po3ain 14; gns nopenuoBoi — Meng i oy [39], Po3ain 5.



§4.1. Teopis 36ypeHb — disocodisa i npukIagu 97

[ToyaTkoBo l0kaBa 3anponoHyBaB 110 TeOPilo, 1100 ONKMCATU B3AEMO/iI0 HYKJIO-
HiB () Ta nmioHiB (¢). ¥ cyyacHiii Teopil yacTOK cTaHJAapTHA MOJie/Jib MiCTUTh
yieH B3aeMo/ii FOkaBy, 10 noB’a3ye ckasspHe noJie [irca 3 kBapkamu Ta Jie-
NTOHAMHU; GiJILUIICTD Bi/IbHUX TAapaMeTPiB y CTaHAAPTHIN MOZieJli € OKAaBCbKUMHU
KOHCTAaHTaMHU 3B’SI3KY.

BunucaBimu Tpy 3acaiHAYI B3aEMO/ I, 3po6MMO naysy, 111060 06roBOPUTH, AKi
iHIIi B3aEMo/Iil Mo>kHa 3HAUTH B pupoi. Ha nepiuii noris, nepesik 6yzae He-
CKiHUEHHMM; HaBIiTb AJIs1 CKaJISIpHOI Teopii MU MOr/IM 6 3anucaTyd B3aEMOJAII y
BUIIAAL ¢" 1151 6yab-siKoro n. [[poTe NPUMITHO, 1110 OfiHA TPOCTA K NEPEKOHIHU-
Ba aKCioMa yCcyBa€ Marxe BCl MOXKJIMBI BapiaHTH, KpiM KiJbKoX. llg akcioma mo-
JIATA€E B TOMY, 1110 TeOpisl MyCUTb Oy TH NepeHOPMOBAHOI0, | OOGI'PYHTOBYETBCS Ha-
CTyIHUMU MipKyBaHHAIMU. YsleHH BULIOTO NOPSAJKY B Teopil 30ypeHb, K 3a3Ha-
yasiocs B Po3aini 1, MicTATh iHTerpasu no 4-iMmnysibcax npoMi>kKHUX (,BipTyasib-
HUXx") yactok. li iHTerpanu yacto ¢popmasbHO po36iraloTbcsi, TOMy B 3arajib-
HOMY BUINAJKy HEOOXiZIHO 3aCTOCYBaTH NeBHY NpOLeAypy 00pi3aHHS; HAUNPO-
CTilIMM CIIOCi6 TaKoi MpoLeAypHU NOJISITa€E B 0OMeXXeHHI iHTerpyBaHHsI BEJIUKUM,
aJsie CKiHUeHHUM iMnysibcoM A. HanpukiHLi 064KcaeHb 3AiACHIOETBCSA Mepexif
Jlo Mexi A — oo y cnoziiBaHHi, 1[0 Ppi3UYHI BeJIMYMHU BUSBJISATbHCS He3a/1eKHU-
MM BiJ A. AK110 11e cipaB/ii TaK, TO Teopisi HA3UBAETbCSA NepeHopMo8aHo. OHAK
NPUNYCTIMO, 1[0 Teopish MiCTUTh B3a€EMO/II 3 KOHCTAHTAMU 3B’SI3KY, 1110 MalOTh
pO3MipHICTb Macu y neBHOMY 8id eMHoMy cTeneHi. Toai A oTpuMaHHs 6€3po3-
MIipHOI aMIJIITyAu PO3CiAHHA i KOHCTAaHTa 3B’A3Ky Ma€ OyTHM IOMHOKeHa Ha
BeJIMYUHY MO3UTUBHOI MacOBO1 PO3MipPHOCTI, KA BUABJSAETHCA HIYUM IHIIIUM AK
napaMeTpoM o6pizaHHsA A. Takui 4ieH po36iraeTbcs npu A — 00, TOXK Teopist He
€ IeEpEeHOPMOBAHOIO.

JleTa/IbHO MU PO3IJIAHEMO Lie nuTaHHA B Po3zgini 10. A moku siiie BiA3Ha-
YHUMO, 1110 Oy/ib-fIKa Teopifl 3 KOHCTAHTOM 3B’A3Ky HEI'aTUBHOI MacoBOi po3Mip-
HOCTIi He € nepeHOpMoOBaHo0. [IpocTuii po3MipHU# aHa1i3 4,03BOJISIE HAM JIETKO
BiIKNHYTH Mai>Ke BCiX KaHJAU/JATiB Ha B3aeEMoJit0. OCKiNIbKU Aig § = fL d*x
6e3po3MipHa, To JlarpaHiaH L OBMHEeH MaTH po3MipHicTb [Maca]* (a6o mpo-
CTO pO3MipHICTb 4). 3 BUIVISAly KIHETUYHHUX YJIeHIB Pi3HUX BiJIbHUX JlaI'paHKia-
HiB MY BU3HAYAEMO, LI[0 CKaJIsIpHE Ta BeKTOopHe 1noJis ¢ i A* MaoTb po3MipHicThb
1, ToAi ik po3MipHicTb cniHopHOTO N0Jis P € 3/2. Tenep MU MOXKeMO CUCTEeMATHU-
3yBaTH BCi MOXKJIMBI IEpEHOPMOBAaHi B3aEMOi.

Jlas1 Teopii, 110 BKIIOYAKTh JIULIE CKAISPU, IPUIYCTUMUMU YJIeHaMU i3 B3a-
EMOJIIEIO €

nd* i Ad*.
KoHcTaHTa 3B’I3Ky L Ma€ po3MipHicTb 1, Tofi K A 6e3po3MipHa. UieHU BUTIS-
oy " nassn > 4 He roasaThes, 60 IXHI KOHCTaHTH 3B’SI3Ky MaJid 6 pO3MipHICTh
4 —n.IleBHa piy, 3Ha4HO LjiKaBillli TeOpii MOKHA OTPUMATH LIJIIXOM BKJIKOYEHHS
KiJIbKOX ZIiiCHUX 260 KOMIJIEKCHUX CKaJIIPHUX NoJiB (AUB. 3agauy 4.3).
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Jani My MOxXeMo A,04aTH ClliHOpHI noJid. ClliHOpHa caMO/isl HEeNPUIyCTUMa,
ockinbku | (OKpiM nopyleHHs JJOPeHI0B0i iHBapiaHTHOCTI) Ma€ po3MipHicThb
9/2. OTKe, MOXKJIMBa Jinllie B3aemMo/ist FOKaBH 3i ckaJIIpHUMHU NOJISIMU:

gUpo,

X04a CXO0i B3aEMO/il MO>KHA MOOY/IyBaTH TAaKOX i 3 BEHJIEBUX Ta MallOpaHOBUX
CHiHOPIB.

[Ipu f0/1aBaHHI BEKTOPHUX MOJIiB CTAalOTh MOXXJIMBUMU 6araTo HOBUX THUIIiB
B3aemo/ii. Haii6iyibil 3HalloMO10 € BEKTOPHO-CIiHOpHA B3aeMozis B KE/:

ey A,
| 3HOB-TaKH, HECKJIaJAHO NOOYyBaTH CX0XKI YJIeHU 3 BelJIeBUMU Ta MalOpaHO-
BUMH CIIiIHOpaMU. MeHLI BaXJIUBOW € ckassipHa KE/] 3 narpaHiaHoMm

L=|D,b|* —m?|b|?, womictuts eA $d, b, e*|P|*A%

lle Hall mepuIMK NPUKJIAJ B3aEMO/II 3 NOXiJHUMH; KBAHTYBAaHHS TaKol Teopil
Oyze HabaraTo nNpocTiuM y popmaiami pyHKIiOHAIbHUX iIHTErpasiiB, TOMy MU
BiiK/1ageMo ii posrsiag ao Posainy 9. [Huii Mox/uBI JiIopeH1-iHBapiaHTHI YJIEHU
MalOTh BUIJIAL,
A? (0,4%) 1 A%

Xoya 1ie JlaJieKO He O4eBU/IHO, TaKi YJIeHU NPU3BOJAATH 10 NPOTHUPIY, 32 BUHSA-
TKOM JIMIIIE TUX BUIQ/KiB, KOJIU IXHi KOHCTAHTH 3B’s1I3Ky TOYHO NiJlibpaHi Biamno-
BiZJHO 10 cniel[iaJIbHOTO TUIly CUMeTpii, 1Ka Ma€ BKJIKOYATH KiJIbKa BEKTOPHUX
noJiiB. lls1 cuMeTpisi IeXKUTh B OCHOBI Heabe1egux ka/ibpo8ouyHux meopiti, 110 0y-
AyTb FOJIOBHUM IIPEeAMETOM PO3IJIAy B TPeTbOMY TOMi. MacoBUM 4sieH %mzA2
JlJ151 BEKTOPHUX IOJIiB TaKOX IMOPOJRKY€E MPOTUPIUUA, AKILO JIULIEe BiH He J0Ja€E-
Thcs g0 KE/l; y koxkHIM pasi, BiH nopyiuye (abesieBy abo HeabesieBy) KaibpoBo-
YHY IHBapiaHTHICTb.

lle BUYepnye nepeJsiik MOXJIWBUX Jlal'paHKiaHiB, 110 BKJIKYAOTh CKaJISPHI,
CIIHOPHI ¥ BEKTOPHI 4yacTKU. L[ikaBo Bii3HAYUTH, 1110 IPUUHATI 3apa3 MojeJi
eJleMeHTapHUX YaCTOK OXOIIIOIOTH ycI epesiyeHi BUllle TUIIK B3aeMozil. TpHu 3
HUX, 110 O6y/lyTh BUBUEHI B IIbOMY pO3/iJi, IOKPUBAIOTh Mailke NOJIOBUHY BCiX
MOXXJIMBOCTEM; PELITy MU PO3TJITHEMO AaJli B HAIOMY KYPCi.

[IpunylieHHs, WO peaiCTU4YHI Teopil MalOTb OYTU MEPEHOPMOBAHUMH, €
Ha/J;3BUYalHO 3pY4YHUM, OCKIJIbKM HellepeHOpMOBaHa Teopid Masja 6 Mi3epHy
nepegbauyyBaHy cuiy. [[poTe MoxkHa 3aaTUCA NUTAHHSAM, YoMy NIPUPOJA TaKa
JII06’s13Ha, 1110 BUKOPUCTOBYE JIWIlIe IeEpeHOPMOBaHi B3aeMoyii. Ciif 6yJio 6 oui-
KyBaTH, 1110 iCTUHHA Teopid NPUPOJU € KBAHTOBOIO TEOPI€EI 3HAYHO 3araJbHi-
moro tumy. [IpoTe MokHa A0BECTH, 1110 HE3aJIEXKHO Bij CKJIaJHOCTI QyHJAaMeH-
TaJIbHOI TeOopii Npu Ay>Ke BUCOKUX eHeprisX, il HU3bKoeHepreTUYHe HabJIMKeH-
Hfl, IKe MU CIIOCTepPIiraEMo B eKCIeEpUMeHTax, Ma€ 6y TH NeEPEHOPMOBAHO KBaH-
TOBOIO TeOpi€to Mmovist. My mokakemo 1e B § 12.1.
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Ha 6isiblu npakTUYHOMY pPiBHI monepeaHil aHas1i3 3acBiuye 3HAYHY Pi3HU-
[[I0 B METOZ0JIOT'] MXK HepeJIATUBICTCbKOI KBAaHTOBOI MeXaHIKOI Ta peJid-
TUBICTCHbKOI0 KBAaHTOBOW Teopi€to noJss. Ockibku norteHnian V(r) y piBHSH-
Hi lllpoauHrepa 1jiJIkOM JOBIJIbHUM, HEPEJATHUBICTCbKA KBAHTOBA MeXaHiKa He
BCTAHOBJIIOE 0OMeXXeHb Ha BUIVISLZ, B3AEMO/III B peajibHOMY CBITi. Ajie IOHHO MU
6a4yuJ/Iy, IK KBAaHTOBA TeOopis M0Jis1 BUCYBAE AYKe »KOPCTKi BUMOTH 10 IPUPOAU
(a60 HaBnaku). PaKTUYHO, 3 HALLIOTO 0OGrOBOPEHHS BUIIJIUBAE, 1[0 €M HA 33743,
sKa 3a/MIInIach y Qi3Ulli YacTOK, MOJIATAE B CKJIaJaHHI epesiKy eleMeHTap-
HUX YaCTOK, BUMipIOBaHHI IXHiX Mac Ta KOHCTAHT 3B’13Ky. MO>KJIMBO, TaKa TO4YKa
30py I'pilluTh HA/IMipHOIO CAMOBIIEBHEHICTIO, ajie caM akT ii icHyBaHHs, Bove-
BU/Ib, 03HAUAE, [0 Qi3UKH 3HAXOAATHCS Ha NPABUJIbHOMY IIJISAXY A0 MOOYA0BU
dyHAaMeHTaNIbHOI Teopil.

Marouyu Habip 4acTOK Ta iXHiX B3aEMO/il, MU 11ie TOBHHHI OTPUMATH 3 TEOPii
pe3yJIbTaTH, AKi MOKHa MOPIBHATH 3 eKCIIepUMEHTOM. Ik HaM IPOBeCTH aHaJIi3
KBAaHTOBOI MeXaHiku noJis i3 B3aemogieto? bysio 6 1o6pe, sK6KU MU MOIJIM 3Ha-
WTH ABHI pillieHHA NPUHAWMHI JJ191 KIJIbKOX IPUKJIaZiB (TO6TO 06YHUCIAUTH TOUHI
BJIACHI 3Ha4YeHHs 1 BJIacHI BEKTOPH, K Iie POOUJIM JJis BiIbHUX Teopilt), 100
OTpUMAaTH ysIBJIEHHS PO BJIACTUBOCTI TeopiH i3 B3aemoziero. Ha »kaJb, e npo-
CTille cka3aTH, Hixk 3poouTu. Ham HeBigoMi TouHO BHUpillyBaHi (iHTerpoBaHi)
Teopil noJid i3 B3aEMO/Ii€l0 B IPOCTOpi-yaci 3 po3MipHICTIO TOHA/ [ B4, | HABITH
iHTerpoBaHi MoZiei 3i cneniaJlbLHUMY CUMETPIAMU Ha/I3BUYAMHO CKJIajHi. Bu-
BUEHHSI TaKUX TeOpii 6ysi0 6 LikaBUM, IPOTE HABPS/ YU BapTe 3yCUJIb HA 11bO-
My eTani. HaTtomicTe MU noBepHEMOCA A0 NPOCTILIOro i MPUAATHOTO A0 3aCTO-
CYBaHH# B 3araJibHOMYy BUIIAZIKy NiAX0AY — a caMe, pO3IVIAJaTUMEeMO raMiJIbTO-
HiaH B3aeMozii H,; K 30ypeHHsI 1 064U CI0BaTUMEMO HOTO BIJIUB 32 TEOPIi€EIO
30ypeHb y NPUNYILIEHHI, 1[0 KOHCTAHTa 3B’I3KY AOCUTb MaJja AJis OTpUMaHHS
pPO3YMHOTO HabJMKeHHs 10 TOUHOI BifgnoBiai. I cnpaBai, nepTyp6aTuBHUM paj
MaTHMe Jy:Ke MPOCTY CTPYKTYpPY, a pelinmMaHosi diarpamu J03BOJISATb HAOYHO
NpeACTaBUTH ePeKTHU BiJj B3AEMO/|ii y IOBIJIbHO BUCOKOMY NOPAJKY HaOJIM>KEH-
HA.

Take cnpolleHHs1 NepTypOaTUBHOTO PSAAY B PeNATUBICTCHKIN Teopii moJis
O6y/10 BU3HAaUHUM JocsAirHeHHSIM ToMoHary, llIBinrepa i ®eiinmana.’® [lns oTpu-
MaHHS 11bOTO CIPOILEHHSI KOXKEH 3 HUX He3aJleXkHO 3HauIoB cnoci6 nepedop-
MYJIIOBaHHSI KBAHTOBOI MeXaHIKU 3 yCyHeHHSIM 0COGJIMBOI poJii 4yacy, a BiATak
3aCTOCYBaB HOBY TOYKY 30Dy, 1100 MpeJCTaBUTH KOXKEH 4JeH NepTypOoaTHBHO-
ro psay siKk mpocTopoBo-4yacoBui npouec. ¥ Posaini 9 (Tom II) Mu po3BuHeMO
KBaHTOBY TE€OPIil0 M0J151 3 TPOCTOPOBO-4aCOBOI TOYKH 30pY 32 METOA0M (hYHKYI0-
Ha/1bHO20 iHmerpysaHHs PeiiHMaHa. A B IOTOYHOMY PO3/AiJi i eMo NPOCTilIUM
ILIJISIXOM, yneplie po3po6/ieHuM JlailcoHOM, 11106 OTpUMaTH IPOCTOPOBO-YaCOBY

SIcropuuny goBifKy npo BHecok TomoHary, llIsinrepa, ®eiitnmana i Jlaiicona aus. y [50].
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KapTHUHY Teopii 30ypeHb 32 JONOMOT010 3BUYalHOI TEXHIKM KBAaHTOBOI MeXaHi-
KU.

§4.2. Ilepryp6aTUBHUH PAA A KOPeJaALiMHUX QYHKLIN

[TouHeMO BUBYEHHS Teopil 36ypeHb /1J1s1 MOJIiB i3 B3aEMO/i€l0, HALIIMBIIUCH HA
dopmariaM, IKUH L,03BOJUTh HAM YHAOUHUTHU NePTypOATUBHI pSAAU SIK TPOCTO-
poBo-yacoBul npoiec. He noTpebyo4r neperisiiy BCi€l KBAHTOBOI MeXaHiKH,
MU, IpOTe, NepeOpPMyIIOEMO 3a/I€KHY BiJi Uacy Teopito 36ypeHb y 3py4Hiil s
Hauoi MeTH Gpopmi. FAcHO, 1110 B KiHLIEBOMY NiICYMKY MU XO4€MO OOYUCIUTH Te-
pepi3u po3CisiHHA Ta IIMPUHHU po3Mnajy. Ajie Hapa3i MOCTaBMMO MeHII aMbiljiiHy
3a/a4y i cnpobyeMO 00YMCAUTH HanpocTimy (ase i abCTpaKTHIlly) BeJIUYH-
Hy — 080mMouK08y KopeaayiliHy gyHkyit abo deomoukosy gyHkyito IpiHa

(QUTO)(¥)[Q) (4.10)

B Teopii ¢*. Mu BBesu no3HavyeHHs |{)) /1 OCHOBHOTO CTaHy Teopii i3 B3ae-
MO/i€10, IKe B 3araJibHOMY BUNAJKY BiZIpi3HAETHCA BiJl OCHOBHOI'O CTAaHY BiJib-
Hoi Teopii |0). CUMBOJ1 XpOHOJIOTTYHOTO yropsAKyBaHHs T 3anpoBa»KeHO AJ1s
nozAasbuioi 3pydyHocTi. Kopensuiliny ¢oyHKIito MoxxHa $i3U4HO iHTEpIpeTyBa-
TH K aMILUIITYAy PO3MOBCIOPKEHHS YaCTKU ab0 30y/PKeHHS MoJis MiXK Y Ta X. Y
Bi/JIbHIN Teopil 1je € mpocTo npomnaratop PeliHMaHa:

d4p ie_ip'(x_y)
(2m)* p?2 —m?2 + ie

OITOCISO)0)gee = Drx =) = | (4.11)
Mu xoTisiu 6 3HaTH, SIK 3MIHIOETbCS Liel BUpa3 JiJis Teopii i3 B3aeMogiero. [Ipo-
aHaJli3yBaBLIX JJBOTOYKOBY KOpeJssALiiHy QYHKIil0, MU JIETKO y3araJibHHUMO pe-
3yJIbTaTHU Ha KopeJisaliiiHi GyHKILil BULIOT0 NOPSAAKY, AKi MICTUTUMYTb OiJjblie
JIBOX MOJIbOBUX onepaTopiB. ¥ §§ 4.3 i 4.4 MU PO OBKUMO aHAJi3 KOpesIiii-
HUX QYHKIIH i /15 X 064K CcIeHHs 3a Teopi€to 36ypeHb po3pobumMo popmaliiam
dertHMaHoBUX Aiarpam. Jlasi, B §§ 4.5 i1 4.6, My HaBYMMOCS 3 AOTIOMOTIOIO Ti€l XK
TeXHiKM 004YHC/II0BATH Nlepepi3r pO3CiAHHSA | LIMPUHU pO3MaAy.

Bepyuuch 10 3a/a4i, 3anuuieMo raMisibToHiaH Teopii ¢*, Ak

A
H = HO + Hint = HKlein—Gordon + f d3X E ¢4(X)' (412)
Mu xoyeMo OTpUMAaTH BHpa3 JJisd ABOTOUYKOBOI KopessanidHol ¢yHkii (4.10)

y BUIJISAI psiy 3a cTeneHsMU A. [aMisibTOHiIaH B3aeEMOJii Hi,; 3yCTpidya€eTbCcA y
(4.10) nBivi: mo-nepiie, y BU3HaA4Y€HHi rai3eHOEPIroBOT0 MoJIs

(I)(x) — ethq)(X)e—th; (413)
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Mo-Apyre, y BU3HaUeHHi OCHOBHOTO CcTaHy |{)). Mu Maemo BupasuTtu ¢(x) i |Q)
yepe3 BeJIMYMHH, SKMMH BMIEMO MaHiMyJ/l0BaTH, a caMe — 4yepe3 olepaTopu
BIJILHOTO 110JIS1 Ta BAKyyM y BUIbHiN Teopii |0).

[IpocTime noyatu 3 ¢G(x). Y KoxxeH PpikcOBaHMK MOMEHT 4acy to MU MOXKEMO,
SIK 3BUYAWHO, PO3KJIACTU ¢ 32 CXOJ,0BUMHU ONlepaTOPaAMU:
d3p 1 ip-x T ,—-ipx

—(ape” " +aye .

(21_[)3 \/Z_Ep( P p )
Toni, w06 otpumatu ¢(t, X) Anda t # ty, NIPOCTO NepexofuMo A0 KapTUHU [ai-
3eHbepra:

ot =

d)(t' X) — elH(t_to)q)(to, x)e—lH(t—to)
Jns A = 0 raminbroHiaH H 36iraetbcs 3 Hy, i ToAi MaeMo
_— iHo(t-t —iHo(t—to) —
d(t, X)|,_, = e P(to, x)e ) = (¢, x). (4.14)
Axuo A € Mano BeJIMYMHOIO, TO Lied BUpas yce 1ie JaBaTUMe HalBaXK/IUBILLY
YaCTHHY 4acoBoi 3aeXXHocTi ¢ (x), TOMy 3py4HO NPUNUCATH 11 OKpeMy Ha3BY:
noJie B kapmuHi 83aemodii ¢,(t, X). OCKiJIbKM MU MOkKeMO JiaroHasnisyBaTu Ho,
TO JIETKO BUIIUCATH ¢, AABHO:

q)l(tOl X) = f P + ageip.x)lxozt—to ) (415)

dcp 1
3 (ape
(2m)° J2E,
[le 3HalloMHI HaM BUpa3 AJis BijibHOTO noJis 3 Po3ziny 2.

Tenep 3azja4a noJsisirae B ToMy, 11106 BUPa3UTH [TIOBHe raii3eH6eprose noJie ¢
yepe3 ¢,. PopmanbHO Lie €

q)(t: X) — eiH(t_tO)e_iHo(t_tO)q)I(to, X)eiHo(t—to)e—iH(t—to) =

: (4.16)
=U (t, to)(l)l(to, X)U(t, to),
A€ MU BU3HAYHUJINU YHiTapHI/Iﬁ orepaTtop
U(t, to) = efoltto)gmtilt=to), (4.17)

BiJIOMMH, SIK IpoNaraTop y KapTHHi B3aeMo/ii abo onepaTop 4acoBOI €BOJIIOLLI.
Mu xoTinn 6 Bupasutu U(t, ty) LiJKoM depes noJje ¢;, A1 AKOT0 iCHye ABHUU
3alKC y TepMiHax cxo0BUX onepaTopis. /g nporo BigzHauuMo, mo U(L, tp) €
€JMHUM pillleHHAM 3BU4alHOro AudepeHLiiHoro piBHAHHA (piBHAHHA Lpoau-
HI'epa) 3 Mo4YaTKOBOI yMoBo1o U(ty, tp) = 1:

0 . .
iaU(t’ to) — eLHo(t—to)(H _ HO)B—LH(t—tO) —

— eiHo(t—to)(Hint)e_iH(t_to) = (418)
— eiHo(t—to) (Hint)e—iHo(t—to)eiHo(t_tO)e_iH(t_to) =

H;(H)U(t, to),
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ze
H[(t) —_ eiHo(t—t())(Hint)e—iH()(t—to) —

A 4.19
f d3X ﬂd);}(t' X) ( )

€ raMiJIbTOHIaHOM B3a€EMOZii, 3aIMCaHUM Yy KapTUHI B3aeMo/il. PinieHHd 1bo-
ro audepeHniiHoro piBHaAHHA Anasa U(t, to) moBuHHO MaTtu Burasan U ~
exp(—iH,t); ue 6ysi0 6 noTpi6bHOI0 HaM dopmMmysorw A U dyepes ¢,. [lirouu pe-
TeJibHillle, TOKaXKeMo, 1[0 Iie PillleHHs € CTeIEHEBUM Psi/iOM 3a A:

Ut to) = 1+ (~0) f dty Hy(t) + (~0)? ] dt, f dt, Hy(t)H, (t) +
fo ot (4.20)

t t1 t2
+ (—i)3fdt1fdt2fdt3 H;(t)H(t2)H(t3) + -+
to to to

[I106 nepecBifYMTHUCH Y I1bOMY, IPOCTO Bi3bMeMO MOXi/JHY 32 YaCOM i mo6auu-
MO, 1IJ0 KOXKEH YJIeH ps/ly Ja€ nonepe Hi 4ieH, noMHOKeHU Ha —iH,(t). Ilo-
yaTkoBa yMoBa U(t, tp) = 1 gnat = t,, 6e3nepeyHo, JOTPUMaHa.

3a3HauMUMo, 1110 MHOXKHUKHU H; B (4.20) po3TallloBaHi y XpOHO10T{YHOMY no-
psA0Ky — Ni3HIIWK 3aBXAM 3HAXOAUTbCA JiBille. lle 103BoJIsIE iICTOTHO CIpo-
CTUTHU BUPA3, CKOPUCTABIIUCH CUMBOJIOM XPOHOJIOITYHOIO yNnopsaAKyBaHHA T.
Hanpuknian, yieH H,2 MOXKHa 3aIlucaTu

fdt1 jlalt2 H(t)H, () = %fdtlfdtz T{H;(t)H,(t2)}. (4.21)

[loaBiMHMM iHTerpas y paBil YaCTUHI BpaxOBYE BCe iBivi, OCKIJIBKU B t1t,-11J10-
wuHi niginterpanbuuil Bupas T{H;(t1)H;(t,)} cuMeTpUYHU BiJHOCHO NPSAMOI
t, = t, (auB. Puc. 4.1).

AHaJIOr'iYHa TOTOXHICTBb ClipaBe/JInBa i [Jif 4eHiB BULUX TOPALAKIB:

tn-1

t t1 t
1
fdtlfdtz‘“ j- dthI(tl)“'HI(tn) = Efdtl‘“dtn T{H](tl)“'HI(tn)}.
to tO

t(] tO

Xoya 11e¥l BUMaI0K JAel0 CKJIa/iHillle 306pa3uTH HA0YHO, ajie HEBAXKKO MepeKo-
HaTHUCH, 10 piBHICTh npaBuJbHA. 3 ii JonoMorotw MoxeMo 3anucatu U(t, ty) B
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t

t
t Jdt1jdt2 [IOKpMBa€e yBech
KBaj[pat
to

t 1

. e thjdtz

to to
TIOKPMBAE JIMIIIE
HIKHIV TPUKYTHUK

toT

. : t
to t

Puc. 4.1. TeomerpuyHa inTepnperaris ¢opmy.au (4.21).

Ha/I3BUYAaMHO KOMIIAKTHIN ¢popmi:

Ut, to) =1+ (i) J dt, H(t1) +

to

(_2? f dtrdt; T{H,(t)H ()} + -+ = (4.22)

= T{ exp [ - if dt’ Hl(t,)l},

Jle XpOHOJIOT'{YHO YyNOopsiZIKOBaHA €KCIIOHEHTAa BU3HA4Ya€eThCA K psj Tednopa,
KOX€eH YJIEH SIKOT'0 XPOHOJIOTIYHO YOPSAAKOBAHO. B pea/ibHUX 064YMCIEHHAX MU
36epiraemo Jivile KijibKa Mepiivux 4aeHiB 1IbOro psiAy; XpOHOJIOI'iYHO YIOpS-
KOBaHa €KCIIOHEHTA € MPOCTO KOMIIAKTHUM 3allMCOM, 1110 J03BOJISIE JIETKO 3a-
nam’siTaTy NOTPi6HUIN BUpa3.

Tenep mu onanyBasiu ¢p(t, X) — 3anucasiu HOro, 1K i BUMarasaocs, iJikoM ye-
pe3 ¢,. [lepw Hixx nepeitTH 0 po3riaAAy |(1), 3py4yHo OyAe y3araJbHUTH BU3Ha-
yeHHs U, A,03BOJIMBIIM MOTO APYroMy apr'yMeHTOBI NpuiMaTH iHlIi 3HAaYeHHS,
OKpiM ,uacy BiaJiky"“ to. Take BU3HAYE€HHS I[IJIKOM OYeBUHE:

+

Ut t') = T{ exp [ —i f dt’ H,(t")l} t=t). (4.23)
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3BiJicM BUIJIMBAE KiJibKa BaXXJIMBUX BJacTUBOCTed onepaTtopa U(t, t'). Ilepe-
JIOBCiM, BiH 3a/10BOJILHSIE TOMY K caMoMy U depeHIiiHOMY piBHSIHHIO (4.18):

0
i&U(t, t") =H;(t)U(t, t"), (4.24)
aJle Temnep 3 NOYaTKOBOW yMOoBow U = 1 i t = t'. 3 1poro PIBHAHHA MaEMO

U(t; t,) = eiHO(t_tO)e_iH(t_t,)e_iHO(t,_tO)p (425)

i ne foBoauUTH, o U € yHiTapHuM. HapeiuTi, asis U(t, t') BUKOHYIOTbCS TaKi TO-
TOXHOCTI (pu t; = t, > t3):

U(ty, t2)U(t, t3) = U(ty, t3);  U(ty, t3)[U(t, t3)]Jr =U(ty, t2). (4.26)

Tenep Mu MoxxeMo nepeiTH Jj0 po3rasany |Q). OckiibKH |(1) € OCHOBHUM CTaHOM
H, ioro Mo»<Ha BUOKPEMHUTH 3a JONOMOTr0I0 HACTYIHOI NpoLeAypH. YABIMO, 1110
N0YaTKOBUM CTaHOM € |0), OCHOBHUH cTaH H, i cucTeMa eBOJIIOLIIOHYE MiJ Ji€10
H:
eHe10) = )" e |n)(n|0),
n

Je E, € B1acHUMU 3HauyeHHsAMU H. MycruMo npunycTuTy, 1o |{1) nepekpuBae-
ThcA 3 |0), To6TO (2]0) # 0 (AK1I0 Le He Tak, TO H; B )KOJAHOMY CEHCi He MOXHa
BBaXKaTH MaJIUM 36ypeHHsAM). ToAi BUIleBKa3aHUM psJ MICTUTS |(1), i MU MOXe-
MO 3allUcaTH

e"7]0) = e FTANQI0) + ) e m)(nlO),

n+0

ne Ey = (Q|H|Q). (HynboBa eHeprisa BusHavyaeTbcs ik Hg|0) = 0.) Ockinbku
E, > E, nns Bcixn # 0, MU MOKeMO 1030y TUCS BCixX uieHiB 3n # 0, HabJyM»Karo-
YU T [0 00 Y HANPSIMKY, TPOXH BiAXUaeHOMY Bif AificHOi oci: T — oo (1 — i€). Tozi
eKCIOHEeHL[iHHUHA MHOXKHUK e~ *F»" HaiinoBinbHile cnagae gasan = 0:

1) = lim (e ®%(Q|0))”" e~7|0). (4.27)

T-00(1-i€)

OckinbKY Tenep T fyKe BeJIMKe, MU MOXXeMO 3MiCTUTH KOT0 HAa MaJly KOHCTaHTY:

Q) = lim (e En(+t)(Q0)) " e H(HD)| ) =

T->00(1—i€)

= lim (e #no=C0)(Q0)) " e H o~ (D g iH (Tt 0y = (4.28)

T->00(1-i€)

= lim (e #t=C9QI0)) ™" U(to, —1)|0).

T-00(1—i€)



§4.3. llepTyp6aTUBHUM pAA AJi KOpeasALiHHUX QYHKIIN 105

Y napyromy psaky Mu BUKopuctanu Hy|0) = 0. AKio BiAKMHYTHU C-4UCIOBUHA
MHOXXHHUK [T0NIepeay, el BUpa3 BKa3ye, 1110 MU MOXKeMO OTpUMaTH |(1) uepes Jiito
onepaTopa eBoJitonii U Ha cTaH |0) Bif yacy —T f10 4acy to. Tak camo MU Mo>keMo
BUpa3uTH ({1| Ak

(@ = _lim (O]U(r, to) (e "En0=CD(Q|0)) . (4.29)

T—-00(1—i€g

36epeMo pa3oM yci YaCTUHU ABOTOYKOBOI KopessiiiHoi ¢pyHkuil. Tumyaco-
BO NpUIYCTUMO, 110 x° > y° > t,. Toai

@USEOMIN = lim (7 (0]0)) ™ (OIU (T, to)x

x [Ux°, t)] b, (U, to)x
x [UG°, t)] ', 0IUGY, to)x
X U(to, —T)|0)(e~En0=CD(q)0)) ™" =

= lim_([ol)[e C0) ™

T—>00(1-i€)

X (0]U(t, x") b, () U(x°, ¥ ), (U (y°, —1)|0)
[le Masi0 6 NPOCTIilIMM BUTJISAA, AKOU He IPOMi3IKMA MHOKHUK nonepeay. [1lo6
n030yTUCh HOr0, PO3/iJIMMO BUPaA3 Ha OJUHUIIIO, IPe/ICTaBJieHy y popMi

1 =Ql0) = ({0])[2e™ @)™ (0|U(x, to)U(to, —T)|0).
Toai Hama popmyaa (Bce me g x° > y°) HabyBae BUrIALY

. {0]U(T, x) b, (U (x°, y)) b, (NU°, —1)|0)
Q|d(x Q) = lim .
(@ISR = lim O =108
Tenep 3BepHEMO yBary, 10 BCi [10Jis B 060X YaCTUHAX BUPa3y XPOHOJIOIiYHO yII0-
pajkoBaHi. Lle Takox cipaBea/nBoO i g Bunazaky y° > x°. Takum unHoM, Mae-
MO OCTaTOYHUI BUPa3, AIMCHUMN 1Jist 6yab-akux x° i y°:

Q| T{ddM}Q) =
OIT{o, o, exp[ =i fde O] 5

(4.30)

= lim

T-00(1-i€)

o T{exp [ - lf dt H,(9)]}10)

[lepeBara po3misiiy XpOHOJIOT'iYHUX AO0OYTKIB 04eBHUAHA — Lie JI03BOJISIE BCTa-
BUTH Oy/ib-1110 mif 3Hak T-onepaTtopa. Cxoxa popMysa cripaBe/JiuBa i AJis BU-
IUX KopesAliiHux QyHKIIN Bij J0BiIIbHOTO YKMc/Ia MOJIB; /11 KOXKHOTO J10/a-
TKOBOT'0 MHOKHHMKa ¢ y JIiBil 4aCcTHHI Tpeba BCTaBUTH [10JaTKOBUN MHOXKHUK
¢, y npaBy 4acTuHy. Hapasi oTpuMaHuil BUpas 1ie TOYHUH. AJle Telnep BiH iJe-
QJIbHO MiAXOAUTH JJisi BUKOHAHHS MEePTYpPOAaTUBHUX 0O6UYMC/IEHb — CJif, JIUlIe
36eperTy NOTPiOHY KiJlbKicTh 4ieHiB y psaji Teisopa AJis eEKCIOHEHTH.
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§4.3. Teopema Bika

Mu 3Besiu po6JieMy 064YUCTIEHHA KOpeasainHuX GYHKIINA 10 06UYUCTIeHHS BU-
pasiB BUITIALY

(0] T{q)l(xl)q)l(xZ) q)l(xn)}'O)»

TOOTO BaKyyMHHUX CepeJiHiX BiJi XpOHOJIOI'iYHO YNOpAJKOBAaHUX AOOYTKIB CKiH-
YyeHHOI (aJsie 0Bi/IbHOI) KiZIbKOCTI BiJIbHUX MOJIbOBUX omnepaTopiB. [lpun = 2
el BUpas € NpocTo peMHMaHOBUM NponaraTopoM. [lji BeJIMKUX N L0 BeJIUYH-
HYy MO>Ha 064YMCJIUTH HANpPsAMY, PO3KJIaBIIM ¢, yepe3 cxoZ0Bi onepaTopH. [Ipo-
Te B [IbOMYy Ta HAaCTYMHOMYy naparpadax MU 3Hal1eMo Cocib rpaHU4YHO CIpo-
CTUTH TaKi 06UYUCTEHHS.

3HOBY posmissHeMO BuNajok ABox noJis, (0| T{},(x1)P,(x2)}|0). Mu Bxe
3HAEMO, K OOYMCJIUTHU LI0 BeJMYUHY, IPOTe 3apa3 BOJIJIKA O NepenucaTH BHU-
pa3 y dopmi, 3py4yHill K AJs pO3paxyHKIB, TaK i JiJisd y3arajJbHeHHsI Ha BH-
naZok 6isibuie Hix ABoX noJiB. Ilo6 3pobuTH Le, po3kaagemo noje ¢,(x) Ha
NO3UTHUBHO- Ta HEI'AaTHUBHO-YaCTOTHI YaCTUHU:

d;(x) = & (0) + &7 (%), (4.32)
ze
¢1( x) = .[ (21_[) \/— _lp.x;
_ 1 'l- +ip-x
¢,()f(2) e

Taky AeKoOMIO3Ul1li10 MOXKHA 3pOOUTH Jis1 6y/ib-sIKOTr'0 BiJibHOTO N0Jisl. BoHa Ko-
PUCHA, OCKIJIBKU

d;(0)[0)=0 i (0|p; =0,
Jlns npukaany posriasaHemMo Bunagok x° > y°. XpoHosioriyHuii o6yTOK JBOX
M10JIiB MA€ BUTJIA/]

To, ()¢, () <I>1 (O () + b7 (Db (1) +
+ &7 ()7 () + by ()P (v) =
b7 D7 ) + by (D7 () + by ()P () +
+ &7 ()P ) + [¢] (%), by )]

Y KOXHOMY 4J/IeHi, 3a BAHATKOM KOMYTaTOpa, BCi ap 3HaX0AAThCA IPpaBoOPyY Bij
ycix CLT Taki foiaHKH (SIK, TpUMipoOM, (aJr aTakal)) Ha3UBaKTb HOPMA/AbHO 8NO-
pﬂﬁkoeaHumu i BOHU MalOThb HY/JIbOBE BaKyyMHe cepeJiHE. TaKk0o BU3HAYKMMO

(4.33)
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CUMBOJI HOpMaJIbHOT0 ynopsiikyBaHHs N(), 1110 po3Milllye B HOpMaJibHOMY I10-
PAAKY BCi onepaTopH, Ha [Ki BiH fie. Hanpuknag,

N(apafaq) = afapaq (4.34)

llopamok a, i aq y npaBid YaCTHHI He Ma€ 3HA4YeHHH, OCKIJIbKM BOHHU
KOMYTYIOTb.'®

K110 HaTOMiCTh MM po3risgsHeMo BUnagok y° > x°, to orpumaemo Ti % ca-
Mi YHOTUPHY HOPMaJIbHO BIOPSI/IKOBaHI uyeHy, 5K i B (4.33), ajie Tenep ocTaHHii
komyTatop 6yze [¢; (v), ¢; (x)]. ToMy BU3HAUUMO 1€ O/jHY BEJTUYHUHY, 320pMKY
JIBOX I0JIiB, HACTYITHUM YUHOM:

67, "] Anax® > y°;

b(x) = 4.35
PO =0t 0n 6001wyt > )

L1 BesinuKMHA € 10CTOTY GeHHMAaHOBUM MPONAraToOpoM:
$COB() = Dr(x = ). (4:36)

3 1 bOr0 MOMEHTY MU [JI 3pYYHOCTI 4aCTO BUJIYYaTUMEMO HUKHIU iHJeKC [;
3rOPTKY 3aBX/AY MICTUTUMYTh [10J1 B KAPTUHI B3aEMOZI.

Tenep cniBBifHOIEHHA MiXX XPOHOJIOI'IYHUM Ta HOPMaJIbHUM yIOPAAKYBa-
HHSIM 3alUCYETBCSA Jy’Ke NPOCTO (MpUHAWMHI AJ1s IBOX IMOJIIB):

T{b)d()} = N{d@d() + b()d()). (4.37)

3anpoBaMBILMY HOBI TIO3HAYE€HHS, MU JIETKO OTPUMAEMO y3arajbHeHH JJiS [10-
BiJIbHOTO YU CJia M10JIiB:

T{d(x1)d(x2) -+ d(xm)} =

) ) (4.38)
= N{$p(x1)d(x2) - $p(xm) + BCi MOKIHBI 3ropTKHM}.

[l TOTOXKHICTB BioMa ik meopema Bika, i 3apa3 M ii foBegeMo. [Ilpu m = 2 ua
TeopeMa eKBiBasieHTHa piBHOCTI (4.37). ®pasa 8ci Modxc1usi 320pmKu 03HAYAE,
1110 KOXKHiH 3 MOXKJIMBUX MOTIAPHUX 3rOPTOK M MOJIiB BiANOBiZIa€ 0/IUH 0JAHOK.
OTxe, npy m = 4 (3anucyo4u g npoctoTu ¢(x,) 9k ¢,) MaeMo

T{(; Py by} = N{b1byby + b1 by dych, + br by, +

+ dm% + ¢1¢T¢3¢4 + ¢, Clm)4 + (|)1c|)2(|)?|)4 + (4.39)

—F 1 e
+ ¢1¢2¢3¢4 + ¢1d2d3P, + ¢1¢2¢3¢4}

16y niTeparypi TakoX 4acTo 3ycTpiYaEThCs Mo3HaYeHHs :d, ¢, : 3amicTb N(d, d,).
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Kos1u 3ropTka no€efjHye /iBa onepaTopH, 110 He € CYyCiIHIMH, MU BCE OJJTHO BU3Ha-
yaemo i1 9k Dr. Hanpuknag,

N{¢1¢2¢3¢4} osHa4a€ Dr(x; —x3) - N{¢2¢4}

Y BakyyMHOMY cepelHbOMY (4.39) OyAb-IKUH YJleH 3 He3STOPHEHHWMHU OIlepaTo-
pamu fa€ Hysb (ockinbku (0| N (6yab-akuid onepatop)|0) = 0). BuzkuBarOThb J1d-
111e TPU IOBHICTIO 3rOPHEHI JOJAaHKHU Y TPETbOMY PAJLKY, i BCI BOHM € C-4YUCIAMHY,
TOX

(0] T{d; b, d3$,}10) = Dp(x1 — x2)Dr (x5 — x4) +
+ Dp(x1 — x3)Dp(x2 — X4) + (4.40)
+ Dp(x1 — X4)Dp (X2 — X3).

Tenep noBenemo TeopeMy Bika, i 3po6uMo 11e 32 iHAYKIIi€I0 BiJ YKcIa MOJIB m.
Bunagok m = 2 mMu Bxe po3risgHyau. [Ipunycrtimo, 110 Teopema € BipHOIO A1

m — 1 noJiiB, i foBeJieMo 1i cipaBe/JIMBICTb AJisi m noJiiB. be3 6e3 BTpaTu 3a-

raJbHOCTI 06OMEXHUMOCS BUMAAKOM x! > xJ > -+ x0; sIKIIO L[e He TaK, MU MO-

»KeMO IPOCTO Nepeno3HayuTH TOYKH, 1110 }KOJHUM YNHOM He BIIJINHe Ha 061/ Bi
yacTuHH (4.38). Togi, 3acTocyBaBiuu TeopeMy Bika 10 ¢, --- §,,, onepxumo

T{b, dp} =y by =
= ¢1N{¢2 -+ ¢, + BCi 3ropTKH 6e3 d)1}+ (4.41)

= (¢ + $7)N{d, - d,, + Bci 3ropTKH 6e3 P, }
Mu xoyeMo nepemictutu ¢7 i ¢; A0 N{}. Jlus uneHa ¢ 1e He BUKJIUMKAE TPYAHO-
111iB, OCKi/JIbKH BiH, NepebyBalo4u 3.J1iBa, BXKe € HOPMaJIbHO BHOPSAZAKOBAaHUM. A OT
4eH 3 ¢ 1ie HAJIeKUTh IPUBECTH JI0 HOPMa/IbHOT pOPMH, IEepeCcTaBJISH0IH HO-

ro npasiuue Biz pewrtu onepaTtopiB ¢. PosryisineMo, /151 NpUKIIaZY, J0AaHOK 6e3
3ropTOK

GIN{D, - by} = N{d, -+ bpJbT + [0F N{d, - b )] =

= N{b7 b, - b} + N{[dF, b7 15+ by, +
+ §,[dF, 31, - by + o} =

= N{(I)}Ld)z Py, + (I)T(I)zdk ey +
+ m3 b, + }
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[lepminii uneH y nepeJoCTAHHbOMY PSAJKY Pa30M 3 aHaJIOI''YHUM 4JIEHOM, L0 Mi-
CTUTb ¢, yTBOPOIOTE N{p, P, - §,,}, TOk MU MaeMo nepuIMH AOAAHOK Y Ipa-
BiM YacTuHI TeopeMu Bika, a TakoX yci MOXJIMBI JOJAHKU 3 OJUHOYHOIO 3rop-
TKOIO 10141 ¢, 3 IHIIKUM noJieM. Tak caMo JoAaHOK y (4.41), 0 Ma€ ofHy 3rop-
TKY, A€ BCI MOXJIMBI YI€HH, 110 MICTATD AK L0 3TOPTKY, TaK 1 3rOPTKY MoJid ¢,
3 O/IHUM 3 pelITH noJiB. [[popo6uBIIM 1ie 3 yciMa JjoaaHKkaMu B (4.41), Mu 3pe-
IITOX OTPUMAEMO BCi MOKJIMBI 3rOPTKH BCiX 10JIiB, BKJIIOYHO 3 ¢,. OTKe, KPOK
iHAyKLil 3aBeplleHo i TeopeMy Bika noBejieHo.

§4.4. deriHMaHOBI AlarpamMmu

Teopema Bika 03B0JIsI€E HAM NTepeTBOPUTU BUPa3 TUILY

(0] T{q)l(xl)q)l(xz) q)l(xn)}'())

Ha CyMy 100yTKiB ¢peliHMaHOBUX nponaraTopis. Terep MU roToBi po3po6uTH Ji-
arpaMHy iHTepnpeTarilo Takux BUpasiB. [lepe1oBciM po3r/isiHEMO BUIIAJI0K YO-
TUPBHOX MOJIiB Y Pi3HUX MPOCTOPOBO-4AaCOBUX TOYKAX, AJIs IKOTO MU OTPHUMAJIH
piBHsAHHA (4.40). 306pa3uMO KOXKHY 3 TOYOK X7, ..., X4 Y BUIVISJZIi KPAIIKHY, 2 KOXKEH
MHOXHUK Dp(x — y) fK JiiHit0, 110 noeAHYe x Ta Y. Toai (4.40) MoxkHa npejcTa-
BUTH, IK CyMy TPbOX JiiarpaM (1[0 Ha3UBaTbCA peliHMaHosuMU diarpamamu):

1 2 1 2 1 2
(0] T{¢1¢2¢3¢4}|0> = + + // (4.42)
3 4 3 4 3 4

Xo4a L1 BeJIM4MHA He € TOYHO BUMIPIOBAHOIO, JiarpaMu J03BOJIAOTh JaTH Ha-
CTYIIHY iHTeprnpeTalilo: YaCTKA HapOMKYIOThCA Yy IBOX TOYKaX IPOCTOPY-4acy,
PO3MOBCIO/KYIOThCS B iHILI TOYKHU i TaM 3HULLYIOThCA. Lle Moxke BifOyTHCS y TpH
pi3Hi croco6u, 1110 BiiMOBi/Jal0Th TPHOM Pi3HUM MOXKJIUBOCTSIM ITOEAHAHHS TO-
YOK y Iapy, K [I0Ka3aHO Ha TpboX Aiarpamax. [loBHa ammiiTyza npouecy € cy-
MOIO TPbOX Jiarpam.

CuTyallisg ctae HabaraTo IiKaBilllolo, KOJIM BUPA3 MiCTUTb Gijibllle OJHOTO
1oJis B OJHIM i Ti#l caMiil mnpocTOpoBO-4yacoBiil Touli. ToMmy noBepHiMocs /0 06-
yucaeHHd ABoTouK0BOI QyHKLIT (Q| T{Pp(x)d(y)}| Q) 3 dopmynu (4.31). Mu irso-
pyBaTHUMeMO 3HAMEHHHUK J10 KiHI[g 11boro naparpady. YucesbHUK 3 po3KJiaje-
HOI0 B CTENTHEBUU psAJi EKCIOHEHTOIO €

OIT{d®)DG) + ()| - i f deH ()| + - }10).  (443)
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[lepuinii yneH gae pesynbratT BisibHOI Teopii (0| T{d(x)P(¥)}0) = Dr(x — y).
Jlpyruii 4ieH y Teopii ¢* mae Burnaz

OIT{0CIO0) (0 [ dt [ d*z 3:4*)10) =
<0|T{¢<x)¢<y>( ) [ ¢ze@e@o@e@}0)

Tenep 3acrtocyemo Teopemy Bika. Mu oTpuMaiu 1o oA4HOMY AOAAHKY JJid KO-
YKHOT'0 CHOCOOYy MONapHOi 3rOPTKH LIECTH onepaTopiB ¢ OAWH 3 OAHUM. €
n'ATHAAUATb CIOCO6iB 3pOOUTH 1i€, POTe (Ha 11aCTs) JMIle ABa 3 HUX CIpaB/Ai
pi3Hi. Ao Mu 3ropuynu ¢(x) 3 ¢(y), To € TpU c1OCOOU 3TOPHYTH YOTUPU D(Z)
OJIUH 3 OJJHUM, 1 BCi BOHH JIal0Th OJIHAKOBI BUpPa3H. [HIIa MOXJIMBICTD MOJIATAE
B TOMY, 11106 3ropHYTH $(X) 3 ogHUM i3 P(z) (WoTupHu BapiaHTH), $(y) 3 0 JHUM
i3 iHmux ¢(z) (Tpu BapiaHTH) i pewiTy ABa ¢(z) Mixk cob6oto (0AMH BapiaHT). €
JIBAaHAALATh CIIOCOOIB 3pOOUTH 1ie, i BCi NIpU3BOAATH 10 OJHAKOBUX BUpasiB. ¥
MiJCYMKY MaeMO

OIT{6CI00) (D [ dt [ d*z 3 ¢%)i0) =
=3- < 4?\) Dr(x —y) f d*zDp(z — z)Dp(z — 2) + (4.44)

+12- ( 4?) J d*zDr(y — 2)Dp(x — 2)Dr(z — 2).

Mu Kpale 3po3yMieMo el BUpa3s, AKILO IPeACTaBUMO KOXKEH HOTO0 YJIeH AK
dellHMaHOBY JiiarpaMy. 3HOBY 300pa3uMO KOXXHY MOT0 3ropTKy Dr y BUIVISAAI
JIIHII 1 KOXKHY IPOCTOPOBO-4aCOBY TOYKY AK Kpamnky. [IpoTe Hapasi Mycumo Bij-
pi3HATH ,30BHIIIHI" TOYKH X Ta y Bif ,,BHYTPIlIHBOI" Z; KOXKHA BHY TPIiLLIHSA TOYKA
acouifioBaHa 3 MHOXXHUKOM (—i}) | d*z. IIpo nocTiiiHi MHOXHUKH MU TI0/i6a€-
MO TPOXH 3rofoM. CKOpHCTaBILIUCh 3 LIUX IPAaBUJI, 6a4MMO, 1110 HABeLeHUH BULLle
BUpas (4.44) nopiBHIOE CyMi BOX Jiarpam:

el B

T z Y

Mu nosHavyaemo JiiHil Ha [UX JliarpaMax, ik nponaramopu, 60 BOHY pe/iCTaBJis-
I0Tb aMIJIITYyAX PO3NOBCIOXKEHHSA (aHIVL. propagation) Dr. BHYTpillHI TOUYKHY, fe
3yCTpivaroThCA NiHii, HA3UBaOThCA gepwuHaMmu. OCKiNbKU Dr (X — y) € aMILIITY-
JlaMH PO3MOBCIO/PKEHHsI MXK X Ta y 1151 BiibHOT yacTku Kasiiina - Topgona, To -
arpaMy GakTH4HO iHTepNpeTyTb aHATITUYHY GOPMYITY, K MIPOLLEC HApOKe-
HH#, pO3IMOBCIO/>KEHHH 1 3HULLEHHA YaCTOK Yy IPOCTOpi-yaci.
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Tenep norJssHEeMo Ha CKJIaJHiIly 3ropTKY Bif 4ieHa A* y psaji kopensniiHoi
byHKILIT:

1 . O T &
01 5 (%) [ d'Z2dbdd [ d*w dddd [ d*u dddd|0) =
1 /—=iA
T3\ 4
XDp(z = wW)Dp(w — y)Dp(w — u)Dp(u — u).

3
f d*zd*wd*uDp(x — 2)Dp(z —2) X  (4.45)

KiznbKicTb ,pi3HUX" 3rOPTOK, SIKi AAIOTh OJHAKOBHUH BHUpPa3, € 3HAYHOIO:

3! X 4:-3 X 4-3:2 x 4-3 x 1/2

NepecTaHoBKa  PO3TALYBAHHA — PO3TAllyBaHHA — POSTAUYBAHHA  pepecraHOBKA
BEpUIMH 3rOpTOK 3TOPTOK 3rOpTOK W—u
Y Z BepIlHUHi y W BepIlHUHI B U BepILUHUHI 3rOPTOK

Jlo6yTOK [MX KOMOIHATOPHUX MHOXKHUKIB f1a€ 10 368, 6,in3bKo 1/13 Bif 3arajib-
Hoi KizibkocTi 135 135 MOKJIMBUX MOBHUX 3TOPTOK 14 onepatopiB. CTPYKTYpy
i€l KOHKPETHOI 3rOPTKU MOXXHa MpeJCTaBUTH HACTYNHOMW ,KaKTYCHOW“ Aia-

I'paMoto:
O 8u
z w Y

3 o4YeBUJHUX IPUYUH NIPUUHATO BBaXKaTH, L0 OJHA LA AiarpaMa npejCcTaBJsi€e
cyMmy Bcix 10 368 ofHaKOBUX YJIEHIB.

Ha mpakTuLi cnoyaTKy 3aBX/JAW 300paxaloThb JAiarpaMy, BUKOPHUCTOBYHOYH
il, AK MHEMOHIYHUKA METOJ, 3alUCy aHaJITUYHOrO BUpa3y. Ajie TOJi BUHUKAE
NMTAaHHA: IKa € NOBHA KOHCTaHTa? 3BMYallHO, MU MOIJIM 6 OOYUCIAWTH Ii, 9K
1le po6uJIM BUIlE, — MOCTABUTH Yy BiIMOBiJHICTh KOXXHIH BepIIMHI MHOXHUK
fd4z (—iA/4!), B3aTu 1/n! 3 pagy Teilsiopa, a OoTiM NpoOBeCTH KOMOIHATOPHUH
aHaJli3, BUNKMCABILIU JJOOYTKU MOJiB, K y (4.45), i mopaxyBaBIlU BCi BapiaHTH.
[IpoTe 1/n! 3 paay Telsopa Mailxe 3aBXKJ1 CKOpOUyE n! BiJf mepecTaHOBOK Bep-
IIMH, OTOXX MU MOeMO 3a0yTH Npo o6u/Ba 1ii MHOKHUKHU. KpiM Toro, Tunosa
BeplLIMHA Ma€ YOTUPH JIiHii, 110 NPUXOAATH 3 YOTUPHOX Pi3HUX MiCLib, i TAKUM
YWHOM pi3Hi po3TallyBaHHS UUX 3r0pTOK y pddd fat0Th MHOXKHUK 4! (K MmoKa-
3aHO BHUILlE, Y W-BEPILINHI), 1[0 CKOPOYY€E 3HAMeHHUK Yy (—iA/4!). Tomy npuiiHs-
TO 3iCTABJIATH 3 KOKHOI BepiurHoio Bupas [ d*z (—i)). (Lle i nosicHioe npucy-
THicTb 4! mpu KoedinieHTi 38’A3Ky /14 B3aeMogii ¢p*.)

[l BUILleHaBeJleHOI AiarpaMu Iif CxeMa Jla€ KOHCTAHTY, 3aBeJIMKY 4depes3
MHOXHHUK 8 = 2 - 2 - 2, AKUI Ha3UBA€ETbCA pakmopom cumempii piarpamu. /Ipa




112 Posain 4. [losis i3 B3aemogieto i peHMaHOBI AiarpamMu

MHO>XHUKHU 2 NOXOAATH BiJl JIiHI{, 1[0 TOYUHAKOTHCSA ¥ 3aKiHUYIOThCS B TiH ca-
Mill BepllMHi, 60 JiarpamMa CUMeTpHUYHa BiJHOCHO NepeCcTaHOBKU JBOX KiHI[iB
TaKHUX JiHiA. OCTaHHIA MHOXXHUK 2 BUHUKAE BiJ| MOEAHAHHA W 3 U IBOMA NPO-
naraTopaMmu, OCKiJIbKH JjiarpaMa CMMeTpUYHa [PU B3aEMHIW NepecTaHOBIi LUX
JBOX JIiHIN. TpeTii MOXKJIUBUU TUIl CUMETPii BUIIJINBAE 3 €KBIBaJIEHTHOCTI BOX
BepuivH. [[lo6 oTpuMaTH NpaBUJIbHUK NOBHUU MHOXXHUK, MU A1JIMMO Ha PaKTOp
CUMeTpIi fiarpamMu, IKMH y 3araJlbHOMY BUNAAKY JIOPiBHIOE UM CJY CIIOCOOIB me-
pecTaHOBOK KOMIIOHEHTIB, 1[0 He 3MiHIOIOTh Jliarpamy.

Bisib1I0oCTi 3 Bac HiKOJIU He [J0BE/IEThCSI 00UMC/II0BATH JiarpaMu 3 GaKTOpPOM
cuMeTpii 6i1bLIKMM 3a 2, TOMY HEMa€e MOTPe6U 3aHAATO epeiMaTUC LIUMHU Te-
XHIYHUMU JleTaJsaMU. [IpoTe HaBeieMo KisibKa PUKJIAZiB, 106 NPOJAEMOHCTPY-
BaTH 3aCTOCYBAaHHA LIUX IIPABUJIL:

() §=2
x Y
CXO §=2-2-2=8
N
z y S=31=6
_/
@ §=31-2=12

T Y

[Ipy HassBHOCTI CyMHIBIB B 3aBX/JJ1 MOKeTe BU3HAYUTH PaKTOp CUMeTpii,
niZipaxyBaBIlY eKBiBaJIeHTHI 3rOPTKH, K Lie pOOMJIOCA BUIILE.

Termep Mu rortosi nificyMyBaTy Hallli paBuJa AJid OTPUMaHHA YUCEeJbHUKA
BUpasy (4.31):

CyMa BCiX MOXJ/IMBUX AiarpaM
3 IBOMa 30BHIillIHIMH TOYKaMU

I {0,000 - [ deHi©]}10) =

Jle KOXKHa JliarpamMa no6yZjoBaHa 3 MponaraTopis, BEpIIMH i 30BHILHIX TOYOK.
[IpaBusa JJig 3icTaBJeHHA aHAJITUYHUX BUpPaA3iB 3 BiANOBIAHUMHU YaCTUHAMU
JiarpaM HasuBawThbCsA npasusamu Pelinmana. B Teopii ¢* ui npasuna Taki:

1. /Jlns KoKHOTO mpormnaraTopa, x y =Dp(x—1y);
2. /1 KOXHOI BepIIUHH, Z = (—in) [d*z
3. /1y K0’KHOI 30BHILIHbOI TOYKH, To— =1;

4. Po3painuTu Ha GaKTOpP CUMETPI.
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OauH i3 cnoco6iB iHTepnpeTalii LMX NpaBuUJI OJISITA€E B TOMY, 11100 BBaXKaTH Bep-
IMHHUK QaKkTop (—iA) aMIIiTyA010 yTBOPEHHS Ta/ab0 MOTJIMHAHHSA YacCTOK y
BepuuHi. [HTerpas [ d*z nae cymy 3a BciMa TouKkaMH, fie MOXe BifiGyBaTHCs Tpo-
yec. lle € BUpa)xeHHAM KBaHTOBOMEXaHIYHOI'O NPUHYUNY cynepno3uyii: AKIL0
npoLec MoXe NMPOXOAUTH KiJIbKOMa aJbTEPHAaTUBHUMMU LIJISIXaMH, TO CJiJ do-
damu ixHi ammiTyau. s o64McIeHHs KOXHOI OKpeMol aMILIiTyAu, 3TifHO 3
npaBusamMu PeliHMaHa, Tpeba nepemMHoMcUMU aMILIITYIU (IponaraTopu Ta Bep-
IMHHI GaKTOpH) AJiS KOXKHOI He3aJIexKHOI YaCTUHU IPOLeCy.

OckiJIbKHM 11l MpaBuWJia HAllMCaHi B TepMiHaxX NIpOCTOPOBO-YACOBUX TOYOK X, Y
i T. 7., IX iHOA] Ha3WBawTb npaguiamu PeliHMaHa y KOOPOUHAMHOMY NPOCMOPI.
s 6isbIIOCTi 064MC/IeHb MPoOCTillle cpOpPMYJIIOBATH Lii MpaBuUJia B iMIy/JIbCHO-
My OPOCTOPI, 3aCTOCYBaBLIM NepeTBopeHHs Pype 10 KOXKHOTO ponaraTopa:

d*p i
(2m)* p2 —m? + ie

Dp(x—y) = e~ Py, (4.46)

3006pa3uMo Lie Ha AiarpaMi, MOCTaBUBILHU Y BiOBIAHICTb 4-iMIYyJIbC P KOXKHOMY
npomnaraTopy i BKa3aBIIU HaNpsAMOK cTpinkoto. (Ockinbku Dp(x—y) = Dp(y—x),
TO HaNpPsIMOK iMnysibcy p AoBibHUE.) ToAi, K10 YOTHUPHU JiHii 3ycTpiyatoTbcs
y BEPLIKHI, TO Z-3a/I€KHi MHOXKHUKH JiaIrpaMU €

Py
> d4Z e—lpl~ze—1p2~ze—1p3-ze+1p4~z —

X o (4.47)
’ = (2m) 6" (py + Py + D3 — Do)

[HaKIIe KaXKy4H, iMIyJibC 36epira€ETbCs B KOXKHIM BepiiuHi. JlenbTa-QyHKLII y
BepILIMHAX Telep MOXXHA BUKOPUCTATHU AJiA B3ATTA JedKUX iHTerpasiB Mo iM-
ny/bcax y nponaratopax. Biarak mu Mmaemo npasuia @eiinmana 8 imnys6cHOMy
npocmopi:

i
1. JISI KO>KHOTO mpomnaratopa =
A p pa, P p?2 —m? +ig’

2. Jlis KOXKHOI BEPIIMHH, = —i\;

JlJ11 KO>KHOI 30BHIIIHBOI TOYKH, = = = g~iP¥,

BuMaraTu 36epexeHHs iMIyJIbCY B KOXKHIM BEPLINHI;

d4
IHTCFPYBaTI/I 10 KO’)KHOMY HEBU3HAY€HOMY iMl‘IyJIbcy: ] (2—2;4 5
T

o 1o W

Po3zinutu Ha pakTop cuMeTpii.



114 Posain 4. [losis i3 B3aemogieto i peHMaHOBI AiarpamMu

Mu 3HOBY M0OKeMO IHTepIpeTyBaTH KOXXEH MHOKHHUK, K aMIUIITYAy Ti€l 44 iH-
1101 YaCTUHMU IIPOLeCy, a iHTeI'pyBaHHA BUIJIMBAE 3 NPUHLUIY CyNepIO3ULii.
EKCIIOHEeHLiIMHUY MHOXXHUK [/ 30BHIIIHbOI TOYKH € JOCTOTY aMILJIITYZ 010 TO-
ro, 110 YacTKa B IIill TOYlli Ma€ 3alaHUM iMNy/ibc, a60, 3a/1eXKHO BiJi HAIPSMKY
CTPIJIKH, 1110 YACTKY 3 IEBHUM iMIy/JIbCOM Oy/ie BUSABJIEHO B 1[Ikl TOYII.

lle mai>ke 3aBepllye Hall PO3IVIAJ OOYMCJIEHHS KOpeJALiMHUX QYHKILH,
NpOTe 3aJULIAETHCA Le KiJibKa He3'ssicoBaHUX MOMeHTiB. Hacamnepes, mo cra-
JIocs 3 BEJIMKUM BiZipi3KOM 4acy T, 1110 0yB y34TUH y BUrsAi (1 — i€)? Y noto-
YyHOMY naparpadi MU 1iJIKOM 3HEXTyBaJId HUM, NOYHHAIOYU 3 piBHAHHSA (4.43).
Haroay noBepHyTHCSA [10 I1bOI0 NUTAHHA Aja€ BUpas (4.47), Ae 3aMiCTb IPOCTOrO
inTerpysanHs no d*z mu 6 oTpuManu

T

lim dz° | d3ze Pr7e P2Zp s ZotPsZ
T—00(1-i€)
—-T

EkcrioHeHTa po36iraeThbes npu z° — o0 a6o z° - —o0, 32 BAHATKOM BUIA/KY,
KOJIU i apI'yMeHT € CYyTO YSIBHOI BeJIMYUHO10. [Il06 A0CATTH 11bOT'0, MOXKHA B351-
TH KOXKeH KOMIIOHEHT p° 3 MaJIo10 ysABHO yacTHHOI0: p° o (1 + i€). Ase x came

TaK MM BUMHWJIM IPU BU3HA4YeHHi rpaHUYHUX yMOB PeliHMaHa /11 004YHCIeH-
He Dp. MU iIHTEI'Dy€EMO 10 KOHTYPY, IKMM TPOXU 3CYHYTHUH BiJ AiMCHOI OCi TAKUM

yrHoM, o p° o« (1 + ig):
0
\// \f—

[Ipu nepexoni o MexXi T — o0 y nonepejHbOMY BUpa3i ABHA 3aJI€XKHICTb BiJ T,
3aaBasiocs 0, 3HUKae. [IpoTe po3rissHbEMO Aiarpamy

Y4

P4
X XD (446)

P2

JlenbTa-dyHKIiaA B niBil BepmuHi Mae Buraz (2m)*8(p, + p,), Tox 36epexe-
HHS IMIyJIbCY B NPaBill BEPIIMHI aBTOMAaTUYHO BUKOHYETHCS, | MU OTPUMYEMO
(2m)*8(0). MoxomKeHHS IbOT0 He3rpaGHOr0 MHOXHHKA JIEFKO 3pO3YMiTH, 10-
BEPHYBLIKCH JI0 KOOPAMHATHOTO NpocTopy. BiH € npocTo iHTerpasoM Bij KOH-
crauTH no d*w:

f d*w (const) « (21) - (06'eM mpocTopY). (4.49)
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Ile 03Ha4aE, L0 NPOCTOPOBO-4YacoBUM npouec (4.48) Moxe BigdOyTHUCH Y Oy/ib-
SIKOMY Miclli mpocTopy i B 6y/ib-IKU MOMEHT 4acy 3 NpoMixKy [—T, T|. KoxxHa
He36’s13Ha YaCcTHHa JAiarpaMu, TOOTO Taka, 110 He MO€AHAaHA 3 30BHILIHBOI TO-
YKO10, MaTUMe OIMH MHOKHMK (21)*8(0) = 2t - V.

BHecku B KopessilliiHy QYHKIIiI0 Biji TaKUX ZiarpaM MO)Ha Kpalie 3po3y-
MITH 3a JOTIOMOTI0I0 Jiy>Ke KpacUBOI TOTOXKHOCTI, eKCNOHEeHY[F08AHHS He38 SA3HUX
diarpam. BoHO npaijoe HaCTyNMHMM YUHOM. TUIIOBA JjiarpaMa Ma€ BUIJIA]

880 °%)  ew

i CKJIaJla€EThCSA 3 YAaCTHHHY, 1110 3B’s13aHa 3 X i ), @ TAKOX KIJIbKOX HEe3B'sI3HUX Ya-
cTUH. (OCKi/IbKM KOXKHA BeplIMHA MA€ MapHe YMCJI0 BXiIHUX JIiHiH, TO TOYKU X
Ta y MalTb OYTH NMOEJHAHI Mixk co60t0.) [Io3HaYUMO pi3HiI MOXJIUBI He3B's13Hi

YacTHUHY, 9K V.
Vi€ 8 § @ o@ (4.51)

EsiemeHTH V; BHYTPILIHbO NOEAHAHI, ajle BiJOKpeMJIEH] BiJj 30BHILIHIX TOYOK.
[Ipunyctumo, 1o Aiarpama Ha 3pas3ok (4.50) mae n; yacTuH BUrasaay V; as ko-
YKHOTO [, KpiM Ti€l YacTHUHY, 1[0 NOEAHYE X Ta Y. (¥ Oyab-gKiil Aiarpami suuie
CKiHYeHHa KiJIbKICTb Nn; Biipi3HATHMeETbCS Bij Hy4.) AKio Mu yepes V; no3Ha-
YUMO TAKO0X 8HECOK YaCTUHU V;, TO BHECOK LiJ101 JiarpaMu €

BHECOK 1—[ 1 n
) .. X —(Vl) L
3B’s13HOI1 YaCTHUHHU n;!
i

MuoxHUK 1/n;! € pakTOpoM cUMeTpii, 1110 TOXOAUTH BiJi IEPECTAHOBOK N; KO
Vi. A cyma Bcix aiarpam, siki npeJiCcTaB/AsAI0Th YHCEJbHUK Halloi GOpMyIH JJisl
JIBOTOYKOBOI KopeJislinHol pyHKILi], €

BHECOK 1 n
2 Z ’ i X _(Vl) L '
3B’13HOI1 YaCTHUHHU I lni!
i

Bci MoxMBi  BCi {n;}
3B’sI3Hi YaCTUHU

ne ,Bci {n;}“ o3Hayvae ,Bci ynopsiikoBaHi Ha6opH {ny, n,, ns, ...} HEBiEMHUX Iii-
Jux yrces“. Cyma 3B’I3HUX YaCTHH BUHOCUTBCS 3a AYXKKH i 1a€

= (Z 3B’H3Hi> X Z 1_[ nii!(Vi)"i ,

Bci {n;} i
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Zie (3. 3B’A3Hi) € CKOpOUEHUM O3HAYEHHSM [IJIs1 CYMHU BHECKIB YCiX 3B’I3HUX 4a-
CTHUH. HeBaXkKo nmepeKoHaTHCS, 1110 PELITY LibOT0 BUPa3y MOXKHA PO3KJIACTH Ha
MHOXXHHUKH (CIpoOYyiTEe MPOPOOUTH Y 3BOPOTHOMY MOPSJKY):

1 1 1
= (Z 3B’H3Hi> X Z —VH Z _V”2 z — V| =
ny! n,! n3!

ni nz ns

S (S )
(Z ap HSHI) 1_[ exp(Vy) =
)

(233;{3141 X exp Z i |- (4.52)

[[lofiHO MM MoKa3aJiy, 0 CyMa 8CiX JiiarpaM JOpiBHIOE CyMi BCix 38’3Hux Aia-
I'paM, IOMHOeHIl Ha eKCIIOHEHTY BiJi CYMU BCiX He38’13Hux AiarpaM. (Mu Maau
6 TOBOPUTH ,,4aCTUHU" 3aMiCTh ,AiarpaMu” mpaBopy4 Bij 3HaKy piBHOCTI, mpoTe
HaJjaJli YacTO HA3MBaTUMEMO OKpeMy 4YacTHHY Tex Aiarpamoto.) [padiuHo To-
TOXHICTb Ma€ BUIVIAL,

lim O T{¢,(06,0) exp [~ i [ e Hi©)]}10) =
+ 04 Lo, +...>x (4.53)

xexplg v g @ +]

Tenep posrnsiHeMo 3HameHHuk ¢dopmyau (4.31) Aasg ABOTOYKOBOI (YHKILiL.
BJaBLIKCh 10 TUX CAMUX apI'YMEHTIB, 1110 1 BUILlEe, OTPUMAEMO

(0|T{exp[—i_[dtH,(t)]}|0)=expl8 + § + @ +l

[Is1 eKCIIOHEHTa CKOPOYYEThCS 3 €KCIIOHEHTO BiJi He3B'SI3HUX JliarpaM y 4u-
cesbHUKY. OcTaTo4yHO crpolieHa ¢opMysia HAbyBa€ BUTJISAAY

QIT{d@)dN}HQ) =
_ f .0, 00 .

T Y x Y

( CyMa BCiX 3B’I3HUX Jiiarpam > _

3 ;BOMa 30BHIIIHIMM TOYKaMU
(4.54)
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Mu npoHLIM JOCUTh JOBIUM LIJIAX BiJ HOYaTKOBOro Bupasy (4.31).

[To36yBILIKCh HE3B I3HUX AiarpaM y GopMyJii AJis KopessliiHoi QyHKIii, MU
MOKeMO Ha XBHUJIKO 3pO6UTH May3y, 06 03UPHYTUCH Ha3a/, i AaTH IIUM Jiarpa-
MaM ¢i3uyHy iHTepnpeTalito. [lorssHbMo 3HOBY Ha dopmyay (4.30), AKy MO>KHA
nepenucary, ik

lim (0] T{, (b, () exp|[ i f dt Hy(®)|}10) =

T-00(1—-
= QI T{o@PM}) - _lim ([(0]0)|*e™ D).

Po3sriisijatouu 3 060X CTOPiH PiBHOCTI JiIlle 3a/1e3KHi Bi/l T YaCTUHU, MAEMO

exp [z Vi o exp | — iEo(20)] (4.55)

OCKiJIbKM KOXKHa He3B’si3Ha jliarpaMa MicTUTb MHOXHHK (2m)*8(0) = 2t -
(06’em), 11e sae HaM bopMyIy AJisl TATOMOI eHeprii BakyyMy (BiJHOCHO HYJIbO-
BOTr'0 3HAYeHHs eHeprii, BU3HauyeHoro ymoBow Hy|0) = 0):

(o6eM) [8 § @ l /[2m)*8(0)] . (4.56)

MaeMo BiJI3HAYUTH, 1110 NpaBa YaCTHHA PIBHOCTI He 3aJIEXUTh Bif T i 06’eMy;
30KpeMa, MU JI0X0AUMO 00HA/[ilJIMBOTO BUCHOBKY, 110 E( nponopuiiiHa 06'eMy
npoctopy. Y Po3zini 11 (Tom II) Mmu BusiBuUMoO, 1110 1151 GopMysia cpaB/ii KOpHUCHA.

[le 3aBepiiye Hall aHAJIi3 IBOTOYKOBOI KOpeJsisliiHol GyHKIii. Y3arajibHeH-
HS Ha BUIIi KopeJsAliiHi pyHKIil oueBUAHE:

e (4.57)
3 N 30BHIIIIHIMHU TOYKaMH

| T{¢(x1) (I)(xn)}lﬂ) _ (cyMa BCiX 3B’I3HUX ,qiarpaM>.
He3B’sA3Hi AiarpamMuy eKcnoHeHLi0IOTHCA, GaKTOPU3YIOTHCS i CKOPOUYIOThCSA 3a
cx0oxor npoueaypoto. [Ipore Hapasi MoxJ/iMBa IJlyTaHKWHA B TepMiHoJioril. ITif
,HE3B’I3HUMU" MU PO3YMIEMO JiarpaMu, 8idokpemieHi 8i0 ycix 308HIWHIX mo-
40K — TO4YHO Ti  caMi giarpamy, o i B (4.51). (BoHu iHoAi Ha3uBaTbCA ,Ba-
KYyMHHMHU OyJibOaliKaMu“ abo ,iepexo/laMU BaKyyM-BaKyyM“.) ¥ BUILUX Kope-
JALIMHUX QYHKIiSIX AiarpaMy MOXKYTb Oy TH HE3B I3HUMHU TAKOX i B iHILIOMY poO-
3yMiHHi. Po3riissHeMo, 10 NIPUKIAAY, YOTUPUTOUYKOBY QYHKILitO

QUTO b5l = + | | + X+ 2= + |

P ]
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+ §< 4 o+ >O< + - (4.58)

Y baraTbox LUX AiarpaMax 30BHIlLIHI TOYKU He MO€AHAHI 3 ycima iHwumu. Taki
JliarpaMu He eKCIIOHEHLiI0I0ThCA | He paKTOPU3YIOThCS; BOHU JJal0Th BHECOK /10
aMIIITYAM TaK caMo, K IiJIKOM 3B’13Hi fjiarpamMu (y KHUX Bifj KO>)KHOI TOUKU MO-
»KHa JiNTH 0 6y b-AKOI iHIIOI Y34,0BX JIiHi#).

3ayBaxuMo, o B Teopii ¢p* Bci kopenanilini GyHkuii Big HenapHoro yucaa
IIOJIIB JJAIOTh HYJIb, 4 OTe, HEMOXXJIMBO HAKPECJAUTHU NPUIIYCTUMY AiarpaMmy 3
HEINapHOI KiJIbKICTIO 30BHIIIHIX TOYOK. Y bOMY MOXXHA IIepEKOHATHUCA 3Bep-
HYBILMCb [0 TeopeMHU Bika: ramisibToOHiaH B3aeMozii H; MiCTUTh napHe YUCJIO
M0JIiB, TOMY BCi YJIeHH NMepTypOaTUBHOTO PSAAY HelapHOI KopessaniiHol GyH-
KLII MAaTUMYTb HelapHe 4XCc/0 10JiB. [I[poTe HeMOXJIMBO NOBHICTIO 3TOPHYTHU
HelapHe YUCJIO MOJIiB Y Iapyu — a HEeHYJIbOBE BaKyyMHe CepeJHE JAl0Th JIvIle
NOBHICTIO 3rOPHYTI YIEHHU.

§4.5. Ilepepi3s po3cisgHHA i S-MaTpULA

Tenep Mu MaeMo HazA3BUYaHHO KpacuBy ¢opmyny (4.57) Ay 064UCIEeHHS BU-
HATKOBO aOCTPaKTHOI BeJIMYMHU — N-TOYKOBOI KopeALiiHol ¢yHkuii. Hamoro
HACTYINHOIO 3a/ja4€el0 € 3HaX0/PKeHHS B PIBHIM Mipi KpacHBOTro criocoby o64ucJie-
HHA BeJIMYMH, fKI NiAfaiTbca 6e3nocepeJHbOMY BUMIPIOBAHHIO: 1ie Nlepepi3u
PO3CiIHHA Ta WIMPUHU po3najy. ¥ 1iboMy naparpadi, nicas KOpoTKOro oAy
[[MX BeJIMYMH, MU 3icTaBUMO iX (He B/lal04YMCh y 3aiiBi popMasbHOCTI, ajie Ha J10-
CTaTHbOMY PiBHi CTpOrocTi) 3 NpUMITUBHIIIOK BEJUYUHOIO — S-MaTpHLEelo. A
B HACTYNHOMY naparpadi HaB4MMOCA 06YMCIIOBATH €JIeMEHTH S-MaTpPULLi 3 BU-
KOPUCTAaHHAM peMHMaHOBUX JAiarpam.

Ilepepis po3ciaHHsA

ExkcnieprMeHTH, 1110 BUBYAIOTh MOBEJIHKY eJleMeHTapHUX 4aCTOK, 0COGJIUBO B
peJIATUBICTCBKOMY pEXHUMi, € eKClepUMEeHTaMU 3 pO3CiAHHA. Y pociigax 3i-
IITOBXYIOTH JiBA NYYKHU YACTOK 3 YITKO BU3HAYEHUMHU IMIIyJIbCaMU i criocTepira-
I0Th 3a pe3y/IbTaTOM. IMOBIpHiCTb OTPUMaHHSA Oy b-IKOT'0 OKPEMOTO KiHII€BOT'O
CTaHy MOXXHa BUPA3UTH 4epes3 nepepi3 po3CiiHHA — BEJIUYHHY, fKa € BJACHOIO
XapaKTEepUCTUKOIO 3IITOBXHYTUX YACTOK, a OTXKe, J03BOJIFE IIOPIBHATH /JBa pi-
3Hi eKCIIepUMEeHTH 3 MyYKaMU Pi3HUX PO3MipiB Ta IHTEHCUBHOCTEH.

[lepepi3 po3ciAHHA BU3HAYA€EThCA HACTYIHUM YUHOM. Po3riisHemMo MileHb
y CIIOKOI, 1110 CKJIAZAEThCA 3 YACTOK TUIY A 3 I'YCTUHOIO P, (YMCJI0 YaCTOK HA
OJMHHL0 06'eMy). CIpAMY€EMO Ha IO MillleHb IIy4YOK 4aCTOK B 3 T'YCTHUHOIO Py i
HIBUAKICTIO V.
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PB —_— PAa
S S
e:B EA
Hexaii £ 4 i 3 — AOBXXUHU NYUYKiB yacToOK. ToZi MU cniofiiBaEMocs, 1110 TOBHE YH-
CJIO MOJiN po3cisiHHA (ab0 mofii po3cisiHHA OYyAb-IKOr0 BKa3aHOTO THIY) Ma€
O6yTH NPONOPLIHHUM P 4, Pg, £, €5 1 IO A NepeTHUHY 060X NyuKiB. [lepepi3
PO3CIsiHHA, TO3HAYEHUH fIK O, JOPIBHIOE 3araJIbHOMY YMCJY NOAIH (Toro abo iH-
ILIOr0 THUITy), PO3JiJIeHOMY Ha JJOOYTOK YCiX [JUX BEJIMYHH:

Yucsio nofin po3ciasHHA
PaPplatsA

lle BU3HaY€HHS € CAMETPUYHHUM BiJHOCHO A i B, TOMy MU MOTJIX 6 pO3r/isjaTH
YacTKM B y cTaHi CoKo1o, abo B3araJi npaioBaTH B [OBiJIbHIN cUCTeMi BifJIiKy.

[Iepepi3 po3cisiHHA Ma€ po3MipHicTb miowi. Hacnpasi Lie € ebekTHBHA MJ10-
111a AIJIAHKY OZHOT0 MYYKa, IOTPAIIAKYHU 0 AKOI, YaCTKHU IHIIOro Ny4ykKa 3a3Ha-
I0Th PO3CISIHHA Y BKa3aHUM KiHLIeBUU CTaH.

B peasibHUX Ny4YKax p 4 1 Pz HE € KOHCTAaHTAMU; TYCTUHA YaCTOK y LleHTpi 1my-
YyKa 3a3BH4al 6i/b1la, HiXk cKpato. [IpoTe My 6yzeMo NpUnycKaTH, 10 K pajiyc
B3a€EMO/ii YaCTOK, TaK i IMPUHA OKPEMUX XBUJILOBUX IIAKETIB 4YaCTOK MaJli I10-
piBHAHO 3 JiaMeTpoM ny4yKa. ToX y mofajblIIoMy BBaXKaTUMEMO P, 1 Py CTAIN-
MU, X04a He Oy/ieMo 3abyBaTH NpPO Te, 110 A1 00YMCAeHHA UMOBIpHOCTI NoAiN
y peaJibHOMY IPUCKOPIOBayi Tpe6a NpoiHTeIrpyBaTH MO MJIOLLi My4Ka:

5 (4.59)

Yucso nofiit = of.445 f d?*xp_, (x)pg (). (4.60)

Axwmo p 4 i p HE3MiHHI, 260 AKILO MU 3aCTOCOBYEMO 1110 GOPMYJIy A5 064HCIIe-
HHS epeKTUBHOI MJioli A Ny4yKiB, TO MM MAaEMO MPOCTO
GNﬂNB

Yucsao noxin = — (4.61)

ae N, i Ng € 3araJibHOIO KiJIBKICTIO 4acTOK A 1 B.

[lepepisu 6araTbox pi3HUX NpOLECiB MOXXYTh OyTH OTPHMaHi 3 OJHOTO eKC-
nepuMeHTy po3cisiHHsa. Hanpukiag, y 3iTkKHeHHsIX et e” MO)KHa BUMIpSITH Tepe-
pisu yrBopenus utpu~, T, ptuTy, ptuyy i T 4., a TakoXK He3YHCIeHHUX IIPO-
11eCiB HapO/PKEHHS aIpOHIB, HE KaXKy4H B3Ke MPOo 3BUYaiiHe e” e~ po3cistHHA. K
IIpaBUJIO, MM XO4€MO 3HATH He TIJIbKU Te, AKi YaCTKU IPUCYTHI B KiHIIeBOMY CTa-
Hi, a ¥ ixHi iMnynbcu. Y oMy pasi Hallle BU3HayeHHs (4.59) fJis nepepisy o 1ie
crpaBe/JINBe, IPOTeE NPU BCTAHOBJIEHHI TOYHUX 3HAa4Y€Hb iIMNYJ/IbCIB G IEPETBO-
PIOETHCSA HAa HECKIHYeHHO MaJly BeJWYUHY. Buxiz y Tomy, 1106 BUSHAYUTH du-
depenyiiinuii nepepis posciauma do/(d’p, -+ d*p,). lle BemunHa, fiKa npu iH-
TerpyBaHHi 110 I0BiIbHOMY MasioMy 06'eMy d°p, -+ d>p,, 1a€ nepepis posciAHHA
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B Llel 00’'eM iMIYJIbCiB KiHLIEBOT'O CTaHy. 3HAYEHHS LIUX iMIYJIbCIB HE € He3aJle-
KHUMU; YOTUPU KOMIIOHEHTA 3aBX/J 1 OYAyTb MOB'I3aHi YMOBOIO 30epeKeHHs
4-iMnysibCy. Y HAUNPOCTIIIOMY BHUNAJKY, KOJIU KOJIU B KIHI|eBOMY CTaHi IpuUCy-
THI TiJIBKU J|Bi YaCTKH, LIl yMOBA 3aJIMILIAE TiJIbKU [Ba He3a/IeKHi KOMIIOHEHTHU
iMnysibcy, 3a fAKi 3BUYallHO 06UPaOTbh KyTH O Ta ¢ iMIyJabCy OJHI€] 3 4aCTOK.
InterpyBannsa do/(d’p,d*p,) M0 4OTUPLOX 06MEKEHHUX 3aKOHOM 36€epesKeHHs
KOMIIOHEHTAaX iMNyJIbCy 1a€ 3BUYaHUN JUudepeH[inHUN nepepi3 do/dX.

[IpocTimoto BUMipIOBaHOIO BEJUYUHOM € wupuHa po3nady I' HecTabisibHOI
4acTKU A (10YaTKOBO HEPYXOMOi) Y NEBHUM KiHLIEBUM CTaH (3 BOX abo GiJiblie
4yacTok). g BeJIMuMHa BUBHAYAETHCH, K

Yucsio po3naZis 3a OA4UHUIO YacCy

r (4.62)

Yucs0 HaABHUX YaCTOK TUNY A
Toai yac »KUTTA T € 06epHEHUM /10 CYMH ii LIMPUHHU PO3NaZy B yCi MOXKJ/IMBI KiH-
1eBi cranu. (Yac HaniBpo3naAy 4YacTKU € T - log 2.)
Y HepesITUBICTChbKIM KBaHTOBIM MexaHilli HecTabiJibHUH aTOMHUM CTaH BU-
ABJIsSIE cebe B eKCIIEPUMEHTAX 3 PO3CisiHHA K pe3oHaHc. [106/113y pe30HaHCHOI
eHeprii £y amniiTyzaa po3cisiHHA JaeTbcs popmysioro Bpeiita - Birnepa:

f(E) « (4.63)

E—Ey+il/2’
A oTxe, nepepi3 po3CiaHHA Ma€ NiK BUTJIALY

1

o X .
(E—Eo)* +T?%/4

[llupuHa niKy pe3oHaHCy JOpiBHIOE LIMPHHI po3MaZy HeCTabiJIbHOrO CTaHy
(3BizcH, BAacHe, 1 BUHMKJIA Ha3Ba s ).

®opwmyna bpeiita-Birnepa (4.63) cripaBe/iiuBa TaK0X i B peJIITUBICTCbKIN
KBAaHTOBIM MexaHili. 30KpeMa, BOHA Jla€ aMIIITYZy PO3CiiHHA JJid NPOLECIB, ¥
SIKUX HecTabi/JibHi YacTKH YTBOPIOIOTh KOMOIHOBAaHY 4acTKYy, 1[0 MOTiM po3mna-
JlaeTbcs. HecTabinbHa 4acTka, iHTepnpeToBaHa fIK 30ypeHUN CTaH BaKyyMy, €
NpPSIMUM aHaJI0I'OM HECTabiJIbHOTO HEPEIATUBICTCHKOTO aTOMHOT0 CTaHy. K10
3a/1aTH 4-iMIy/IbC HECTAOIIbHOI YAaCTKU P Macol m, MM MOXKeMO OTPHUMAaTH pe-
JISTUBICTCbKU-iHBapiaHTHe y3arajbHeHHs BUpa3y (4.63):

1 1
p?—m2+iml  2E,[p° — Ep + i(m/Ep)T/2]’

(4.64)

[lIBuAKicTh po3nazy HecTabiJibHOI YaCTKU y JOBIBHIA cUCTEMi BiAJIIKy €
(m/Ep)T, 0 y3ro/pKy€eThCsa 3 peIATUBICTCHKUM NOJ0BXEHHAM 4acy. Xo4a 061-
JiBa BUpasu y (4.64) oaHaKOBi 06/1M3y pe30HAHCY, JiBa YaCTUHA PiBHSHHS, KA
€ ABHO JIOPEHI|-IHBapiaHTHO0, 3HAa4YHO 3pyyYHilla.
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S-MaTpuusa

flk HaM Temnep 064YUCANUTH Nepepi3 po3ciaHHA? MU MaEMO YTBOPUTHU XBUJIBO-
Bl TaKeTH, 1110 Npe/CTaB/JANTb YaCTKH Y NOYaTKOBOMY CTaHi, NOAIATHU Ha LieH
OYaTKOBUM CTaH YIPOJOBXK TPUBAJIOTO Yacy oliepaTopoM eBoitoLii exp(—iHt)
JL1S1 Teopil 1oJid i3 B3aEMOJI€EN0, a TOTIM HAaKJIACTU OTPUMaHUU y NiJICYMKY KiH-
[leBMU CTaH Ha XBUJIbOBI MaKeTH, 110 OMUCYIOTb OYiKyBaHUM Habip po36iXKHUX
4YacTOK Yy KiHIeBOMY cTaHi. lle fae aMIIiTyly yTBOpEHHA TaKOTro KiHI|€BOI'o CTa-
Hy, AKa Ma€ NpoCTe CIiBBiJHOUIEHHA 3 Ilepepi3oM po3ciaHHA. MU BUABUMO, 11,0
B MeXi, KOJIM XBUJIbOBI ITaKeTHU Ay>Ke BY3bKi B IMIIYJIbCHOMY IPOCTOPI, aMILIi-
Ty/ia 3aJIeXKUTD JIALIe BiJ| IMIY/IbCY XBUJIbOBUX ITAKETIB, a He BiJl IX KOHKPETHOI
bopmu.’

XBUJIbOBUH MAKET, 1110 NPeCTaBJsIE NEBHUN OYiKYBaHUU CTaH |¢d), MOXKHA
3allMCcaTH, 9K

|$) = (k) k), (4.65)

[ G e
e ¢(K) € neperBopennsim @yp'e nmpocTtopoBoi xBUaboBOI QyHkuii, a |K) —
0/IHOYAaCTKOBUM CTaHOM 3 iMIyJibcOM k B Teopil i3 B3aeMoji€ro. Y BisbHIN Te-
opii My Masu 6 |K) = \/Z_Ekalt. MHOXHUK 4/ 2Ey 3MiHIOE Hallle peJISITUBICTCbKe
HopMyBaHH4 |K) Ha 3BMyYaliHe, y IKOMY cyMa BCix iMOBipHOCTeH Aa€ 1:

4-

4.66
Gyt 1P0OL = (4:66)

(Glo) =1, sKwo j
IMOBIpHICTb, AKY MU X04€MO 0GYMCIUTH,

= |(¢ b, - Idu%)l (4.67)

MaM6yTH€ Ml/lHyJ'Ie

ne |¢_,Pz) € CTAaHOM IBOX XBUJIbOBUX NTAKETIB, YTBOPEHUX Y Aa/IEKOMY MUHYJIO-
My, a (¢, P, -- | — cTaHOM KiJIbKOX XBUJIbOBHUX MTAKETIB (110 OAHOMY /Il KOXKHOI
KiHI[eBOI YaCTKH) y JaJleKOMY Mall6yTHbOMY. XBUJIbOBi aKeTH JIOKaJi30BaHi y
NPOCTOPi, TOMY KOK€H 3 HUX MOXKe OYTU YTBOPEHHU M He3aJiexkHo Bif iHux. Taki
CTaHU Ha3UBAKThCA IN- i out-cTaHaMU. 3ayBaX>KMMO, 1[0 MU NIPALIIOEMO B KAPTHHI
[aiizeHOepra — cTaHU He 3a/1eXKaThb BiJ| Yacy, IpoTe Ha3BH, IKi MU iM JJaEMo, 06-
YMOBJIEHI BJIACHUMU 3Ha4eHHSIMU (a60 cepeiHIMU 3HAYEHHSIMU ) 3aJIEXKHUX BiJl
yacy onepaTtopiB. TAKMM YMHOM, CTaHU 3 PiSHUMU HAa3BaMH, YTBOPEHI B pi3HUU
yac, MaloTh HETPHBiaJIbHUM NepeTUH (B3aEMHY MPOEKILil0), 1110 BU3HAYAETHCSA
4aCOBO0 3aJIeKHICTIO onlepaTopiB..

17Binbua yacTHHA 1jbOro Naparpady 6a3oBaHa Ha BUKJIAJ HepeaTHBICTChbKOI Teopil poscisaH-
Hsl, HaBeJleHoro B KHu3i Teksopa [56], y Po3ginax 2, 31 17. Mu 3ocepepKyeMocs Ha [[0AaTKOBUX
YCKJIaJHEHHSIX Y PeIATUBICTChKIM Teopil, oMMHaIO4YM yBarow 6araTo CHiJibHUX AJ15 060X BUNIA[-
KiB MOMEHTIB, fIKi ZleTaJbHO PO3IIsAHyTi TeilsiopoMm.
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Puc. 4.2. [loyaTKOBi XBU/IbOBI MaKeTU OJHOPITHO PO3MO/iJeH] 32 NPULIJIBHUM
napameTpom b.

Akwo mu npuroryemo |$_,dz) y BijJareHoMy MUHYJIOMY, a IOTIM nepelife-
MO J10 Mexi, Y IKil XBu/boBi naketu ¢;(K;) 6yayTh 30cepeikeHi N06113y BKa-
3aHUX IMIYJIbCIB P;, TO Lie BUSHAYUTD IN-CTaH |p_4P3z);, i3 BKA3aHUMHU 10YATKO-
BUMH IMIIyJIbCAaMU. 3py4YHO pO3rIAAaTH | ,Pg), AK JiHIKHY Cyneprno3uLio Ta-
KuX cTaHiB. [I[poTe Baxk/IMBO BpaxyBaTH MONepeYHUN 3CYB XBUJIbOBOTO MTaKeTa
b5 BifHOCHO ¢ 4 B KoopAHMHaTHOMY npocTtopi (Puc. 4.2). Xoda ne Mo>xHa HesB-
HO BpaxyBaTH y Buriaji naketa ¢z (Kg), MM HaTOMicTh ,OMOBHMOCH, 1[0 Halli
6a30Bi XBUJIbOBI PYHKIIil B iIMIyJIbCHOMY POCTOPI € KOJIIHEapHUMHU (TOOTO Ma-
I0Tb NpULiIbHUE napaMeTp b = 0), i 3anumemMo ¢4(Kg) 3 ABHUM MHOXKHUKOM
exp(—ib - Kg), skl BpaxoBy€ NPOCTOPOBY TPAHCJIAILi0. A OCKiJIbKA XBUJIbOBI
naketu ¢, i ¢z yTBOpPEHi He3a/IeXKHO B PI3HUX AIIAHKAX IIPOCTOPY, TO MU MO-
»)KeMO 3alMCaTu NOYAaTKOBUM CTaH, 1K

d°ky [ d°Kg ¢, (Ka)dp(kp)e Pke

2em)?® ) 2n)°®  [(2E.)(2Ep)

Mu morsn 6 poskaacty (¢, ¢, -+ | 32 Tak caMo BU3HAYEHUMHU Out-CTaHaMH i3
BKa3aHMMHU iMIyJIbCaMU B aCHMITOTUYHOMY MallOyTHbOMY: 18

ol ’p; &,(pf)
war(yby | U f i

[IpoTe HabaraTo npocTilile BUKOPUCTATH OUt-CTaHU i3 BKa3aHUMHU iMIyJIbCaMU,
SIK KiHLleBi CTAaHU B aMIIJIITyZll TMOBIpHOCTI (4.67) i IOMHOXUTH iX Ha pi3Hi HOp-
MOBOYHI MHOXXHUKH Mic/s NiJHeECEHHS aMITITYAu 0 KBaaparty. Lle ¢pisnyHo 06-
I'PYHTOBAHO JI0TH, JOKH [leTEKTOPU YaCTOK KiHI[eBOr0 CTaHy 3/e0i/1b110ro BU-

(b abp)in = ] KiKp),.  (468)

8TyT | HUKYe 3HAK JOGYTKY 3aCTOCOBYETLCS (CHMBOJIIUHO) /10 iHTerpasa Tak caMo, fK i 0 pe-
IITH MHOXXHUKIB y Ay>KKax; iIHTerpaii TaKOX 3aCTOCOBYIOTHCA 10 MHOXKHUKIB 11032 AyKKaMH.
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MipIOIOTh iMIYJIbC — TOOTO BU3HAYAlOTh KOOPAUHATH 3 TOUHICTIO He Oijiblle
Jle6poiIeBOI JOBXUHHU XBUJII.

Tenep MU MOeMO 3iCTABUTH MUMOBIPHICTb PO3CiIHHA B peaJlbHOMY eKcIle-
pUMeHTi 3 HabopoM ifleasi30BaHUX aMILIITY/l epPeXoAy Mi>k aCHMITOTUYHO BU-
3HAaYE€HUMHU In- 1 out-CTaHAMU i3 BKa3aHUMHU IMIIyJIbCaMU:

out{P1P; - [KuKz),,. (4.69)

[[106 06YHUCAUTH NEePETHUH in- i out-cTaHiB, 3a3HAaYUMO, 1110 JOMOBJIEHOCTI AJs
BU3HA4Y€eHHs JIBOX HAOOPiB CTaHIiB MOB’sA3aHi TpaHC/sALi€0 B Yaci:

out{P1P; -~ |KaKg)y, = li_)rg<p1pz | KgqKp) =
T T (4.70)
= lim(p,p, - |e_LH(2T)|kﬂkB)-
T—00

B ocTaHHBbOMY pSIAKY CTaHU BU3HAY€EHI B O0y/1b-AIKUH CNIIJIbHUM JJ11 000X MOMEHT
yacy. OTxe, in- i out-cTaHM NMOB’A3aHI MeXelo MOC/AiJTOBHOCTI YHiTaApHUX omnepa-
TopiB. Llell rpaHUYHUM YHITapHUN OllepaTOp HAa3UBAETHCS S-Mampuyero:

out{P1P; ** [KaKz)iy = (P1P2 | S [KuKsp). (4.71)

S-MaTpuLg Ma€ HaCTYyIHY CTPYKTYpY. FKI0 4YacTKU B3araji He B3aEMOZIIOTD,
TO S € MPOCTO OJUHUYHUM onepaTopoM. HaBiTh y Teopii i3 B3aeEMoAi€l0 YacTKu
MalThb JesKy HMOBIPHICTb IPOMYCTUTH OZHA OAHY. [l/11 BUOKpEeMJIEHHS HETPU-
BiaJIbHOI YaCTMHM S-MaTpHULli, TOGTO TaKoi, 1[0 3yMOBJIeHAa B3aEMO/Ii€10, BU3HA-
YUMo [-mMampuyr TaKUM YUHOM:

S=1+iT. (4.72)

Jlasi 3a3HaYUMO, 1110 eJIeMEeHTH S MalOTh Bifjo6pakaTH 30epexxeHHs 4-iMIyibCy.
OTxe, S a6o T 3aB/u MicTATb MHOXKHUK 8 (kg + kg — Y Pr)- Buokpemorou
foro, My BU3HAYAEMO [H8ApIaHMHUU MampuyHuii esemeHm M:

(P1P, -+ |iT |kaks) = 2m)*8W (ks + kz — Z ps) - iM(ka, ks = pp). (4.73)

Mu 3anucasu e Bupa3 uyepes 4-iMmnysabcu p i k, asie, neBHa piy, yci 4-iMmnyabcu
nepe6yBaloTh Ha MacoBiit moBepxHi: p° = Ep, k° = E\. (3ayBakuMo, 110 HauI
pO3IJIA/l CTOCYEThCA BUNAZKY, KOJIM B IOYAaTKOBOMY CTaHI € JIMLIE [IBi YaCTKH.
g npoueciB 3 = 6azamo abo 6azamo — 6azamo M0oKHa 06y yBaTH CX0XKi cxe-
MM, IPOTE B LIbOMY KypCi MU He TOPKAaTUMEMOCS TaKUX CKJIAJHUX eKCIIepUMEH-
TiB.)

MaTpuuHuil esleMeHT M aHaJIOTiYHUM aMIIITYZi PO3CifiHHA f B ofHOYac-
TKOBIM KBaHTOBIU MexaHilli. BiH KOpUCHUMY, OCKIJIBKU [J03BOJISIE BIJOKPEMUTH TY
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¢$i3uKYy, 110 06yMOBJIeHA KOHKPETHOI $OpMOI0 raMiJibTOHiaHa B3aeMOZii (,,A1-
HaMiky"), BiJl HemoB’s13aHOi 3 0COO6JIMBOCTSIMU B3aEMO/i1l GpisnuHOI KapTHUHU (,Ki-
HeMaTUKU"). Y HacTynHoMy naparpadi MU 06roBopumo, IK 00YHUCIUTH MaTPH-
YHUU ejieMeHT M, CKOpUCTAaBLIKUCh GpellHMaHOBUMM JiiarpamMaMu. Ta nepe/ioB-
ciM Tpeba 3po3yMiTH, IK OTPUMATH Nepepi3 po3CissHHA 0, Marouu M.

s iboro BuBeJieMo yepe3 M iMOBipHICTb mepexoAy Mo4YaTKOBOI'O CTaHY
|$_,P5) y KiHLIEBUH CTaH 3 N YaCTOK, YUI IMIYJIbCU 3HAXOAATBCA B MaJIii JiIAHLI
d’p, - d*p,,. Y HauloMy HOpMyBaHHi 111 HMOBIPHICTb

d’p;

P(AB—-1,2,..,n) = < — 3
2 2E
. (2m)” 2Ef

>|(p1 “‘pn|¢cﬂ¢3)|2- (4.74)

Jl11 OAMHOYHOI YacCTKU-MilleHi A, Ha IKy HaJliTaloTh 6araTo 4acTok B 3 pi3Hu-
MU NPHULLIJIBHUMU NTapaMeTpaMu b, 4ucsio nozii posciasHHA JA€TbCA BUPAa30M

N = z P, = f d?b ngP(b),
BCI majjaroui
YaCTKH I
Jle Np € TYCTUHOIO 4YacTOK B (IXHbOIO KUJIBKICTIO Ha OJAMHHUIIO 11011i). OCKiIbKH
MU [IPUITYCKAEMO, L0 LI TYCTUHA HE3MiHHA 10 BCbOMY pajiyCy B3aEMOIl, TO Ny
MO>KHa BUHECTHU 3a MexXi iHTerpasa. Tozi nepepis po3cisHHA
N N

= = = | a2 . 4.
o= T jdb:P(b) (4.75)

OTpurMaHHA NPOCTOro BUpaA3y AJis 0 yepe3 M Hapasi CTae cnpaBol Nps-
MUX obuyncaeHHs. [loeaHaBuu (4.75), (4.74), (4.68) i 3anucaBmu do 3aMicTb
(ockisibKU 1€ € iHpiHITE3MMa/IbHA BEJIMYUHA ), MAEMO

_ ’p; 1
aa= Ly )
2 ’ki (k) [ ki p(k) (4.76)
< b(LLf @0’ 28, | @ ﬁ)x
x e 0789 (o (o KD ) (ouet KD )

e My BUKopucTaau K 4 i kg ik jonomixui 3MinHi iHTerpyBanHs y Apyriit yacTu-
Hi miiHeceHoOl A0 KBaApaTy aMIUIITyAu. [HTerpas no d*b 3BOAUTBCS 10 MHOXe-
HH# Ha (2m)%8® (k3 — k). Mu MmaTiMeMo 6ijiblie fenbTa-GpyHKIiH, 3aM1caBuIy
OCTaHHI iBa MHOXXHUKHU Y (4.76) yepe3 M. OCKIJIbKHM HAcC He 1[iKaBUTb TPUBiaJb-
HUUM BUIAJI0OK PO3CisIHHSA BIepeJ, KOJIM HisiKol B3aEMO/ii He BiJj0yBa€TbCs, MU
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MOXeMO BifikuHyTH 1y (4.72) i 3anucaTy Lji MHOXKHUKHU K
(ot KD)) = i (e} = (p3) - @8O D k= ) p))
(ot D) = =in (R} = (p3) - 'O (D ki = > py)
Jpyry 3 nux geabTa-PyHKIiK MO>XKHA BUKOPUCTATH Pa3oM 3 8(2)(k7lB — k3) pna

NpoBeJleHHs BCixX 1ecTH iHTerpyBaHHs 1o K B (4.76). 3 1jUx 1ecTH iHTerpaJiB
JIMlIe Ba — M0 k% 1 k% — BUMaraloTb IeBHUX 3yCUJIb:

ke, d 8(ke+ K = ) p5)8 (B + Bn = ) ) =
1 1

B [V.4 —UB|.

k5=5.pp-k% (4.77)

ki _ kg

Ea Es

B octanHbOMY psA/Ky Ha k Ta E HaknageHo ymoBu: k% + k4 = ¥ p;iEq+Ep=
Y. Ef (na nosaTok 10 yMOB ki = k% iks = ks, 1110 BAHUKAIOTb B iHIIUX YOTHPbOX
inTerpanax). PisHuug |v4—v3| € BiHOCHO MIBUIKICTIO MYyYKiB Y labopaTOPHii
cucTeMi BiJJIiKy.

Harapaemo, 1110 M0o4aTKOBI XBUJILOBI MTaKeTH JIOKaJ1i30BaHi B IMIyJIbCHOMY
npocTtopi no6su3sy p, i pg. lle o3Havae, 1m0 MU MOXKeMO 0GYMCIUTH BCi MHO-
KHUKH, [Ki € MIaAKUMU QYHKLiAMHU BiJ K4 1 Kg, y Toukax p , Ta pz 1 BUHECTH ix
3a Mexi iHTerpaJiB. Lli MHOXXHUKU BKIOYaOTh E 4, E3, [Vv4 — vg| 1 M — yce, 3a
BUHSTKOM 3aJIMIIEHOI NiJ| iHTerpasioM Jeabra-QyHkKiii. [[popobuBLIn Lie, OTpU-
MA€EMO BUpPa3

o — d*p; 1\ [MPawps = ) j d*ky [ d°kg
; (2)° 2Ef ) 2E,4 - 2Ep|va—vs| J (2m)° J (2m)°

(4.78)
X |0 (60) || b ()| (270) "6 (kg + e — Z p,).

1 moJanblIoro CrnpouieHHs 1i€i GopMyJan MaEMO TPOXHU Oijiblie Ai3HATUCA
IIPO BJIACTUBOCTI peasibHUX AeTEeKTOpPiB 4acTOK. K MU BxKe BiZI3Ha4Ya/Iy, peasb-
Hi IeTeKTOpU 30pIEHTOBAHI Nepef0BCiM Ha BJACHI CTaHU iMIysabcy. [IpoTe 1i
JIeTEKTOPU MalThb 00OMeXKeHY PO3AiJbHY 3JaTHICTh, i 3a3BMYall BUMipIOBaHHS
iMIyJ/IbCiB KiHLIEBUX CTAHIB HE € HACTIJIbKX TOYHUM, 11100 PO3Pi3HUTH MaJli BiJI-
XWJIEHHS, 1110 CIPUYUHEHI PO36IXKHICTIO iMNYJIbCIB MOYAaTKOBUX XBUJIbOBHUX Ia-
KeTiB ¢ 4, Oz. Y [bOMY BUNIAZKY MOXKHA 3 IPUUHATHUM HAOJIMKEHHAM 3aMiHUTH
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BEKTOP iMNy/bCy k4 + kg B AesbTa-pyHKLII HOro HAWiMOBIpHILIO BEJTMYMHOIO
P4 + Pg. 3 TAKUM HAOJIMXKEHHAM MU MOXKEMO B3ATH iHTerpaJiu 1o k4 i kg, BUKO-
pUCTaBLIX YMOBY HOpMYyBaHHs (4.66). Lle nae octaTouHy popMy cniBBifHOIIe-
HHSA MK eJleMeHTaMU S-MaTpUlli Ta epepi3oM po3CisgHHS:

1 a’p, 1
40 = S E . 2Ep [va — s 2m)? 28, )
4 bplva—vel\ 1 1 (2m)° 2Ly (4.79)

X M (005 > B @0*6@ (e + ks = D 1)),

OTprMaHHUM BUpa3 He 3aJIEXXUTD BiJj OPMU XBHUIbOBUX NAKETIB.
[HTerpas no iMmnyJsibcax KiHI|eBUX CTaHiB y (4.79) Ma€ CTPyKTypy:

_ ’p; 1 45 (p _
j dIl, _< f (Zn)3E> (2m)*s® (P z p,), (4.80)

3 IOBHUM MOYAaTKOBHUM 4-iMnysibcoM P. Llelt iHTerpaJi € ABHO JiOpeHI|-iHBapiaH-
THUM, 00 CKJIQZIAETbCS 3 iHBapiaHTHUX iHTerpasiB no 3-iMnysibcax, MoB’sA3aHUX
OJlHi€I0 AenbTa-PyHKIi€E Bif 4-iMnynbciB. Lled iHTerpasn BifjoMui ik peasmu-
gicmcbku-iHeapiaHmHuull n-uacmkosutl gpazosuii 06'em. CepeJi iHIINX CKJIAJOBUX
y (4.79) MaTpuuHUil eieMeHT M TaKOX € JIOpeHL-iHBapiaHTHUM. OT>Ke, TpaHC-
dopmariiHi BiacTuBOCTiI (4.79) 1[iJIKOM BU3HAYAIOThCS MHOXKHUKOM

1 1 1
EqEg|lva—vB|  |Esp% —Eapil  |epuyptiphl

llei1 BUpa3 He € JOpeHIj-iHBapiaHTHUM, NIPOTe BiH iHBapiaHTHUM BiJHOCHO 0Yy-
CTiB y HalIPAMKY 0Ci Z 1 Ma€ BCi BJIaCTUBOCTI lepeTBOPEHHH IJIOLi ITepepisy.

B okpeMoMy BUNIaJIKy ABOX YaCTOK Yy KiHLIeBOMY CTaHi MOXXHa CIIPOCTUTH 3a-
rajbHy popmyny (4.79), 064MCAUBIIM YAaCTUHY iHTeIpaJsiiB 10 $pa30BOMY 06'EMy
B cucteMi LIM. [To3HauMMo iMITy/1bCH IBOX KiHI|€BUX YaCTOK, AK p, i p,. Cmo4yaTKy
NPOIHTEIPyeEMO MO BCiX KOMIIOHEHTaX P, TPH JesbTa-QyHKII, AKi BUMararThb
30epexxeHHs 3-iMnyJ/ibcy. B pesysbraTi MaeMo p, = —p,, a BiATaK iHTerpas no
JIBOYaCTKOBOMY pa30BOMY NPOCTOPY NePETBOPIOETHCA Ha

dp, p? dQ
dIl, = 171 2M)8(Ey — E1 — E»), 4.81
f 2 (21_[)3 2E1'2E2( T[) ( I 1 2) ( )

ne E, = /p?+m% E, = /p? + m}, a E,, € NOBHA 109aTKOBA eHepris. IHTerpy-
BaHHSI OCTaHHbOI JlesibTa-QYHKII Aa€e

p1 (p1 pl)
drl o — 1 21
f 2 f 16TM2E,E, \E4 + E,

(4.82)
16m2 Ep
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15 peakuiid, CHMETPUYHHUX BiZJHOCHO OCi 3iTKHEHHS, IBOYAaCTKOBUN $pa30BuUi
06’eM MOXHa 3aMKUCaTH SIK iHTerpaJl 1o noJisipHOMY KyTy B cucTeMi LIM:

1 2|p,|
dr =jd cos @) —— — 1, 4.83
[ dn = [ aceosoy 1o 5P (483)
OcTaHHIM MHOXXHHUK IparHe A0 1 npu BeJIMKUX eHeprisX.

3acTocyBaBUIY 1€ CIIPOLeHHA [0 (4.79), MU 3HAaX04MMO HACTYTHUMN BUIJIAT,
nepepisy po3CigHHA AJid JBOX YaCTOK Y KiHIIeBOMY CTaHi:

do _ 1 y
Q). " 2E,-2Eg|va — vg]

|p,|
@r)? - 4Fy

(4.84)
2
| M (405 = P

B okpeMoMy BUINA/IKy, KOJM BCi YOTUPH YAaCTKU MAIOTh OJJHAKOBI Macu (BKJIIO-
4yHO 3 Mexketo m — (), ocTaHHiN BUpa3 3BOAUTHCA A0 GOpPMyJiH, HaBeJIEHOI B
Posgini 1:

<d0> = |M|2 BCi YOTHPHU MacH OJHAKOBI (4.85)
0! T rapr ' '
o)~ 64mEZ,

Ha 3aBepieHHs nporo naparpady BuBegeMo Gopmyay Ajis gudepeHIinHol Hu-
puHu po3naay dI yepes M. [I[paBuIbHUUM BUpa3 € JiMllle HE3HAYHOO BHU/I03Mi-
Hoto (4.79), i loro J0CUTH JIeTKO BrajlaTu — Tpeba npocto npubpartu 3 (4.79)
MHOXHHKH, IKI BTPa4alOTh CEHC, KOJIU I0YaTKOBHUH CTaH CKJIAAAETHCA 3 OAHIEN
yacTKU. BusHadyeHHs [' cTOCY€eThCA YaCTKY, 110 3a3HA€ pO3MaZy B CTaHi CIOKOIO,
TOMY HOPMyBaJIbHUI MHOXHUK (2E 4) ™" nepeTBoproeThcs Ha (2my) ™. (Y 6yab-
AKil iHIiM cucTeMi BiJi/liKy 11eli MHOXXHUK J]laB OY 3BUYaliHe YIOBiJIbHEHHS Ya-
cy.) OTxe, dopMyna A/l IIMPUHU PO3NAAY €

d3
ar=—1_ p’; RV
2my ; (2m)” 2E¢

X [#(ma > )| @' (pa— ) Py

(4.86)

Ha »xasib, 3HaueHHs Liel popMysiu He Ayxe sicHe. OCKiZIbKY HeCTabiibHY YacCTKy
He MOXHa BiJiIpaBUTH B HeCKIHYEHHO BifijlajieHe MUHYJIE, Hallle BU3HAYEHHS
(4.73) pia M(my — {p,}) 4epes eleMeHTH S-MaTpHULli BTpayae CeHC. A npoTe,
dopmyna (4.86) € cipaBeJIMBOIO, SIKILO MaTpHUld M o64HMc/ieHa 3a MpaBUJIaMH1
deiiHMaHa /151 eJIeMeHTiB S-MaTpHULli, IKi MM HaBeJleMO B HACTYIIHOMY naparpa-
¢i. Mu Bifgk/agaeMo nojasblie 06TOBOPEHHS LUX MUTaHb i joBesieHHS (4.86)
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Jo § 7.3. JloTH 3a/10BOJIbHUMOCS iHTYITUBHUM YSIBJIEHHSM PO M, IK aMILIITy-
[y Iepexoay.

PiBHsAHHA (4.79) i (4.86) € niKOM 3araJibHUMHU, He3aJI€XKHO BiJi TOT0, YU Mi-
CTUTb KIHI|eBUHM CTaH TOTOXHI 4yacTKU. (O6uucieHHs M 3a HassBHOCTI TOTO-
»KHUX 4aCTOK, IeBHA piy, BiIpi3HATUMETbCS, aJie 1ie BXKe iHle nuTaHHs.) [Ipu iH-
TerpyBaHHi 0y/1b-IKOTO 3 IJUX JABOX PiBHSIHb JIJIS1 OTPUMaHHS N08HO20 iepepily
pO3CisiHHA 260 IMPUHU po3Naly Tpeba 6yTH YBaXKHUM, 1100 YHUKHYTHU IOBTOP-
HOT'0 BpaxyBaHHSA TOT'0 K CAMOT0 KiHII€BOr'0 CTAaHY. AKILO MU MAaEMO N TOTOXKHUX
YaCcTOK y KiHLIeBOMY CTaHi, TO MaEMO abo 0OMEeXXUTHCS iIHTeIrpyBaHHAM 10 Hee-
KBiBaJIeHTHUX KOH}iryparisx, abo »* po3JiiMTH Ha n! micjas iHTerpyBaHHs 0
BCiX MOXXJIMBHUX Hab0opax iMMyJbCiB.

§4.6. 064YMC/IeHHs eJIeMEeHTIiB S-MaTpulli 3 peHHMaHOBUX Ai-
arpam

Tenep, ko MU MaeMo GopMysiu AJis Iepepi3y po3CiAHHA i LWIUPUHU po3NaAy
B TepMiHaX iHBapiaHTHUX MaTPUYHUX eJIeMeHTIiB M, €vHe, 1110 HaM 3a/IMIIaE-
ThCH, Lle 3HaNTH C1ocib o6uucieHHsa M A1 pi3HUX NPOLECIB Y PI3HUX Teopiax
10Jis i3 B3aeMo/i€t0. Y iboMy naparpadi Mu BUnuueMo (i cnpobyemMo o6IpyHTY-
BaTH) popmyay A M depe3d beliHMaHOBI AiarpaMmu. Mu Biakazemo ii cTpore
JOBeJIeHHS J10 § 7.2, OCKiIJIbKHM BOHO A0BOJIi TeXHIYHE i cTaHe 3HA4YHO JIEruM
JIJ1s1 pO3yMiHHSA MiCJIS TOTO, K MU 106a4MMO 1110 GopMyJ1y B Jii.

Harazaemo, 110 3a BU3HayeHHSM 3 piBHAHHA (4.71) S-MaTpuld € oneparTo-
poM 4yacoBoi eBostoLii exp(—iHt) y Mexi y»ke BeJIMKUX 3HA4Y€Hb t:

(P1P; | S [Kaks) = lim(p,p, - |e ™" @9 K 4Ks). (4.87)

Jlnss o64uurcieHHs 1i€l BEJIMMMHU MU XOTiJIM 6 3aMiHMTH 30BHIIlIHI CTaHU IJIO-
CKUX XBWJIb Yy (4.87), IKi € BJJaCHUMU CTaHaMU H, iXHIMU BiiNOBiJHWUKaMH B He-
36ypeHiil Teopil, siKi € BMaCHUMHU cTaHaMu Hy. Mu 3 ycrixoM 3po6U/IU TaKy 3a-
MiHY Jis1 BAKYyMHOTO cTaHy |(1) B piBHAAHHI (4.27):

1) = lim (e T (0]0)) " e~"|0).

T-00(1—i€)
Hapasi Mu x0Tisiv 6 3HalTH cCiBBiAHOLIIEHHS BUIVIAAY

|kqkz) < lim e 7|k 4Kkz),, (4.88)

T-00(1-i€)

Jle BUJIy4eHO HeBijoMi ¢pa30Bi MHOKHUKHU Ta KoeilliEHTH epeKPHUTT, Ha 3pa-
30K THX, 110 NpUCYyTHI B (4.27). 3HAalWTH TakKe CHiBBiHOLIEHHS HeNpocTo. Y
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(4.27) My BUKOpUCTaIU TOM PAKT, LI[0 BAKYYM € CTAaHOM 3 a6COJIIOTHO HAWUHUXK-
4yol0 eHepriew. TyT y HalloMy pO3MOPS/IXKEHHI € JMlle HabaraTo cjablie TBep-
JI’KeHHS, 1110 30BHIIIHI CTaHU 3 YiTKO PO3JiJIeHUMU IIOYAaTKOBUMHU Ta KiHI|EBU-
MU YaCTKaMU MalOTh HAMHUWKYY €HEPTilo cepe/] CTaHiB 3 Hanepe/, 3a/laHUMU He-
HYJIbOBMMH 3HAYE€HHSIMU iMnyJ/ibCiB. Lg npob6seMa € 4OCUTH TJIMOOKOM), i BOHA
NnoB’si3aHa 3 O/|Hi€l0 3 HaWPyHJaMeHTa/lbHIIIUX TPYAHOILIB Teopil MoJis, Iopo-
JPKEHOI0 Ti€l0 06CTaBUHOMO, 1[0 B3aEMO/ifl BIJIMBAE He JIMIle Ha PO3CiAHHA pi-
3HUX YaCTOK, ajie ¥ Ha popMy caMHUX OJJHOUACTKOBHUX CTaHIB.

Ax6u popmysa (4.88) TUM abo iHIIUM YMHOM OyJia OTPMMaHa, MU MOTJIU O
3acTocyBaTH ii, 11106 nepenycaTy NpaBy 4YacTuHy (4.87), gk

lim o(p; - P,le™ @7k Kkz), x

T->00(1-i€)
(4.89)

T—>00(1-i€)

o« lim o(p, - p,|T| exp —ifdtH,(t)l |K.4Kz),.

[Ipy 064YKC/IeHHI BaKyyMHHUX CepeJiHiX ITPOMi3/iKi MPONOpIiHI MHOXXHUKH MiX
BiJIbHUM BaKyyMOM Ta BaKyyMOM i3 B3aEMO/i€I0 CKOPOYYBAJIUCA B OCTATOYHO-
My BUpas3i (4.31). Hapasi 11i MHO>KHMKHU TaKi »KaxXJIuBi, 1110 MU HaBiTh HE HaMara-
€MOCH BUIIMCATH IX; CIIOAIBAEMOCH JIALIe, L0 TaKe K ApaMaTU4YHe CKOPOYEeHHH
MaTHuMe Micle i TyT. [ cnpaB/j, Ile CKopo4eHH BiZj0yBa€eTbCs, X04a MPU HALIOMY
nixoAi OTpUMaTH KOTO Ay>Ke HENPOCTO. 3 TOUHICTIO 10 HeBeJMKoi Mogudikariii
(4J1s HaKMX Lisied HeicToTHOL) GopMyJ1y AJi1s1 HETPUBiaJIbHOI YaCTUHU S-MaTpH-
i MOXXHa CIIPOCTUTH |0 TAKOTO BUTJIALY:

(P1 -+ Pl iT |Kakg) =
(4.90)

T
= lim o(p; Pyl T{ exp|— if dt H,(t)]}|kﬂkg)0|
Tooo(1-ie) aMnyToBaHa
T
Tepminu ,3B’13Ha“ 1 ,amMnyTOBaHa" CTOCYIOThCSI 0OMeXXeHb Ha KJIaC MOXKJIUBUX
dellHMaHOBUX AiarpaM i 6yyTh BU3HA4Y€Hi TPOXU 3rofoM. Mu JjoBeJieMo piB-
HsHHA (4.90) y § 7.2. A B peuiTi noToO4HOro naparpady nossCHUMO 110 GopMyJ1y
i HaBe1eMO OOGI'PyHTYBaHHSI HOBUX 0OMeXeHb, 1110 IX MU JI0JaJIH.
Hacamnepes mMaeMo HaBUYUTHUCA NpPEACTaBJAATA MaTPUYHUU eJIeMEHT Y
(4.90) gk cymy ¢deliHMaHOBUX AiarpaM. O6YMCAMMO SIBHO KiJibKa MEPUIUX YJie-
HiB y ¢p*-Teopii A/ JBOX 4ACTOK y KiHIleBOMY cTaHi. [lepunii 4ieH €

0(p1p2|kﬂk3)o = \/2E1 2E; - 2E4 - 2E3 (0|C11C12C1Iq(1;r;|0) =
= 2E4 - 2E5(2m)°[8(P4 — P1)8(P5 — Po)+ (4.91)
+8(p, — P2)8(Ps — Py)].
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HasiBHicTb AesibTa-QyHKIII pOOUTH KiHLIEBUHM CTaH TOTOKHIM I0YaTKOBOMY, TO-
My LieH 4JieH € YacThHO10,1“y S = 1+iT i He jJa€ BHECKY B MATPUUYHUH €JIEMEHT
po3cisHHA M. My MoKeMo NpeACTaBUTH Lig, K JiarpaMmu

IRV

HactynHuii uneH y (p,p,| S |KsKz), 3 3acTocyBaHHAM TeopeMu Bika, HabyBae
BUIJIAAY

o{P1P:| T( —i= f d*x by (X)>Ikc4kz;)o
(4.92)

= o(P1P| N( — i f d*x ¢f(x) + 3F0pTKH>|kﬂkB)O

Ockisibku 30BHilIHI cTaHU He € |0), TO He MOBHICTIO 3TOPHYTI I0/IaHKH He KOHYe
HyJ/IbOBi; MM MOXX€MO BUKOPUCTATH ONlepaTop 3HUIeHHd 3 ¢, (x), o6 aHiriio-
BaTH 4aCTKYy IOYaTKOBOTO CTaHy, ab60 olepaTop Hapo/J»KeHHs — 11106 yTBOPUTH
YacTKy KiHLeBoro craHy. Hanpukiag,

d3k 1 —lkx _
q)ll )0 I(Z ) \/Z_k ZEPa |0>
d’k . 3 (4.93)
= 2E, (2 o(k — 0) =
ja(ZR) R G UL
= e~ ¥|0).

HesropuyTuii ¢, mig 3Hakom N-106yTKy (4.92) Mae [iBa joflaHKu — ¢ KpaitHii
cnpasa i ¢, kpalHiii 371iBa. MU OTpUMYy€EMO OJJMH BHECOK B €JIeMEeHT S-MaTpHUILi
/sl KOXKHOTO CIIOCO6Y KOMYTYBaHHS @, 1[0 MiCTUTbcA B ¢, 3 a’ moyaTkoBoro
CTaHy i OJMH BHECOK JIJI1 KOXKHOT'O CII0CO6y KOMyTyBaHHs al, 1110 MicTUTbCA B
¢;, 3 a kiHneBoro crany. Toai npupoAHO OyZle BUSHAYMTH 3TOPTKH MOJIbOBUX
OIlepaTopiB 3 30BHILIHIMUA CTaHAMU HACTYIIHUM YHUHOM:

S0P (pldy, (x) = e, (4.94)

i o6uMCcIeHHs ejleMeHTa S-MaTpuli Tuny (4.92) npocTto 3anuiieMo Bci Mo-
KJIUBI II0BHI 3rOPTKH ONepaTopiB ¢, 3 30BHILIHIMU IMIIyJIbCHUMU CTaHAMMU.

Abu nepeKoHaTHCH, 110 el IPUNKUC € NIPAaBUJIbHUM, IPUCKINJIMBO 06YUCIIU-
MO BeJIUUUHY (4.92). N-[060YTOK MiCTUTB YJIeHU TAaKOTO BUTJIAAY:

Odd;  dbdd ; dddD. (4.95)
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OcTaHHIN JOJAHOK, Y IKOMY onlepaTopH ¢ LiJIKOM 3rOpHYTI OZHi 3 OAHUMH, [10-
PIBHIOE BaKyyMHil Oy/IbOAIIKOBIN Jiarpami, TOMHOXeHiM Ha 064YMC/IEHY BUIIlE
BeJIMUUHYy (4.91):

A
-i f d*x o(P D, | PPOPIP_1P) =
1 2 1 2 (496)

X + P

A B A B

Ile € e 0JHUM BHECKOM Y TPUBiaJIbHy YaCTUHY S-MaTpHILi, TOMY MU HOTr0 irHo-
pyeMo.

Jauni po3ryiissHeMo Apyrui 4ieH 3 (4.95), y akoMy /iBa YOTUPBOX OIlepaToOpiB
¢ 3ropHyTi. HopManbHO ynopsiiKoBaHUN JOOYTOK PELITH [BOX MOJIiB Ma€ BU-
rasag (ata® + 2ata + aa). lllnaxom komyTyBaHHA nux onepartopis 3 a Ta at no-
YaTKOBOTO Ta KiHLeBOr'0 CTaHiB MU 3HAXOJUMO, 1110 MOXKe BLJIITH JIUIIE YJIeH
3 0ZIHAKOBOIO KiJIbKicTIO a i af. MoBoro 3ropToK 11e 03HaYaE, 1o ouH 3 ¢ Mae
OYTH 3rOPHYTHUM 3 IOYATKOBUM CTAHOM |P), a iHIIUN — 3 KiHLIEBUM CTaHOM (P|.
HesropnyTi |p) i (p| AaoTh AenbTa-PpyHKUit, 5K i B (4.91). [lna aiarpamMHoro
npeJcTaBJeHHS [JUX BEJIMYUH MU JI0JJAEMO /10 HAallUX NpaBu PeliHMaHa 308Hi-
WHI ATHIT:

GO = 2 P = —K (4.97)

dellHMaHOBI JiarpaMu /g eJleMeHTIB S-MaTpHULi 3aBX/U MiCTUTUMYTb 30BHi-
1Hi J1iHii, Ha BiAMiHY Bi/ 30BHIIIHIX TOYOK Yy Aiarpamax AJis KopeasniiHux GyH-
K1ii. TakuM YUHOM, ApYTrUi dieH 3 (4.95) fae yoTupHu Aiarpamu:

1 2 1 / 2 1 / 2
+ + :/\ + /\Q

A B A B A B
[uTerpanu [ d*x MpU3BOAATH 10 NOABY B KOXKHiH BeplIMHI fie1bTa-PpyHKIIiH, 110
BCTAHOBJIIOIOTh 36€epeKeHHs iMNYJ/IbCiB (BK/IOYHO 3 30BHIIIHIMH iMITyJIbCAMHU),
a OTXe, Ll JiarpaMU 3HOB-TAKU ONMUCYIOTh TPUBIa/JIbHI IPOLECH, B AKHUX I10Ya-
TKOBI Ta KiHLeBi CTaHU TOTOXHI. lle iIt0CTpy€e 3araJibHUM NPUHLUI: BHECOK Y
T-MaTpuLIo AAIOTH JIUIIE NOBHICMIO 36°513HI AlarpaMy, y IKMX 30BHILIHI JIiHiI 1T0-
€HaHi MXk co6010.

HapeuTi po3rsisiHeMo usieH 3 (4.95), y skoMy *o/ieH 3 onepaTopiB ¢ He 3rop-
HYTUH 3 iHIIMM. Ham npunuvc BUMarae, mo6 My 3ropHyJid ZiBa onepaTopu ¢ 3

1 2

B
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|p4P3z) a pewity gBa — 3 (p,P,|. IcHye 4! cnocobu 3pobuTH 1e. 3BiACH MAEMO

Jlarpamy
A i —p D).
>< = (41) .(_ l—)fd‘*xe i(Pa+Ps—P1—P2)X —
4! (4.98)

A B
= —A2m)*8Y (04 + pg — Py — Py).

Ile To4HO 36iraeThcs 3 BupasoMm iM(2m)* 8™ (p , + ps — P, — p,), Ae M = —A.

[lepi Hi>XK TPOLOBKUTH Hallle 0OrOBOpeHHS peMHMaHOBUX JiarpaM i eJie-
MEeHTIB S-MaTpHLi, BAPTO 3yNUHUTHUCS 1 3aCTOCYBaTHU Liel pe3y/bTaT [0 epe-
pi3y po3cCiiHHA. JJil 3ITKHEHHS 4acToOK y cucteMi UM MU MOoKeMo npoCTo Mifj-
craBuTH | M|* = A* y (4.85), i Tozii oTprMaeMo

do A
— = ——. (4.99)
dQ 64m?E
M oM
[[fo¥iHO MM 0GYMCIUIN HALll IEPIIXH Mepepi3 po3CiiHHA Y KBAHTOBIN Teopii mo-
s4. lle focuTh cnabkui pe3ybTat, B3araJji no36aBjieHUuNd KyTOBOI 3a/1€KHOCTI.
(Cutyauis 6yge BUMpaBJ/ieHa, KOJU B HACTYNNHOMY naparpadi Mu po3rissHeMo

depmionu.) IlpoinTerpyBaBiiu no d{) i po3iiMBIIM Ha 2, OCKiIJIbKU MPUCYTHI
JIBi TOTOXXHI YaCTKHU y KiHIIeBOMY CTaHi, 3HaX0A4MMO [IOBHUH lepepis:

)\2

—_—. 4.100
32mE:, ( )

Ototal =
Ha npakTtuui, MabyTb, MOXXHa 6y/10 6 BUKOPUCTATH Liel pe3yabTaT AJis [Jis BU-
MipIOBaHHSA A.
[loBepTar4MCh 10 OCHOBHOI TEMHU HALIOI'0 0OGrOBOPEHHS, PO3IJITHEMO €Ki
BHECKH B [-MaTpHI0 BUILLOTO NOPAAKY AJis npouecy A, B — 1, 2. Akiio TumMya-
COBO 3HEXTYBATH IMPUIIMCOM IPO 3B’sI3HI K aMNyTOBaHI JjiarpamMmu, To

(P1P iT [p4Pp) = >< g+ 4 /& I
(X 8]+ (X33 D) -
+ >(Q + o (4.101)

IJIIOC JiilarpaMy, y SIKMX He BCi YOTUPH JiHil noeaHaHi Mixk co6010. Mu Bxke 6a-
YUJIH, 110 1led OCTaHHIN KJac Aiarpam He Jjlae BHecKy B T-maTpuijto. [lepiia fia-
I'paMa, nokasaHa B (4.101), 1ae BHecoK y T HaHUKYOT0 MOPSJKY, IKUH MU 06-
YUCJIWIIM BUllle. HacTynHi Tpu fiarpaMu JaroTh O4iKyBaHi MONpPaBKHU 10 L€l aM-
IJIITYU 3 YpaXyBaHHSM HapO/PKeHHS 1 3HUILEHHS JO0AATKOBUX ,BipTyalbHUX"
YaCTOK.
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Hiarpamu y apyromy psazaky (4.101) mictaTb He3B'si3Hi ,BaKyyMHi Oy/b6a-
KK BAaBUIMch 10 TUX CaMUX apI'yMEHTIB, 1110 ¥ HanpukKiHLi § 4.4, MO>kHA eKc-
NOHEHLiI0BaTH HEe3B'sA3Hi YaCTUHU B 3arajibHUM (pa30BUN MHOXKHHUK, 1110 BU3HA-
Yae€ 3CyB eHeprii BaKyyMHOTI0 CTaHy 3a HAABHOCTI B3aeMo/ii. TOMy Taki YaCTUHU
JiiarpaM € HeicTOTHUMM /1A S-MaTpuLi. Tenep Mu 6a4uMo, 1110 JiM1Ie NOBHICTIO
3B’sI3HI AiarpaMu Jal0Th CYTTEBI BHECKU B €JIEMEHTH S-MaTPULL.

OcTaHHs AiarpaMa 3Ha4HO Npoo6JieMHilIa; 064ncauMo ii. [licsis iHTerpyBasn-
HA 10 KOOpAHWHATAax BOX BEPIIMH MAEMO

)
P1 1 dty’ i d*k i
r/ NCh  2) @em)tp?-m?2) @2n)* k? —m?
e X(—iNRM*8P(p, +p —p, —p,) X
X (—iN)(2m)*8® (pg — p').

(4.102)
Mu MokeMo NPOiHTEerpyBaTH O p’, BUKOPUCTABILU APYTY JesbTa-GyHKLito. Lle
notpebye Bifi HAC 064YUCIEHHA BEJIUYUHHU

1 1

2 _ 2 — 2
p m p'=p3 pB m
Mu oTpyMa/v HECKiIHYEHHICTb, OCKIJIbKU Py € IMITYJIbCOM 30BHILIHbOI YaCTKH i
BiAnoBiZae cniBBigHOWEHHIO p3 = m?. Lle cTBOpIo€E TpyAHOLL. 3p0o3yMiso, 1[0
Haia ¢opmyJia AJisd S Ma€ CEHC JIMIIIe 32 YMOBU BUKJIOUEHHS JiiarpaM 3 NeTJsIMU
Ha 30BHILIHIX JiHisgx. Ha macTs, ne ¢isuyHo BUNpaBJaHO — HaApiBHIi 3 TUM, SK
BaKyyMHi 0y/ib6ALIKOBI ZjiarpaMy ONUCYIOTh eBoJtoliito |0) B |(1), monpaBKH [0
30BHILIHIX JiHIN

ONKCYIOTb €BOJIIOLII0 |p), ¥ |P), AKUH € 0OJHOYACTKOBUM CTAHOM Y Teopil i3 B3a-
eMozi€r0. OCKIJIbKY Lii MONPaBKU He MAlOTh »KOAHOT'0 CTOCYHKY /10 IIPOLecy po3-
CisiHHS, iX Tpe6a BUKJ/IIOYUTHU 3 06UYUCIEHHS S-MaTPHUILi.

Jnda piarpamMu 3arajibHOTO BUIVIAZAY 3 30BHIIUIHIMMU JIIHIAMUA BU3HAYUMO AM-
nymayito HaCTYIIHUM YUHOM. [I04MHal04M 3 KiHII8 KOKHOI 30BHILIHbOI JIiHil, 3Ha-
HJleMO OCTaHHIO TOUKY, Je AiarpamMa Moxe OyTH po3pi3aHa 1o 0JHOMY Npomna-
raTopy Tak, U006 il onepalis BijokpeMuJa JiiHito Bij pemrtu aiarpamu. Tam i
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po3spixkemo. Hanpuk.ag,

aMITyTalisa

ZNY
O%\J N \_/

[lifcymMyeMo Hall NpUNMC [Jis1 00YMCIeHHs aMIVIITYA po3cisHHA. Popmyiy
Ji1sl esleMeHTIB S-Matpuli (4.90) MoxkHa nepenucaTy, K

iM - (21)*6@(p, + ps — z p,) =

CyMa BCiX 3B’I3HMX aMIIyTOBaHUX JAiarpam
3 BXIJHUMHU P 4, P ¥ BUXIAHUMU P,

(4.103)

TepminoM ,3B’13Ha“ MU Temnep MO3HAYAEMO MOBHICTIO 3B’I3HY Jiarpamy, TOGTO
Taky, 1[0 He MAa€ BaKyyMHUX Oy/b6aIlIoK, a Bci ii 30BHilIHI /iHil moegHaHi Mix
co6or10. [IpaBusa GeliHMaHa A aMILIITY/, po3cisHHsA B Teopii ¢p* y koopauna-
THOMY IIPOCTODI € Taki:

1. /lns KOXKHOTO mpoInaraTopa, = Dp(x —y);

= (-} [ d*x;

2. /114 KOXKHOI BEPIIMHH,

To—m oy
T
3. /lns KoxkHOI 30BHILIHBO] JiHI], }96—5— = g%,
4. Po3ginuTtu HA paKTOp cUMeTpil.

3a3HaYMMoO, L0 MHOKHHUKOM JJIs1 BXiZJHOI JIiHil € IKpa3 aMILIiTyJa 3HaX0/KeH-
HSl YaCTKU y BEPIIMHI, 3 IKOI0 114 JIiHif 3'€AHaHa, TOOTO 1€ € XBU/IbOBA QYHKIIis
yacTKU. Tak camMo, MHOXXHUK /i1 BUXiZIHOI JIiHIl € aMIIITyAa TOTO, 1110 YacCTKa,
Hapo/pKeHa y BEPLINHI, Ma€ MEBHUU KiHLIeBUH iMITYJIbC.

Ak i3 npaBusamu PeilHMaHa 151 KopeasinHuxX QyHKI[iH, 3a3BUYal NPOCTi-
1Ie 3allpOBaJUTH IMIyJIbCHE NIpe/CTaBJeHHS POonaraTopis, MOTIM y34TH Bep-
IIMHHI iHTerpaau Jjii OTpUMaHHA AesbTa-pyHKLiH, 1[0 3a6e31e4y0Th 36epe-
»KeHHS iIMIYJIbCY, Mic/s1 YOr0 BUKOPUCTATH 1ii AesibTa-PYHKIIT /11 00UMCIEHHS
sIKOMOTa GiJIbIIOro YKca iHTerpasiB o iMmnysbcax. [IpoTe B aMIaiTyAi po3cis-
HHS 3aBXX/H Oy/ie IPUCYTHS CIiJIbHA AesibTa-QYHKIiA Bii CYMH BCiX iMIYJIbCIiB,
sIKy MO>XHa BUKOPHUCTATH AJisl CKOPOUEHHS JeabTa-PyHKILil, 1110 CTOITh Y JiBiH
yacTtuHi (4.103). Toai Mu oTpuMaeEMo

iM = cyMa Bcix 3B’I3HMX aMIIyTOBaHUX JAiarpam, (4.104)



§4.7. ®eitnMaHOBiI npaBuia A1 pepMioHiB 135

Je I’ZLiaI“paMI/I 00YMCJIIOITHCS 3a HAaCTYIIHUMHU IIPpaBUJIAMHU:

i

1. /Jlndg KoKHOro npomnararopa = ;
’ p p? —m? + ig’

2. Jlnd KOXKHOI BEPIIMHH, = —i\;

Jl/1s KOo>KHOI 30BHIIIHBOI JIiHil, >_.; =1;

BumaraTtu 36epexeHHs iMIyJIbCY B KOXKHIM BepIIWHI;

d4
[HTerpyBaTu 1o KO>XkHOMy HEBU3HA4Y€HOMY IMIYJIbCY: f (2—1))4 ;
s

o 1ok W

Po3ginutu Ha pakTOp cuMeTpii.

lle Ham ocTaTo4HMI BapiaHT npaBua ®elinmMaHa A Teopii ¢*.

Hacnipasgi ¢opmyna (4.103) me He 30BciM TouHa. [ Heo6xifHa mogaTKO-
Ba MoAuQiKalis 3 ypaxyBaHHSM NPONOPLiNHUX MHOKHHKIB, IKi OyJIM BUJIy4de-
Hi 3 (4.89). YTiM, g Moaudikaliis cTocyeTbcs JiMlle AiarpaMm, 10 MiCTSTb Ime-
TJIi, TOMY MU BifiKJ1aflaeEMo 06roBopeHHs 10 Po3ainiB 61 7, ae cneputy o64uciu-
MO TakKi fiiarpamu. Y § 7.2 Mu J1oBeJieMO ClIpaBeJIUBICTh BUNIPaBJieHOl popMyiu
(4.103), sicTaB/isAI04YHM eJIeMEHTH S-MaTPULi 3 KOpeJALiMHUMU QYHKIIAMHU, A5
SIKHAX IPAaKTUYHO BKe OTpUMaJu GOpMyJ1y B TepMiHax GpeHHMaHOBUX JiarpaM.

§4.7. deriHMaHOBI npaBuja A ¢epmioHiB

Jloci B uboMy po3/iJi, 3a/1/11 yHUKHEHHS 3alMBUX YCKJIAaJHEeHb, MU PO3IJ/Aa/IN
auie Teopiro ¢*. Temep MM roToBi y3araJbHUTH pe3y/bTaTH Ha Teopii 3 dpep-
MiOHaMHM.

Hamie pimieHHs A KopeasinidHuxX QyHKLiN 3 §4.2 y3araJibHIOETbCS 0e3
npo6sieM. JlopeHI-iHBapiaHTHICTb BUMarae, 106 ramijibToHiaH B3aeMo/ii H;
O0yB 100y TKOM NapHOI0 YKCJia CiIHOPHUX MOJIiB, TOXX He BUHUKAE KO HUX CKJIa-
JHOILB IPU BU3HAYEHHI XPOHOJIOI'IYHO BIIOPAAKOBAHOI €EKCIIOHEHTH Bij H.

[Ipore, A1 3acToCcyBaHHA TeopeMU Bika Tpe6a nolipyuTH BUSHAYEHHS XPO-
HOJIOT'IYHOI'0 Ta HOPMaJIbHOTO YNOpPsiIKyBaHHs HA ¢pepmioHU. Hanpukinui § 3.5
MU 6auUJIY, 1110 OllepaTop XPOHOJIOIIYHOTO ynopsiAKyBaHHsA T, IKUH Jji€ Ha [Ba
CIIIHOPHI [0J14, 3py4YHillle BU3HAYUTH 3 JOLATKOBUM 3HAKOM MiHYC:

YEOU©») s x® > y°;

T(QJ(X)W(Y)) = —LIJ(}/)‘JJ(X) s x0 < yO.

(4.105)
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3a IIMM BU3Ha4YE€HHAM, IponaraTop deillHMaHa AJ1A I,ELipaKOBOFO I1oJIA €

d*p i(p+m) .
So(x — V) = o~ (=) —
F=y) (2m)* p? —m? + ie (4.106)

= (0| TY ()P ()|0).

[l 10Oy TKY MOHA/ ABOX CIIHOPHUX MOJIIB MU y3arajbHIOEMO 1€ BU3HAYEeHHS
NPUPOJHHUM YMHOM: XPOHOJIOTIYHE YIOPAAKYBaHHA JA€ OJUH 3HAK MiHYC /15
KO>XHOI 3 0llepaTOPHUX MePECTAaHOBOK, HEOOXiHUX JJis1 TOTO, {00 po3TallyBa-
TH N0JI Y XPOHOJIOTiYHOMY nopsAAKY. Hanpukiiag,

T(Y1WWs¥,) = (1YY Y, AKImo x3 > X7 > x5 > X3,

BusHaueHHs HOpMaJiIbHO yIOPsIKOBAHOTO JOOYTKY CIHOPHUX MOJIiB € aHAJIO-
I''YHUM: Tpeba MOCTaBUTHU JOAATKOBUU 3HAK MIHYC [/ KOXKHOI IlepecTaHOB-
KU GepMioHiB. AHTUKOMYTAlliliHi ClIiBBiAHOILIEHHS A03BOJISIIOTh 3alMCAaTH HOP-
MaJIbHO YIOPSIAKOBAaHUM A,0OYTOK KiJiIbKOMa CI0CO6aMH, IPOTe, 3 ypaxyBaHHAM
HalIMX JJOMOBJIEHOCTEH, BOHH IIiIJIKOM eKBiBaJIeHTHi:

N(apaqal) = (-D*afapaq = (—1)%afaqa,.

BukopucTaBiy 1ji BUSHAaYE€HHS, HEBAXKKO y3araJbHUTU TeopeMy Bika. Pos-
IJISHEMO CIOYATKY BUNAJA0K JBOX JlipakoBUX MoJiB, ckaximo, T[P(x)P(y)]. 3a
aHaJsiori€ero 3 (4.37), BUSHAYHUMO iX 3TOPTKY, K

TWeIT)] = N[W)IO)] + W) Tm). (4.107)

O4eBUAHO, 1110 JJIS1 IipaKOBOTO MOJIS,

[ —] + - 0 0
M@Mﬁf{_$£3$% ;Z;}=&@—w; (4.108)
YY) = PEOBG) = 0. (4.109)

BusHauuMo 3IrOpPTKY Hi,[[ CUMBOJIOM HOPMAJIBHOI'O YIIOPAAKYBAHHAM TdKHWM YU~
HOM, I_I_[06 BOHH MICTUJIHA 3HAKU MiHyc AJIA ollepaTopa IepeCTaHOBOK:

1 _ 2 - -
N(¢1¢2¢3‘l}4) = =13 N(‘~|Jz‘~|14) = —Sr(x1 — x3)N(1|’21|14)- (4.110)
3a Tak¥MX BM3Ha4YeHb TeopeMa Bika Mae nonepeHii BUTJISA;
T[¢11D21p3 ] = N[ll}lqul.|)3 -+ + BCi MOXJIMBI 3ropTKH]. (4.111)

JloBe/leHHsI CYTTEBO He BiJIpi3HAETHCSA Bi 6030HHOT0 BUNIAZIKY, OCKiJIbKH BCi 710-
JlaTKOBi 3HaKU MiHYC BPaXOBYKTbCS BUIlleHABeJJeHUMU BU3HAYEHHAMM.
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Teopisa OkaBu

Tenep 6ys10 6 HeBa>kKKO BUNMcaTH paBusa PeliHMaHa /11 pepMioOHHUX KOpeJisi-
iMHUX QYHKI[iM, ajle HATOMICTb MU Bijipa3y nepengeMo A0 06roBOpeHHs Npo-
neciB po3cisHHA. [louHeMo 3 aHasi3y Teopii lOkaBu:

H = HDirac + HKlein—Gordon + f d3X (g ll_Jlqu)) (4112)

lle € cnpouieHa Mo/ie/ib KBAHTOBOI eJIEKTPOJAUHAMIKU. Y TOTOYHOMY naparpadi
MU peTesIbHO BUBE/IEMO MpaBuia 064rcaeHHs B Teopii lOkaBy, m06 Hazasi ix
MOXKHa 0yJi0 6e3 3HAaYHHUX YCKJIaJJHEHb 3acTocyBaTu 0 KE/.

Jl11 KOHKPETHOCTI, pO3I/ISTHEMO peaKLilo JBOYACTKOBOTO PO3CIAHHA:

depmion (p) + dpepmion (k) - dpepmion (p') + depmion (k').
OCHOBHHUU BHECOK Jja€ H} 4yieH y S-MaTpuIi:
! ! 1 . T . T
o617 5y i0) [ @t (i) [ oy ¢1¢i¢,>|p, K, (@113)
Jl1s1 064Mc/IeHHS IIbOTO BUPa3y BUKOPUCTAEMO TeopeMy Bika, 106 3Bectu T-70-

Oy TOK 710 N-106YTKY 3rOpTOK, a IOTiM MO iATH HE3rOPHYTUMHU MOJISIMH Ha IoYa-
TKOBI Ta KiHI|eBi cTaHU YacTok. [IpeicTaBUMO 1jeil OCTaHHI npolec, IK 3rOPTKY

d3 ! 1 ! ’ , —ip'-
Y1 (x)|p, s) =] p Za;,us (p) e " *2Ey af|0) =
= (4.114)

(2m)® \[2E,

= e P*us (p)|0).

MoAi6Hi BUpa3u MalOThb Miclie AJiA 3TOPTKH ; 3 GepMioHOM KiHIIeBOro CTaHy,
a TaKOX /17151 3ropToK Y, i U; 3 aHTUdEePMiOHHMMH CTaHaMU. 3a3HAYMMO, 110 U,
MO>KHa 3TOpPHYTH 3 $epMioHOM NpaBopyd abo 3 aHTUPepMioOHOM JiBOpPYY; 3BO-
pOTHe CIpaBeAJIuBO A1 ;.

Mu MokeMo 3anucaTyu TUIIOBUM MaTPUUHUM esieMeHT (4.113), K 3ropTKYy

m N =1 |
(p',k’I%(—ig) Ja*x o (—ig) [ d*y bid|pK). (4.115)

3 TOYHICTIO 10 MOXKJIMBOI'0O 3HAKy MiHYC, 3Ha4€HH4 L{i€]l BEJIMYUHU €

. N2 d3q i dgr i
9" | G gz @00~ =) %

x (2m)*8(k' — k + @)u u@)ak Hu(k).
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(Mu onycTu/i MHOKHUK 1/2!, 60 € APYTrUM, iI€HTUYHHH YJIEH, L]0 NOXOAUTH Bij
nepecTaHoOBKU x Tay B (4.115).) BukopucTtaBiiu 6yaAb-sKy AeabTa-PyHKILi0 AJ1s1
iHTerpyBaHHs, 3HaX0J1MOo, 1[0 el BUpa3 Mae Buraz iM (2m)*8(Zp), ae
: —ig* .y
M = ——— u@)Hul)ulk)Huk). (4.116)
q° —my

3anucy4yy TaKUM YHHOM, MAaEMO NaM’ATATH, L0 HA IMIYJIbCU HAKJIaJleHO YMO-
!
Byp—p =q=Fk' —k.
3amicTb moynHaTH Bif (4.115), Mu Mor/iv 6 306pa3uTu pellHMaHOBY Jiarpa-
My

Mu nosHa4a€eMo CKasIIpHi YaCTKM MYHKTUPHUMHU JiHIAMH, a pepMioHHI — cy-
iIbHUMU. EfleMeHT S-MaTpuili MoxHa 6y/10 6 oTpUMaTH 6e3nocepeaHbO 3 Ha-
CTYNHHUX NpaBu/ PellHMaHa B iMIyJIbCHOMY IIPOCTOPI.

1. Ilpomaratopu:

MO’) = s R = m
i(p+m)

YOIO) = ——— =

2. Bepuunu: > ———————— = —ig

3. 3ropTku 3 30BHILIHIMU KiHUSAMU:

0 m
lay= >-g =1 (@lp = < =1
VUlps) = >—— =u'(p) (p.s|¥= —— =u'(p)
~——— ———
depmioH depmioH
bolps) = >—— =90  @s] b= — =v(k)
~——— K —— X
anTudepmion aHTUdepMioH

4. BumaraTu 36epexXeHHs iMIyJIbCy B KOXKHiM BEpIIHHI.
5. IHTerpyBaTu 10 KO)KHOMY HEBH3HAY€HOMY iMIYJIbCY.

6. OTpuMaTH NOBHUMU 3HAK JiarpaMHu.
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MaeMo KiJibKa KOMeHTapiB 10/0 LIMX TPABUIL.

[To-nepiie, 3a3Ha4MMO, 1110 MHOXKHUK 1/n!y psajai Teitsiopa /11 XpOHOJIOT'iYHO
BIOPSAKOBAHOI EKCIIOHEHTH 3aBX/ 1 CKOPOUYYEThCA 3 n! cnocob6amMu nepecTaHo-
BOK BEPILMUH, 10 JaI0Th OJHAKOBI 3rOpPTKHU. Jliarpamu B Teopii lOkaBu Hiko/11 He
MaloThb GpaKTOpiB cuMeTpii, ockiabky Tpu noss (PPd) B H; He MOxKHA MijcTaBU-
TH OZJHe 3aMiCThb iIHIIOT'0 MIPU 3rOpTKax.

[To-apyre, HanpsAMoOK iMNyJ/ibCy HA GepMiOHHUX JiHISAX 3aBXK/AU € ICTOTHUM.
Ha 30BHilIHIX NiHisAX, K AJ15 6030HIB, HANMPSAMOK iMNYJIbCY 3aBXAU € BXiITHUM
JlJ151 TOYaTKOBHUX CTaHIB i BUXiITHUM /i KiHLIeBUX. l]e 6e3n0cepe;HbO BUIJIMBAE
3 pAAiB A4 P i ), e onepaTopy 3HUILEHHS ap i bp MalOTb MHOXKHHUKH e~ P*, a
onepaToOpu HapOJPKEeHHH al‘; I bg — MHOXXHUKH etP¥, Ha BHyTpilHix ¢pepmion-
HUX JiHISX (mMponaraTopax) iMmny/sbc Ma€ BKa3yBaTHU HANpPSIMOK CTPyMy 4HcCJIa
4YacToK (/Jis1 eJIeKTPOHIB Lie € HANPSIMKOM CTPYyMy HeraTUBHOro 3apsay). Lo
BUMOTY HalJieruie no6auuTH, BUXO4U 3 3aCaIHUUUX NPUHIUTIB. Po3rissHeMo
aHirinsuito ¢pepmiona i anTudepmioHa y ABa 6030HHU:

e kS B

TS (kk Ifd4x¢¢¢fd4y¢¢¢lpp>~

P
4 4 ip'-x d4 l(g + m) el (x=y) —ip-y
j d*x f d*yv(p)e” J 2 ¢ u(p)e .

[HTerpasu no x Ta y AalTb AeabTa-QyHKII], IKi 3MYLIYIOTb ¢ TEKTH BiJ y 10
x. Ha BHyTpilHiX 6030HHUX JIiHiAX HAIPSIMOK iMIYJIbCiB € HEICTOTHUM i MOXe
O6yTH 06paHUM K 3aBroiHO, OCKIIbKU D (x — y) = Dp(y — X).

JloMOBJiIEHO 300paXKaTH CTPiZIKKM HAa GepPMiOHHHUX JIiHiIX TAKUM YHUHOM, 11106
BOHM Ipe/ICTaBJIS/IM HAIIPSIM CTPYMY YKcJia 4acTok. ToAi imnysibc pepMioHHOTO
nponaraTropa crpssMOBaHO 3a Lji€lo CTPiJIKo10. [IpoTe A1 30BHILIHIX aHTUYACTOK
iMny/IbC COpSIMOBAHO NMPOTHU CTPIJIKK; Ha 1je ABHO BKa3ye 300paxkeHa Mopyv i3
JIIHi€I0 Apyra CcTpijaka.

[To-TpeTe, 3a3HAaYUMO, 1[0 B HALIUX NMPUKJIA/AX JipaKOBi iHAEKCH 3ropTaro-
ThCS OAMH 3 OHUM y3/10BK pepMioHHUX JiHiN. Tak camo 1e Bij0yBa€eTbCA i B
CKJIQAHIKX AiarpaMax:

L(pz +m) L(p)l + m) .

—m?  p?—m?

~ u(ps) - u(p,)- (4.117)

p3 D2 P Po

HacamkiHenb 3ynuHUMOCh HA epMioHHUX 3HaKax MiHyc. [loBepHiMocs a0 npu-
kJ1aay ¢pepmioH-PepMiOHHOTO PO3CISAHHSA i MPUIIMEMO TaKi JOMOBJIEHOCTI PO
3HAKU [IJ1d I0YAaTKOBUX Ta KiHLIEeBUX CTaHIB:

Ip.k) ~ alaf|0), (p K|~ (0]apa, (4.118)
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otxe, (|p, k)" = (p, k|. Toxi sropTky

(P K [P, (), [p.K) ~ (0] aw ap PPy, alaf|0).

MOXXHa OTPMMATH, IePeCyHyBINY Yy, Ha ABi M03ULil BJIIBO, 0 AACTh MHOMXHUK
(—1)? = +1. IIpoTe 3a3HaYMMO, 1110 TPU 3rOPTLI

(P’ K1), (P, [p.K) ~ (0] i ap by by af af|0).

JOCTAaTHbLO NIEPECYHYTHU 1]Jy Ha OJIHY MO3HUILil0 BJIiBO, 10 AACTb MHOXHUK —1. Lla
3ropTKa BiANIOBiAa€ Aiarpami

Tox y HU>K4OMY NOPSAAKY NOBHUM BHECOK B €JIeMEHT S-MaTpULi /11 LLbOTO
Ipo1Lecy €

p K P’ ’f’
M= - + A =
1

= (—igz)<ﬁ(p’)u(p)

, 5 (K Yu(k) (4.119)
(@ -p)’-m}

1

— W)

5 ft(k')u(p)>-
mg

Pi3HUIg y 3HAaK MiHYC MiXK LIMMH JAiarpaMaMH € BijoOpaKeHHSIM CTaTUCTHUKH
®epwmi. [lepeTBOpeHHS 11bOTO BHpa3y Ha Nlepepi3 po3cisiHHSA NoTpebyBaJsio 6 neB-
HUX J0JaTKOBUX 3yCUJib; MU BifikJazeMo 1ii o6uucaeHHs a0 Po3ainy 5, ge Bxke
3M0KeMO po3miAHyTHU npouecu KE/] 3amicTe MeH1I 1jikaBol Teopii FOkaBu.

Y cksnaiHUX AlarpaMax HepiZiKo MOHa CIIPOCTUTH NpoLieC BU3HAYE€HHS 3Ha-
KiB MiHyC 3 Or/1g/ly Ha Te, 0 A06yTok (P) a60o 6yab-Ki iHui ¢pepmioHHi napu
KOMymyrwmb 3 0y/ib-IKUM oniepaTopoM. OTxe,

s (B0 (D), (), (D), -+ =
= Sp(x —2)Sp(z—y)Sr(y —w) -+

- (), (), (), (D), -
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[IpoTe 3a3HAYMUMO, 1110 B 3aMKHYTiH eT/i 3 n pepMioHHUX NponaraTopiB MaEMO

' — 1
e =Ry =
= DY b = (4.120)

= (=1) Tr [Sr Sr Sr Sk|.

3aMKHYTI ¢pepMioHHI neT/i 3aB¥ /A1 AAI0Th J0JaTKOBUM MHOXKHUK —1, @ TaK0OXK
c/1id Bif 106YTKY AipaKOBUX MaTpPUllb.

Motenuiana IOkaBu

Tenep Mmu MaeMo Bci ¢popMasibHi paBuJIa, HEOOXiHI /111 06YHCIEHHS aMILIi-
TyJ po3ciaHHA B Teopil I0kaBu. [lepi Hixk y3aTuca g0 BuB4eHHs KE/I, kopoTko
3BEpHEeMOCH Bifj abCTpaKLii 10 KOHKPeTHOI Qi3WKHU U PO3IJIIHEMO OJjHE MPO-
CTe 3aCTOCYBaHHS LIUX PaBUJI [Jis1 PO3CiIHHA HemomoXcHuX pepMioHiB y Hepe-
JISTUBICTCHKIN Mexi. [lopiBHABIIM aMILIITY/ly 11bOTO NpoLecy 3 GOpMyJIok0 JJs
OOpHOBOI'0 HAO/JIMKEHHS B HEPEJIATUBICTCbKIM KBAaHTOBIM MexaHilji, MO>KHa BU-
3HAUMTH NoTeHLian V(r), yTBoproBaHU# B3aeMo/iieto lOkaBwu.

Axuo ABI B3aEMO/i104i YaCTKU HETOTOKHI, TO BHECOK JIa€ JIMIlle Nepiia Jia-
rpama B (4.119). [lsig 064UC/IeHHS aMIIITYJU B HEPEJSTHUBICTChKIN Mexi, 36e-
piraemo Jyile 4jeHU HaMHUXKYOT0 NOPAAKY 3a 3-iMnysibcaMy. TaKUM YUHOM, 3
TousicTio 10 O(p%,p '3, ...),

p = (m, p), k = (m, K),
p'=(m,p), k'=(mKk).
BukopucTaBIlY Lii BUpa3u, MAEMO

@ —p)?=-Ip —pI>+0(p*,

u'(p) = M(;) Y T.J.,

(4.121)

! ’
e & € ABOKOMIIOHEHTHMM IOCTIfHUM CIiHOPOM 3 HOpMyBaHHAM & 185 = §5,

Toni cninopHi 706yTKH ¥ (4.119) 6yAyTh Taki:
¥ (p Y (p) = 2m e = 2m &', (4.122)
a” (ku (k) = 2m e TE = 2mé&". '

OTxe, Haw nepiIvi GiI3UYHUN BUCHOBOK € TAKHM, 1110 CIIiH KO>XHOI YaCTKHU B L|bO-
My HepeJIATUBICTCbKOMY IpolLieci po3CifsHHA 36epiraeTbcst OKpeMo — Iie IpH-
€MHUU pe3yJbTarT.
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36Mparyy pa3oM ycCi YaCTMHHU aMIUIITYAU po3cisiHHA (4.119), oTpuMyeMo

2

ig

iM =
P’ —plI° + 1

2m &5 s8"T, (4.123)

[leit Bupa3 Tpeba MOpiBHATU 3 G0OPHOBHUM HAOJIMKEHHAM /11 aMILIITYIU PO3Ci-
SIHHA B HEPEJIATUBICTChbKIN KBAaHTOBIW MeXaHilli, 3allMCaHil y TepMiHax NOTeH-

miany V(x):
('liT |p) = —iV(q) M) 8(Ey — Ep), (@ =p —p). (4.124)

Tox oueBUHO, 1110 AJ1 B3aeMoii OkaBu

2

-9

V(g = —2—. 4.125
)] PO ( )

(MHOxHUKHU 2m y (4.123) BUHUKAIOTh 3 PeJIITUBICTCBKUX YMOB HOPMYBaHHS
i MalOTh OyTH BUJIYUYEHi NpU NMOpiBHSHHI 3 (4.124), ne nepeabayeHo cTaHAAp-
THe HepeJIATUBICTChKe HOPMyBaHH cTaHiB. JlogaTkoBuit MHOXHUK 8P (p' — p)
3HUKAE NPU iHTEI'PYBaHHI N0 iIMIy/IbCY MillleHi.)

Ob6epHeHHs Qyp’e-epeTBOPEHHS JJisi OTpUMaHHsA V(x) NpoBOAUTHCS 3BU-
YalHHAM YMHOM:

2

dgq —9 eiq~x —

V() =
(2n)° q* + 15
_gz 5 eiqr _ e—iqr 1
= d =
4m? 149 iqr - q*+m§ (4.126)

0
oo

B _gz qeiqr
4mzir f dq q%? +m?’
¢

— 00

KoHTyp y njboMy iHTerpasii Mo>XxHa 3aMKHYTH y BepXHil HiBmiowuHi. [Ipu npo-
My 6epeThbCsl JIMLIIOK y POCTOMY IOJIKOCI B TOYLi g = +img. TAKUM YUHOM, MU
OTPUMYEMO
__ 91 oy
V(ir)=—-"——e ™, (4.127)
imtr

O € npumsAzysaivHum ,JioTeHnianom l0kaBu“ 3 pagiycom B3aemogii 1/mg =
h/mgc, AKuk NOPiBHIOE KOMITOHOBIM JOBXHHI XBUJII 6030Ha 06MiHy. lOkaBa
B35IB Liel OTeHI[iaJl 32 OCHOBY B TeOpii siIepHUX CHUJI i MillIOB 3BOPOTHUM ULJISI-
XOM: I04aB 3a paziycy cuJ (mpubsnsHo 1 ¢M) i oTpuMaB Macy po3UIyYKyBaHOTO
6030Ha, AKWI Ha3BaB MioHOM (npubsarsHo 200 MeB).
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[Ilo MU oiep>KMMO NMPU PO3CisIHHI YaCTKU Ha aHTUYacTKax? [l npouecy

Tpeb6a 06YHCAUTH (B HEPEJATUBICTCHKOMY HAOJIMXKEHI )

SI
5o () ~ &, —z”)<‘1’ 3)( E?’) - om (4.128)
Maemo Takox po3sibpaTucs 3 pepMiOHHMM 3HAKOM MiHYC. 3aCTOCYBaBLIU TOTO-
*HoCTi |p, K) = agb;ilO) i(p’, K'| = (0|byxap, MoxXeMO 3anMcaTh 3STOPHEHHUH

ManI/I‘{HI/Iﬁ €JIEMEHT, AK

——=1 — | 1~
(P’ K| W b [p, k) = (0] bie e By P afbf [0).

st npoBeZieHHsI 3TOPTKHU CJIiJi 3pOOUTH TPU NMEPECTAHOBKHU OMepaTopiB, 1110 B
NiJICYMKY Aa€ MHOKHUK —1. YHac/1iok yoro B (4.128) 3HUKaAE 10/JaTKOBUM 3HAK
MiHyc, ToMy noTeH1ias KOkaBu Mixk depMioHOM i aHTHUPEPMiOHOM TaKOX € MPU-
TATyBaJIbHUM i piIBHUM 32 CUJIOI0 IOTEHIiany Mix IBOMa pepMioHaMU.

3a/MuunIoCca pO3MJIAHYTH BUINAJO0K PO3CisHHA JBOX aHTU(epMioHiB. He
JIUBHO, 1110 NOTEeHILiaJ 3HOBY Oy/e NPUTATYBaJbHUM: JOJAATKOBHUM 3HAK MiHYC
3’BJISIETbCA B pe3yJbTaTi 3aMiHM UU HA UV, a KiJIbKICTb TepecTaHOBOK, HEOO-
XiJHUX [J11 IPOBeJleHHs 3TOPTKH, € MAapHO0. 3BiICM MAaEMO BUCHOBOK, L0 I10-
TeH1jian l0kaBU yHigepcasbHO npumsizysaibHUll, He3aJIeXKHO Bij| TOTO, UM € BiH
NOTeHIia/IoM B3aEMO/ii mapu ¢pepmioHiB, napu anTudepMioHiB abo napu dep-
MiOH-aHTH(EepPMioH.

§4.8. deiriHMaHOBI npaBuJia AJis KBAHTOBOI eJIeKTPOAUHAMI-
KU

Hapasi Mu rotosi nepeiTu Bif Teopil KOKaBU 10 KBAaHTOBOI €J1eKTPOJUHAMIKU.
[l boro 3aMiHMMO CKaJIAPHY YacTKy ¢ Ha BEKTOPHY YacTKy Ay, a raMiJbTo-
HiaH B3aeMozii OkaBu Ha

Hip = f d*x e Yy"PA,,. (4.129)

Ak 3MiHATBCA peliHMaHOBI npaBusia? BiinoBigb Jierko BrajaTy, Xo4a i BaXKKO
JoBecTu. Ha nopatok A0 npaBui aJis GepMioHIiB 3 monepeaHbOro naparpady
MaEMO

HoBa BepivHa : uo = —iey";
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o —ig,y
doToOHHMH NponaraTop : BNy =
~—q q* +ie
. . . . wee [ﬁ
30BHIIHI QOTOHHI JiHII : A, lp) = I:\_/]}v” = £,(p);

plA, = wnnd =@

doTonu 3a3BMYal 300paXxar0Th XBUJIACTUMHU JiHiAMU. CUMBOJ £, (p) 3aac ge-
Kmop nossipusayii oTOHaA B IOYATKOBOMY ab0 KiHI|eBOMY CTaHi.

i BUNpaBAaHHA LUX NPaBUJ HaraZaeMo, L0 B JIOPEHLOBIM KaJibpoBIi
(axy MM BUGpaJiy, 11106 36eperTy sIBHY PeJIITUBICTCbKY iHBapiaHTHICTb) piBHSI-

HHA 10Jig A1 A, Ma€ BUIJIAL
0%4, = 0. (4.130)

A oTXe, 1J1s1 KOXXKHOT0 KOMITIOHeHTa A cipaBeiuBe piBHAHHA Kiaiina-Topaona
(3m = 0). PimueHHAMM 1|bOT'0 PiBHSAAHHS B IMIIyJIbCHOMY NIpe/ICTaBJIeHHI OyAYTh
byuxuii €,(p)e 7%, ge p* = 0, a g,(p) € fJOBIILHUM 4-BeKTOpPOM. [HTEpIpETa-
1iif €, IK BEKTOpa noJisipu3aliii nosisi Ma€ 6yTH 3HalloMa 3 KJIaCUYHOTO eJIEKTPO-
MarHeTu3My. Po3kJiaBiIv KBAaHTOBaHE eJIeKTPOMarHiTHe 1oJie 3a HAbopoM KJia-
CUYHMUX pillleHb XBUJIbOBOT'O PiBHAHHS, SIK Ile MU 3p0OUJIU A4 noJsa KinsgiHa-
TopaoHa, OTpUMaEMo

“(x)_] (2n)° ﬁZ( n@e P+ ot (p)e?r),  (4131)

per = 0,1, 2,3 no3Hadyae 6a3uc BEKTOPIiB noJsspusalii. MHOXXHUKH 30BHILIHIX
JIIHIW y HaBeJleHUX BU1lle pelHMaHOBUX IpaBUJiaX HeranHO BUILJIMBAIOTH 3 L[bO-
ro BUpasy AOCTOTY TaK, AK MU OTPUMAJIU U | ¥ B AKOCTI MHOXXHUKIB 30BHILIHIX
JIiHIW A/ AipaKOBUX 4acTOK. EAMHUIN HIOQHC MOJISITAE B TOMY, 1[0 Tpeba o6Me-
KUTHU NOYATKOBI Ta KiHLeBi POTOHHI CTaHU NoNepeyHo NoJsipu30BaHMMHU. Be-
KTOpH MoJisipu3allii [ux cTaHiB 3aBxAu MaoThb Bumas et = (0, €), zep - € = 0.
[ p, cipsAMOBaHOI0 B3JJ0BXK OCI Z, IpaBO- Ta JIIBONIOJIAPU30BaHI BEKTOPH €
= (0, 1, £i, 0)/V2.

Bursisag BepminHHOro MHokHMKa B KE/l Texk MOXXHa Jierko mosiCHATH, po3-
IJISHYBIUM raMiJibTOHiaH B3aeMozil (4.129). 3a3HauuMo, 1110 Y-MaTpPULi B aM-
mwiitygax KE/l 3aB/Au 3HaXoAATbCSA MiXK cliHOpaMy a6o iHIIMMH Y-MaTpPUIS-
MU 3 IipaKOBUMHU iHZileKCaMHU, 3STOPHEHUMHU B3/10B>K GepMioHHOI JiHil. BisbMeMo
TaKO0X 10 yYBary, 110 Lield BU/Jl B3aEMOJIl CTOCYEThCS esieKTpoHa (i oro aHTHU-
4YacTKW — MO3UTPOHA). B3araui, /151 AipaKoBOI YaCTKHU 3 eJIeKTPUYHUM 3apsi/0M

Qlel,

#o = —iQlely".
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Jlo npuk/azy, e1eKTpoH Mae 3apsaf Q = —1, BepxHii kBapk — 3apsaf Q, = +2/3
i HYXKHIN KBapk — Q,; = —1/s.

He icHye mpoctoro cnocoby orpumatu ¢popmMyiy AJisg npomnaratopa GpoTo-
Ha, TOMY IIOKH 0OMEeXUMOCs NPaB/I0NnolioHUMU MipKyBaHHAMU. OCKIJIbKU eJie-
KTpOMarHiTHe 1moJie B JIOPEHI[0Bil Ka/sibpoBI1li 3a/10BOJIbHSIE 6€3MacOBOMY pPiB-
HaHHI0 Kisiina-Top/oHa, To HeMa€e HiYoro AMBHOIO B TOMY, L0 MPOMAraTop
doToHa MailKe ileHTUUHMI nponaraTopy 6e3macoBoi yacTku Kisiina-Topgo-
Ha. [I[poTe MHOXHHK —g,, notpebye nosicHeHb. JlopeHI-iHBapiaHTHICTb BUMa-
rae, o6 npomnaratop ¢oToHa MaB OYTH i30TPOMHUM TEH30POM JIPYrOro paHry,
KWW MOXKe 3ropTaTHCS Ha KOXXKHOMY KiHIli 3 BepIIMHHUMU MaTpUlsaMu yH i yY.
Hannpocrimnint kanaugat — ue g*V. /g po3yMiHHA NOBHOTO 3HAKy nponara-
TOpa, 06YMCIMMO HOTro QPyp’e-nepeTBOPEeHHS:

4 7 3
(621 ‘;4 qzliuivs pmia-(-y) — (‘21 ‘)13 I%I o0 (=) (=gp) (4.132)
Tt T

Biporizno nei Bupas gopisaioe (0| T[A,(x), Ay(y)] |0). BctanoBMMO . = Vv #i Bi-
3bMeMo Mexy x° — y° 3 mosuTHBHOrO HanpsAMKYy. ToAi 151 BEIUYKHA CTA€E HOP-
Molo cTtaHy A, (x)|0), Aka MycUuTb 6y TH MO3UTUBHOKX. MM 6a4MMO, 1110 HaIll BUGIp
3HaKy B IIponaraTopi BKa3ye Ha Te, 110 TPU CTaHH, nopojkeHi 4; 31 = 1,2,3
crpaB/i MalTb NO3UTUBHY HOPMY. Lli cTaHM OXOIJIIOIOTE yCi peasibHi (He BipTy-
asbHi) GoTOHH, YK NoJsApHU3alis 3aBXK/AU NpocToponozioHa. Ha »asb, 0cKijb-
KH g, He € TO3UTHUBHO BU3HAYEHUM, TO CTAHH, HAPO/PKEHI 10J1eM Ao, HEMUHYYe
MalTb HeraTUBHY HOpMY. [loTeHLIMHO Lie ceplo3Ha npobJieMa A4 OyAb-AKOl
Teopil 3 BEKTOPHUMH YacTKaMU. Ik MU noKaxkeMo B § 5.5, 71Ji1 KBaHTOBOI eJie-
KTPOAVHAMIKU CTaHU 3 HEI'aTUBHO HOPMOIO, TOPOJKEHI noJieM Ay, HIKOJIU He
BUHUKAIOTh y ¢pisnuHux npouecax. Y § 9.4 (Tom II) 6yze HaBeZileHO cTpore BHUBe-
JleHHSl BUpa3y A1l QOTOHHOTIO MponaraTopa.

Ky/noHiB noTeHnian

Jln1s feMoHCcTpaLii NpocToro 3acTocyBaHHA PeMHMaHOBUX IPAaBUJI, a TAKOX [/
Kpaloro po3yMiHHSI 3HaKy NponaraTopa, 1oBTOPUMO 004MC/IeHHS 1J1 HepeJis-
TUBICTCHKOI'0 PO3CisIHHS, 1110 1OTO MU [IPOBEJIY B IONepeIHbOMY naparpadi, aie
nboro pa3y B KE/I. [010BHUI BHECOK B aMILIITYAY €

i =" ¢ =(—ie)Zﬂ(p’)v”u(p)l‘”zﬂ(k’)vvu(k)- (4.133)
p k » —-p)

Y HepesIITUBICTCBKIN Mexi

a(p)Yu®) = u' (@Hulp) =~ +2mg s,
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Mo>kHa JIerKo IepeKOHaTHUCs, 10 iHmi BHeckH i (p’)y'u(p) 3HUKAIOTh 32 yMOBH
p = p' = 0. OT:Ke, HUMH MOXXKHa 3HEXTyBaTH NopiBHsAHO 3 U(p')Y°u(p) B Hepe-
JIATUBICTCHKOMY BUNIAJKy. TAKUM YUHOM,

0 > o @mE ), @mE ), gu =
Biez p (4.134)
= ——— @m&TH,@mE"Y,.
Ip" - pl

[Ipu nopiBHsHHI 3 Teopieto KOkaBu (4.123), 6a4ynMo, 1110 IPUCYTHIN A0JaTKOBUI
MHOXXHHMK —1; TO6TO, moTeHLias € gidwmoexysasnbHuM noTeHliasoM KOkaBu 3
He = 0. OToKe, Ma€EMO Bi/JIITOBXYBaJIbHUH KYJIOHIB OTEHI{iaI

2
e a
V(ir)y=——=—, 4.135
) tr 1 ( )
ne o = e?/4m ~ 1/137 — KOHCTaHTa TOHKOI CTPYKTYpH. J[Jis1 po3cisiHHsA yac-
TKa-aHTHUYaCTKa Iepe0BCiM 3a3HAYMMO, 1110

p()Y°v(k) = vi()v(k) = +2mE'E.

HagnicTb maTpuli y° ycyBae 3HaK MiHyC, IKMit MU MaeMO B Teopii fOkaBu. OT-
e, HepeJIATUBICTChbKA aMILIITYAa pO3CiaHHS,

=" . =(—1)-TLZZHZmE’*E)pHZmE*E')k, (4.136)
p k lp —pl

Jle MHOXKHUK —1 € TUM caMUM PpepMiOHHHUM 3HAKOM MiHYC, 1110 KOTO MU MaJiu B
Teopii lOkaBu. lle npumsieysasvHuli noteHniat. BignosigHo, 11 antudepmion-
aHTU(EePMiIOHHOTO pO3CiAHHA MOTEHIIiaJ BUABASAETCA BiAIITOBXyBaJlbHUM. Ta-
KHMM YHUHOM, MM [IEpEeKOHAJIUCS, 1[0 B KBAHTOBIM Teopii noJist npyu 06MiHi BEKTOP-
HOI0 YaCTKOIO OJHAKOBI 3apA/AH BiAIUTOBXYIOTHCA, TOAI AK IPOTUJIEKHI IPUTH-
I'YIOThCS. 3ayBaXkMo, 110 BiZjlITOBXyBaHHS B ¢pepMioH-PepMiOHHOMY pPO3CisiHHI
BUHUKJIO BUHATKOBO 4Yepe3 J0AaTKOBUM MHOXHUK —¢g,, = —1 y nmponarartopi
BEKTOPHOT0 6030Ha. TeH30pHUM 6030H, HANIPUKJIaJ, PaBiTOH, MaB 6W Npomnara-
TOp
1 [
A s = 2 ((-0,0)(=gu0) + (—gmx—gvp))(m).

KWW y HepeJATUBICTCbKUX BUNA/IKaX JaBaB 6l MHOXHUK (_900)2 = +1, wo
NPU3BOJUTH 10 YHIBEPCAJIbHOTO NPUTATYBaJbHOIO NoTeHLiany. lle cBiA4YUTB,

110 KBAaHTOBA Teopis MoJis CrIpaB/i BiATBOPIOE 0YEBU/IHI BJIACTUBOCTI eJ1eKTPU-
YHUX i I'paBiTaAlliMHUX CUJI:
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YacTku 06MiHy ff iff ff

ckassp (FOkasa) NPUTATAHHSA NPUTATAHHSA
BeKTOp (eJIeKTpUKa) BiJIUTOBXYBAaHHS MPUTATAHHS

TeH30p (rpaBiTaLis) NPUTATAHHS NPUTATAHHS

3agaui

4.1. TloBepHiMoOcs /10 Tpo6JIEMU HapOKEeHHSA YacToK KiisitHa - [opioHa Kiacu-
YHUM JxepesioM. Haragaemo, 1o 3rigHo 3 Po3gisoM 2 neld npouec MoxHa ONu-
caTH raMiJIbTOHIaHOM

H=Ho+ j &x (—j(t, Vb)),

ne Hy € BinbHui raminibTonian Knsitna-Topgona, ¢(x) € noae Kaaitna-Topgo-
Ha, a j(x) — c-yucioBa ckansipHa GyHKILisg. MU BCTaHOBUJIH, L0 B pasi, K10
CHCTeMa /10 BKJIIOYEHHs JXKepeJsia nepedyBaJjia y BAKyyMHOMY CTaHi, TO cepeiHE
YHCJI0 YaCTOK, HAPO/PKEHHUX JIPKEPEJIOM, €

d’p 1
(2m)® 2E,

~ 2
(N) = el
Y nin 3aza4i MU nnepeBipMMO HaBeJleHe TBep KeHHs | OTpPUMAEMO JleTa/IbHILLYy
iHpopmMaliito, BAKOPUCTOBYIOYU PO3KJIaleHHSA B NepTyp6baTUBHUH psiJ| 3a iHTEH-
CUBHICTIO JpKepeJia.

(a) IMokaxiTh, [0 UMOBIPHICTH TOTO, 1110 JAXKEPeJIo He HAPOKYE HCOJHOI Jac-
TKH, €
2

P(0) = ‘<0| T{exp -] d4xj(x)<l>1(x)]}l0)

(b) O6uucaith ynen nopsazaky j* y P(0) i mokaxite, mo P(0) = 1-A + O0(j*), e
A I0piBHIOE BUpa3y, 3aiaHoMy Bulle AJis (N).

(c) 3o06pasiTh useH, oTpuMaHuil y nyHKTi (b), y Burssai ¢eliHMaHoBoI fiarpa-
mu. Tenep npescTaBTe Becb nepTypbaTuBHUM paf s P(0) 3a ;onoMororo
Jiarpam. [lokaxiTsb, 1110 el psifl yTBOPIOE EKCIIOHEHTY, TOMY MOXe Oy TH TO-
yHo nigcymoBaHui: P(0) = exp(—A).

(d) O64ucaiTh HMOBIPHICTH TOTO, 110 JKepeJsio HAPOKYE OJHY YaCTKY 3 iM-
nysibcoM k. [IpoBeniTh e ob4uncaeHHd cnepiuy 3 To4yHicTio O(j), a moTiM
JUIS1 BCIX MOPAJKIB, 3aCTOCYBaBIIY IPUMOM 3 MYHKTY (C) [J11 OTpUMaHHA
CYyMHU pALIB.
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(e) IMokaxiTk, 110 UMOBIPHICTb HAPO/PKEHHS N1 YACTOK €
P(n) = = A" exp(—D).

lle € po3nodia IlyaccoHa.
(f) JoBegith Taki dakTu A po3noainy I[lyaccoHa:

[ee)

i P()=1; (N)= ZnP(n) Y

n=0

[lepia TOTOXKHICTh BKa3ye, 110 P(n) € NpaBUJIbHO HOPMOBaHi KMOBipHO-
CTi, TUM 4acoM sIK Apyre NigTBePJKY€E HAll BUCHOBOK Jisl (N). O64UCTITh
cepesHe KBagpaTHuHe Biaxunerns ((1—(N))?).

4.2. Po3mnaj, ckaJIApHOI YaCTKU. Po3missHEMO JlarpaH:kiaH 3 JBOMa LiMCHUMU
CKaJIIpHUMHU nosIMU P Ta ¢:

L=7(0,9)" — ZM*®? + 30,9 — Fm*P’ — pPPo.

OcTaHHIil 4JieH € B3aEMOZ€10, 0 A03B0JIS€ YacTli ¢ po3najgaTucs Ha JBi 4ac-
TKU ¢ 32 yMOBY, o M > 2m. [Ipunyckaroyy, 110 [[}0 yMOBY BUKOHAHO, 004YHU-
CJIiTh YacC )KUTTS 4aCTKA ® B HAUHU>KYOMY MOPAAKY 3a L.

4.3. JliniiHa curma-mogesib. B3aeMogito mioHiB nmpu HU3BKIA eHeprii Mo-
»KHa onucaTu (GpeHOMEeHOJIOIIYHOK MOJeJ/UII0, 110 Ha3UBA€ETLCA JIHIUHOW CU-
rma-modeaatro. BiacHe, i1 MOJiesib CKAAAA€ThCsA 3 N JIIMCHUX CKaJIIPHUX TOJIIB,
nop’s3anux ¢*-B3aEMO/Ii€l0, CUMETPUYHOIO BiHOCHO o6epTanb N mouiB. [e-
tanbHime, Hexaih ®'(x) = 1, ..., N € HabopoM N 1noJiB 3 raMmisbTOHIaHOM

H= f @x (32 + F(VO)? + V(02)),

ge (P> =d-di
1 i A i 2
V(®?) = ;m?(®)? + Z((H)?)
€ QYHKIIi€10, CHMETPUYHOIO BiHOCHO 06epTaHb noJis . [is (KJ1acuuHUX) KOH-

dirypaniit mosa @', nocTiiHUX y mpocTopi Ta yaci, uie rei BUpa3 Ja€ BHECOK
y raMizibToHiaH H; oTxe, V € IOTEeHLINHOI eHepri€ero MoJs.

(Aku# cTOCyHOK Ma€ Lied raMiJIbTOHIaH [0 CUJIbHOI B3aEMo/ii? IcHye Ba TH-
U JIETKUX KBapKiB U i d. l|i KBapKH iIeHTHUYHI BiJHOCHO CUJIbHOI B3aEMO/],
NpoTe MaWTh Pi3Hi Macu. SKI0 KBapKK 6e3MacoBi, TO raMiJibTOHiaH CHJIbHOI
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B3a€EMO/ii iHBapiaHTHUH BiIHOCHO YHITapHUX NIePEeTBOPEHD 2-KOMIIOHEHTHOI'O

ob6’ekra (u, d):
<g> - exp(ia- 0/2)(3).

lle mepeTBOpeHHs HA3UBAETLCS i30cniHOBUM ob6epmaHHsAM. KpiM Toro, K10
CUJIbHA B3AaEMO/Iisl OMUCYETHCSI BEKTOPHUM ,[VIDOHHUM" moJieM (1110 € clipaBe-
aauBuM A KX/1), ramiJibTOHIaH CUJIbHOI B3aEMO/Iii iHBapiaHTHHUM BiJITHOCHO
i3ocniHOBUX 06epTaHb, 3/1iHCHIOBAHUX OKPEMO [IJis JIiIBUX i IpaBUX KOMIIOHEH-
TiB KBApKOBUX MM0JiB. TaKMM UYMHOM, MOBHa cuMeTpis B KX/l 3 nBoMa 6e3MacoBU-
MU kBapkamu € SU(2) X SU(2). Bizomo, 0 SO(4), rpyna obepTaHb 4-BUMipHOTO
npoctopy, € i3oMopdHoro rpyni SU(2) X SU(2), Tox aasa N = 4 niHiliHa curma-
Mo/ieJib MA€E TY K I'PyNy CUMeTpil, 1110 ¥ cuJibHA B3aEMO/isl.)

(a) MpoananisyiTe JiHilHY curMa-Moe/b A m? > 0, 3Baykarouu Ha Te, 1[0
aas A = 0 HaBeZleHUM BUIIe TaMiJIbTOHIaH € TOYHOI CyMOIO raMiJIbTOHi-
aniB N He3zanexxHui nouis Knaiina-Topgona. Togi MOKHA 06UHMCIUTH aM-
IJIITY/IU PO3CiSiHHS, IK TEPTYPOAaTUBHUM psif, 3a napaMeTpoM A. [lokaxiTsb,
1110 IponaraTop LOPiBHIOE

Ol (x) &/ (y) = 87 De(x — y),

Je Dp — cranjgaptHuii nponaratop Knaiina-TopaoHa gia Macu m, i o €
OJlHa BepLIWHa, 3a/laHa BiANIOBIAHO 10 NpaBUja:

= —2iA(8Y 8 + 8'57* + 55T

(e o3Hauae, 1o BepmKHa Mixk gBoMa @' i gBomMa ®? Mae 3HayeHHA —2iA;
a Mix 9oTupMma ®! BepiinHa Ma€ 3HaueHHA —6iA.) OGUUC/ITE y TOJIOBHOMY
nopsaky 3a A gudepeHuinaui nepepis do/dQ, y cucremi lIM asig npouecis
pO3CiAHHA

dlP? > Ple?, PPl 5 P2P? i PPl - P!

AK QYHKLII eHeprii [eHTpy Mac.

(b) Tenep posrasgHeMo Bunagok m? < 0: m? =—p2. Y ubomy pasi V mae Js1o-
KaJIbHUM MaKCUMYM, a He MiHiMyM. OCKiJIbKU V' € NOTEH1[INHOI eHePri€lo,
TO OCHOBHHUM CTaH Teopii nepedyBa€ He no6/u3y &' = 0, a OTpUMYETHCS
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(0

(d)

npu 3cyBi @' y HanpsAMKy 0 MiHiMmyMy V. BHacs1ijok o6epTasibHOI iHBapi-
AHTHOCTI MOXKHa NPUNYCTUTH, 1110 L|eH 3CyB BiZj0yBaTUMETbCS B HANPSAMKY
N-ro komnoHeHTa. ToJi 3anuieMo

di(x) =7n'(x), i=1,..,N—1,
OV (x) = v+ o(x),

Jie V — KOHCTaHTa, 06paHa 3 yMoBM MiHiMizawii V (TyT ! mo3Hayae nionHe
noJie; He MJYTaTHU 3 KAHOHIYHUM iMIysbcoM). [lokaxiTe, 1[0 B UX HOBUX
KOOp/iMHaTax (IpHU MiICTAaHOBIIi 3aMiCThb v Bi/IOBiAHOr0 BUpa3y yepes na-
paMeTpH A Ta L) OTPUMYEMO TeOopito 3 MacUBHUM moJieM o i N—1 6eamaco-
8UMU MTIOHHUMH MOJISIMH, 1110 B3aEMO/IiIOTh Yepe3 CKJIa/I0Bi B MOTEHIiMHIN
eHepril TpeTbOoro ¥ 4YeTBePTOro CTeNeHs, AKi CTal0Th MaJuMU npu A — 0.
CtBOpiTh deliHMaHOBI MpaBUJ/Ia, BKa3aBlIX TaKi 3HaYeHHs JJ1s1 IponaraTo-
piB i BepUINH:

-
60= =—— /H\ )K
i j
— k !
e XX
i J i J

064KMCIiTh aMIIITYAy PO3CiIHHA AJi1S1 IPOLECY

() (p,) - T ()T (L)

y TOJIOBHOMY MOPSAAKY 3a A. TyT 1al0Th BHECOK YOTHPH JiarpaMu

Lo~ X

[TokaxiTe, o Ha Mexi (p; = 0) cyma nux agiarpam aae Hyaw. (Iligkaska:
MOJKJIMBO, GyJie MPOCTillle criepily po3mIssHyTH OKpeMui mporec mint —
2T, IS SIKOTO JIMLIE epllia Ta YeTBepTa JiarpaMyd HEeHYJIbOBI, a MOTIM
IepexoUTH J10 3arajibHOro BUunazky.) [lokaxits, mo aasa N = 2 (oguH copT
mioHiB) YwieHd nopsaaky O(p?) TaKoX CKOPOUYYETHCH.

Jonamo o V 4ien, 110 nopyuye CUMeTpito:
AV = —ad",

Jie a — (Masa) koHcTaHTa. (B KX/| Takui 4ieH BUHUKAE, IKILO U i d MalOTh
O/IHAKOBY HEHYJIbOBY Macy.) 3Hal/jiTb HOBe 3HA4eHHs v, 10 MiHiMi3ye V,
i onuIIiTh Teopito Mo6/1u3y 1jie€l TOUKH. [oKaXiTh, 1110 MiOH HAOYBAa€E Macu
MOPSIAAKY M2 ~ a i 110 MiOHHA aMITITY/ia PO3CistHHSI IPU IOPOTOBiii eHeprii
Ternep He 3HUKAE | TAKOX NPOoMNopILikHa a.
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4.4. PesepdopaoBe po3cisiHHA. [lepepi3 po3cisiHHSA esleKTpOHA KYJIOHOBUM
1oJIeM s1/jpa MOXKHa 00YMCIUTHU B HAWHMXKUYOMY NOPAAKY 6€3 KBAaHTYBaHHS eJie-
KTPOMArHiTHOro noJis. HaToMicTh po3riisifaTuMeMO Lie MoJie, IK KJIACUYHUU T10-
TeHnian A, (x). [amMisbTOHIaH B3aeMogii €

H = f d’xe Yy"P Ay,

Jie P(x) — 3BUUaliHe KBAaHTOBaHe /lipaKoBe IoJIe.

(a)

(b)

(0

[TokaxiTh, 10 esieMeHT T-MaTpULi /151 eJIEKTPOHHOTO PO3CiIHHA Ha JIOKa-
JIiI30BaHOMY KJIaCUYHOMY MOTeHLia/li B HAHHWKYOMY MOPALKY €

('|iT |p) = —ie u(p )y u(p) - Au(p’ — p),
ne Anmu(q) — 4oTupUBUMipHE Pyp'e-epeTBOPEHHS MOTEHI{iaNy A, (x).
Axmo A, (x) He 3a/1€KUTh BiJ 4acy, TO HOTO Qpyp'e-epeTBOPEHHA MiCTUTh
JenbTa-pyHKLito Bij eHeprii. ToAi npupoAHO BU3HAUYUTH
Ae E; i Ef € 104aTKOBOIO Ta KiHI|€BOIO eHepriaiMU YaCcTKH, | IPUWHATH HOBE
deliHMaHOBe MPaBUJIO AJisI 064K CIeHHSI M :

= —le Y“Zu(q),

ne A,(q) € tpuBuMipHe dype-neperBopeHHd Ay (x). [Ipy Takomy Bu3Ha-
YeHHI M MOKaxiTh, 110 ITepepi3 po3CisHHA Ha NOCTIMHOMY B Yaci ¥ JIoKaJli-
30BaHOMY IIOTeHLiaJIi €

11 d°p; 1 ,
= — _— M . 2 6 E _ Ei )
© = v 2E, (zny 28, P = pp|” @O8(E, ~ E)

Jle v; — MoYaTKoBa WBUJKICTb YacTKU. L[s popMyna € npupoiHOIO MOAU-
dikauiero popmyn (4.79). llpoinTerpyire mo p,|, Wo6 3HaUTH MPOCTUH
BUpa3s A do/d.

Po3r/isiHbTe OKpeMUI BUIAL0K PO3CiSTHHS eJIEKTPOHA KYJIOHOBUM IOTEH-
nianom (A° = Ze/4mr). Y HepenATHUBICTCbKOMY HabJIMKEeHHI OTpUMaiiTe

dopmyny Pesepdopaa

do atz?

dQ ~ 4m?v?sin*(0/2)
(Axwio ckopUcTaTUCA AeAKMMU 064YHCAI0BaJIbHUMU NpUiloMamu 3 § 5.1, He
BUHUKAE TPYAHOILIB P PO3PaxXyHKY Oy/Ab-KUX Nepepi3iB po3cisHHA B
pesIATUBICTCbKOMY BUNAAKY; AUB. 3ajauy 5.1.)




Po3nin 5

EsremeHTapHi npounecu
KBAaHTOBOI eJIEKTPOAUHAMIKH

BpeluTi-pewiT, nicisg TpboX BEJMKUX PO3/iJiB, NPUCBAYEHUX dopMasi3zMy, MU
rOTOBi 3/1iHICHUTH HU3KY CHPaBXHiX peJITUBICTCbKUX 0OYUC/IEHb, pO3M0YaTH
BUBYeHHS nepeabadeHb KE/. Cnepiuy noBepHeMocs [0 [0 BKe PO3IVISHYTOrO
B Po3zisi 1 nponecy aHirinauii e1eKTPOH-NO3UTPOHHUX NAp y apH OiJIbII BaX-
kux ¢pepMioHiB. Llel 3acaHUUNI NpoLeCc MU JleTalbHO po36epeMo B TPbOX Ha-
CTynHuX naparpadax. Bigrak, y §§ 5.4 1 5.5 npoBezseMo 11ie KiJibKa MPOCTHUX PO3-
paxyHkiB KE/I. 3a1a4i HanpuKiHLi po3A4iJ1y CTOCYIOThCA AeSKUX iHIIKX TPOLECIB,
SIKi ONMCY€E KBAaHTOBA eJieKTpoguHaMika. [loBHimum Bukiaas KE/l MoxkHa 3HanTH
B kHUrax [33]1[8].

§5.1. ete” - putu:BCcTYnm

Peakriisi ete™ — ptu~ e Haitnpocrimoro 3 ycix peakuiit y KE/| i BogHOYac o/jHi€0
3 HaMBaXX/IUBIKX y Pi3ulli BUCOKUX eHeprii. BoHa € dyHaMeHTa/IbHOWO AJis1
po3yMiHHS BCiX peakiiH, 110 BijoyBaroThcst Ha et e kosaiizepax. Hacripasai ca-
Me Ieil poliec BUKOPUCTOBYETHCA AJis KaniopyBaHHSA KosianaepiB. [loB’sa3aHuit
3 HUM mpolec e*e” — (Q (YTBOpeHHs Mapu KBapK-aHTHUKBApK) BUSBJSETHCS
Ha/;3BMYalHO KOPUCHUM IIPU BUBYEHHI BJIAaCTUBOCTEN e/IeMeHTapHUX YaCTOK.

Y uboMy naparpadi MU 06YHCIUMO Henoisapu3oeanutl nepepis qis ete™ —
utu” y HallHKMKYIOMY MOPsSAKY Teopil 36ypeHb. Y Po3zini 1, BAaBLIIKCh 70 eJle-
MeHTapHUX MipKyBaHb, MU Brajaju BiinoBiab (1.8) AJig rpaHUYHOrO BUNIAJKY,
KoJiu Bci pepmioHu € 6e3macoBuMU. Terep MoXkeMO MOCJAOUTH 1110 YMOBY i Bpa-
XyBaTH MIpU 004K CIEHHAX Macy MIOOHa. BpaxyBaHHSA Macy eJleKTpoHa He Haba-
raTo Ba)kye, aJie 1036aBJIeHO CEHCY, OCKIJIbKH CIIiBBiJJHOIIEHHA M. /m, = 1/200
3HAYHO MeHIlIe, Hi>k MOXUOKa, 1110 1l BHOCATD YJIEHU BULIOT0 MOPSIKY epTypba-
THUBHOTO psijly. 3aCToCyBaBIIM GpelHMaHOBI npaBuia 3 § 4.8 MoxxHa 3060pa3uTU
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JliarpaMy ¥ BUNMMCcATH BUPaA3 JAJ1s1 aMILIITYAU NpoLecy:

=" ()( - ieY”)us(p)<—_;€”“> a (k) (- iey")v" (k).

Tpoxu nepepo6HUBILU 1]el BUpPa3 i BUJIYYHBILU CHIHOBI iHJEKCH, O e PKUMO

M (e~ (e (0') » (R (K)) = %(ﬁ(p')y“u(p» (@(k)y,w(k)). (5.1)

Lle¥ pe3yabTaT AJisi M Ma€ NPOCTUN BUTJISA, ajie 1ie He HA/ITO SICHUH i 3p03yMi-
JINK.

Jlns o6uncieHHs JudepeHIikHOTrO nepepily MyCUMO OTPUMAaTH BUpa3s AJis
|M]?, a oTxe, cJ1ijj 3HAWTH KOMILJIEKCHO-CIPSXKEeHY BeJUYuHy 70 M. KoMme-
KCHe CIpsi>KeHHs A00YyTKy OicniHOpiB Ha 3pa3ok vy"u MoXKHaA MPOBECTH TaK:

@y =2t () () v = at () 0w = atyyhv = aytv.

(Ille ogHe cBiueHHS 3pyYHOCTi BUKOPHUCTAHHSA JipaKoBOro crpsikeHHs.) OTxe,
KBa/IpaT MaTPUYHOTO eJIeMeHTa:

4

M| = %(ﬁ(p’)Y“u(p)ﬂ(p)v“v(p’)) @ty wkHvE Yy udE).  (52)

Mu poci BiibHI y BUG0pi KOHKpeTHUX cniHopiB u®(p), v°(p) i T. 4., W0 BignoBiA-
alTb OYAb-AKOMYy 6a)KaHOMY CIIIHOBOMY CcTaHy ¢epMioHiB. [IpoTe B peasibHUX
eKCIIepUMeHTax BaXKKO (X04a, B IPUHLMII, MOXJ/IMBO) KOHTPOJIIOBAaTH CIiHOBI
ctaHu. /lng uporo Tpeba MiAroTyBaTH MOYATKOBUU CTaH 3 MOJISAPU30BAHUX Ya-
CTOK i/ab0 aHasni3yBaTH KiHI|eBUH CTaH, BUKOPUCTOBYIOUYHU 3aJIeXKHE BiJ| CIIiHY
6araTopa3oBe pO3CigHHA. ¥ 6i1b1IOCTI A0C/i/iB €/IeKTPOHHI Ta TO3UTPOHHI My-
YKU He MOJIIPU30BaHi, TOMYy BUMIipIOBaHUM Nepepi3 € cepedHim 3a ClliHaMU eJie-
KTpPOHA Ta O3UTPOHA S i S’'. MIOOHHI ZileTeKTOpU 3a3BUYall HECTPOMOXKHI BU3Ha-
YUTH NOJIApU3aLlil0, TOMY BUMIPIOBaHUU lepepi3 € CYMO0 3a ClIiIHAMUY MIOOHIB 7
ir'.

AKIIO TaKMM YUHOM 11036y THCA iHdopMaLii npo chinu, BUpas a4 | M |? crae
ICTOTHO NpoCTilMM. M1 X04eMO0 06YHUCTUTH

ST s
S st r
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CYMa 3a CliHaMU MMPOBOANTBLCA i3 3dCTOCYBAHHAM CIiBBIHOILIIEHb TTOBHOTHU

(§3.3):
Yuw@uEe=p+m Y vEP@ =p-m (5:3)

N

BunucaBiiy IBHO CMiHOBI iHAEKCH B epPLIOMY MHOKHUKY (5.2), 11106 BisibHO me-
pecTaBUTH V JI0 U, MAEMO

Z S (0 )Yy us D)EEDIYLUS (P) = (P — M)gaYip @ + M)peYia =

s,s’

r[(@ —my*(p + m)y'].

AHaJioriyHO BUMHUBIIM 3 [PYTUM MHOXKHUKOM, MU JiiiZieMo /10 6aKaHOT0 HaMU
CIPOILLEHHS:

4 Z M = T = mayip + moy] X .

X Tr [(k' - mu)yu(k + mu)Yv]'

CrniHOpH U 1 V 3HUKJIY, 3aJIMIIMBILM HAC i3 YiTKMM Ta 3p0O3yMiJIMM BUpa30M, 3a-
NHMCaHUM Yepe3 y-MaTpuli. Taka npoueaypa Ma€ 3arajibHUM xapakTep: 0y/ib-siKa
ammutityga KE/, 1o MicTUTb 30BHilIHI depMioHHU, Mic/is MiiHECEHHSA 4,0 KBaJpa-
TY ¥ NiiIcyMOBYBaHHs ab0 ycepe/JHeHH 3a ClliHaMU HabyBa€ BUIVIAAY CJIiZy Bif
JNOOYTKY JipaKOBUX MaTpPHULb.

TexHoJI0r'isI CAigiB

Ileit ocTaHHIM KPOK HaBps/| Y4 IPU3BiB O6U [10 CYTTEBOTO NMOKpallleHHS CUTYallil,
SKOM HaM JI0BeJs10Ccs OpaTH c/aiyu MaTpulb 6e3nocepeHbo. [IpoTe PeliHMaH BU-
SIBUB, 110 MOHa 3HAaYHO COPOCTUTH POOOTY, CKOPUCTABLIKCH aarebpaiuHuMuU
BJIACTUBOCTSAMHU Y-MaTpUlb. OCKIZIbKM 00YHUCTIEHHS TaKUX CAifjiB € BaXKJUBOIO
YaCTHUHOIO MPAaKTUYHUX po3paxyHkiB y KE/], To Mu 3po6uMo BificTym, 06 IPYH-
TOBHO pO3ibpaTucs 3 UM NHUTAHHSAIM.

OTxe, MM X04€MO OOUYMCIUTH CJiJl BiJ 4OOYTKY n raMMa-MaTpUllb, e n =
0,1,2,.... (Ana Hamwoi MmeTu noTpi6bHO N = 2, 3,4.) Bunagok n = 0 HaAI3BUYaHHO
npoctuit: Tr1 = 4. B3ATH cif BiJ OJHIET Y-MaTpPHULI TaKOX JIETKO. 3 SBHOTO
BUIVIAZly MaTPHULb Y KipaJIbHOMY NIpe/iCTaBJIE€HHI MaEMO

n
Try“-Tr(0 (Z)):o.
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Byzie KOprCHO oZiepKaTH el pe3yanbTaT abCTPaKTHIIIUM LIJIIXOM, IKAUU MOXKHa
y3araJibHUTHU AJis 6Y/b-1KOI HeMapHOi KiJIbKOCTi Y-MaTpHUlb:

Try* = Try®y>y* (ockinbku ()% = 1)
= —Try>y*y® (ockinbku {y*, y°} = 0)
= — Try°y>y* (BHKOpHCTaHA LUKJiYHA BJACTUBICTB CAiAY)
= —Try".

Ockinbku caif Big y* fopiBHIOE caMoMy €06i 3i 3HAKOM MIHYC, TO BiH € HY/IbO-
BUM. J]Jisl n y-MaTpullb MU OTPUMAEMO N MiHYCiB Ha [pyromy Kpolii (KoJiu nepe-
CTaBJISIEMO JPYTy MAaTPHIIIO Y° HAMpaBo), TOMY CJIi/i ZIOPIBHIOE HYJIIO, IKIIO N €
HeNlapHUM.

I[lo6 y3aTu caif Bif J06YTKY ABOX Y-MaTpPHLb, 3HOBY CKOPUCTAEMOCH MOTO
AHTUKOMYTALiIMHUMU Ta UUKJIIYHUMHU BJIACTUBOCTAMMU:

Try'y' = Tr (29" - 1 —y'y") (aHTHKOMYyTAalif)
= 8g" — Tryty’ (uukJIiYHA MepecTaHOBKA).

3Biacu Try*y’ = 4g"’. TakuM caMHMM YMHOM MO>KHa B3(TH CJiJ Bif OyJb-sKOI
NapHOI KiJIbKOCTi Y-MaTpULb: Tpeba NepecTaBUTH NMePLIY Y-MaTPULIO Yepes pe-
LITY HallpaBo, 3aCTOCYBABIIH CIIiIBBIHOLIEHHA aHTUKOMYTallil, IicJId 40ro, CKO-
PUCTABIIXCH LIUKJIIYHOI BJACTUBICTIO, MOBEPHYTH i HasiBo. Tak, AJid caify do-
TUPbOX Y-MaTPULLb MAEMO

Tr (Y'y'y°y°) = Tr (2g"v*Y° — y"y*yPY°) =
=Tr (Zguvypyc _ szgupyo + yvyng uo __ YVYPYGYH)_

3acTocyBaBUIU IIUKJIIYHICTb [0 OCTAHHbOTO JI0/IaHKa i MepeMiCTUBIIHY MOT0 B Jii-
BY YaCTHHY PiBHAHHS, MU 3HAUJIEMO

Tr (Y'y'y*y?) = " TryPy® — g** Try*y” + g*° Try'y? =
— 4(guvgpc — gupgvc _I_ gl’lcgvp).

[JuM crioco60M 3aBK/IM MOXKHA 3BECTH CJIiJi BiJi N Y-MaTpULb A0 CyMHU CJOiJIiB Bif
(n — 2) y-maTtpunb. HeBaxkko BUBecTU BUpa3 JJil n = 6, IpOTe BiH MIiCTUTH
I'ITHaZUATh 4ieHiB (KiJIbKICTb cIOCO6iB I'pylyBaHHS LIEeCTU iIHAEKCIB Ha apy,
106 oTpUMaTH fogaHku g’ gP° g*#). Ha macrs, Hizie B Hammomy Kypci e He 3Ha-
Jlo6UThCs. (A mpoTe, K0 YV BaC BUHUMKHE MOTpe6a 064YUCII0BATH CKIA/HI CIi-
JI1, MOXKJIUBO, Oy/le KOPHCHO HAaBUMTHCS MPAIIOBATH 3 OJIHI€I0 3 KOMIT'IOTEPHUX
nporpam, 1o BMilOTb MaHiNy/Il0BaTH JipaKOBUMHU MaTPULSMU. )

[TourHarouu 3 § 5.2, HaM yacTo Jj0BeZleThbCs OpaTH CAiH, [0 MiCTATb MaTpPH-

o Y°. Ockinbku y° = iy°yly?y3, To caig Big o6y TKy y° Ha 6y/[b-sKy HElapHy
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KIJIBKICTh IHIIUX Y-MaTPHULb AOPIBHIOE HY/II0. TaKOX J1Ierko mokKasaTH, 10 CJij
Biji caMoi y° € Hy/IbOBUM:
Try® = Tr (Y>Y°y®) = = Tr (y°y*y°) = = Tr (y*y*y*) = = Trvy°.
Takuii npuitoM cnpanboBye i aas Tr(y*y'y®), AKI0 BCTaBUTH JBa MHOMHUKHU
Y* 3 iHJEeKCcOM Q, 110 BiApi3HSAETbCA Bifg W Ta v. [leplinii HEHYJILOBUHM CJiJ 3
Y® Ja€ J06yTOK, AKMM MICTUTb YOTUPH iHILII Y-MaTpUL 3 pi3HUMU 3HAYEHHS-
MU iHJeKciB, a B iHIIOMY pa3, Ko ([vpo) He € mepecTaHoBKow Bif (0123),
Try*y’y*y°y® = 0. 3 npaBuJ aHTMKOMYyTaLil TaKOX BUIUIMBAE, 1[0 MEpecTa-
HOBKa OyAb-IKMX [IBOX iHJIEKCIB MPU3BOAUTb MPOCTO A0 3MiHMU 3HAKY CJiAY,
Tox Try*y’yPy°y® € nponopuiiinum e*VP°, KoncTaHTa NponopuiiHocTi Aopis-
HIOE —4i, 1110 JIETKO NepeBipUTH NifcTaHoBKOI (pvpo) = (0123).
OT:xe, /11 3pY4YHOCTI 3BeZleMO BCi Hallli pe3y/IbTaTH JAJ1s CAifiB:
Tr(1) = 4,
Tr (HenapHa KiJIBKICTB y) =0,
Tr(y'y') = 49"
Tr (Y'y'yy?) = 4(9" 9" — 9" 9" + g*°g""), (5.5
Tr(y*) =0,
Tr (Y*y'y®) = 0,
Tr (Y'y'y°y°y®) = —4ie""?.
Bupasu, ofepkaHi 3 3aCTOCYBaHHSIM OCTaHHbOI POPMYJiM, MOKHA iCTOTHO
COPOCTUTH 3a JONOMOIr 0K HACTYMMHUX TOTOXKHOCTEM:

Saﬁyaaaﬁys = —24,
s“ﬁ"”saﬁw = —668",, (5.6)
e egpos = —2(8"p8" — 8"58")).

[x Jlerko BUBeCTH, BAABIIUCDH 10 MipKyBaHb CUMETPpIi i 3p06UBIIN ABHE 064M-
C/IEHHA B OKpeMOMY BUNAJKY /11 BU3HAUY€HHA CIiJIbHOI KOHCTaHTH. llle ogHa
KOPHCHA TOTOXHICTb 103B0JIIE 00EPHYTH MOPALOK Y-MaTpPHULb MiJ 3HAKOM CJIi-
NS

Tr (YHYVYPYG ) =Tr ( ...yﬁypyvyu)_ (5.7)
Jl1s1 OBeIeHHsI IbOT0 CHiBBiAHOIIEHHs po3rissHeMo MaTpuip C = y°y? (ome-
paTop 3apsA0BOro cupspkeHHs). BoHa 3aj0Bo/IbHAE yMoBaM C? = 1i Cy*C =
—(y”)T. Tak¥M YMHOM, AKIO0 MU MAaEMO N Y-MaTPHULb MiJ 3HAKOM CJIiAY, TO

Tr (yuy" ) =Tr (CYHCCYVC ) _
= ()" Tr[(y) (v*) ] =
= Tr(...yvyu).
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OCKIJIBKH CJ1iJ] € HyJIbOBHUM Y pa3i HenapHoro n. Jlerko nokasarTy, 1110 TOTOXHICTb
(5.7) Takox crpaBeJIMBa, AKIIO CJIiJ MiCTUTh 0JHY a60 6iJblie MaTPULb Y.

Kosu nif cifjoM 3HaX04UThCSA CKaSIPHUM 0Oy TOK BOX Y-MaTpHULlb, IX MO-
»KHa JIETKO BUKJIIOUUTH 1€ 10 06uMrcaeHHs caMoro caify. Hanpuknaag,

YV = G WY = 29,0 V') = 9,9 = 4. (5.8)

HacTtynHi momoxcHocmi 320pmaHHs, AKi JIeTKO JOBOAATHCA 3a JOIIOMOT OO CITiB-
BiiHOLIIEHb aHTUKOMYTAllil, MO’KHA 3aCTOCOBYBATH, KOJIU MiXK CKaJIIPHUM J100Y-
TKOM [IBOX Y-MaTpHIb 3HaXOAATLCA iHIUI AipaKoBi MaTpHUILLi:

Yy = -2y
Y'Y'yPy, = 49", (5.9
YY'YPYoy, = —2Y°yPYY

BifzHauyrMO 3BOPOTHUM NOPAJOK iHAEKCIB B OCTAHHIN TOTOXHOCTI.

HenossipysoBaHui nepepis

A 3apa3 noBepHiMocs A0 BUpa3y AJisd KBaJpaTy MaTpU4yHOro eseMeHTa (5.4).
[lepuui ciif, ,,e/1eKTPOH-NO3UTPOHHUM", €

Tr[(p' — mVH (P + me)y’] = 4[p"'p" + 0" p" — 9" (p - p' + m2)].

YjieHU MepLIoro NopsiAKy 3a m 06epTarThCs HA HYJIb, 60 MiCTSTh HEMAPHY KiJlb-
KicTb y-MaTpuIlb. lle cnipaBeAinBoO i AJis ,,MIOOHHOT 0" CJTiAY:

Tr [(€ + m)y, (¥ —my)y,]| = 4[kuky' + koky' — g* (k- k' +m2)].

BigTak BctaHoBUMO m. = 0, PO 1110 MU BXK€e JIOMOBJISIZIMCS HAa MOYATKY I[bOTO
naparpady. [lepeMHOXUBILIYU Li JBa BUPAa3H i 3rpynyBaBIUU BCi YJeHHU, MAEMO
NPOCTHUM pe3y/bTaT:

MR = S D0 )+ G KOG 0 + i) (510)

[ oTpuMaHHA 6isbll IBHOI GOpPMyJ/IM CJlifi 06paTH creliajJbHy CUCTEMY
BifJIiKy i 3anmucaTu BeKTopu p,p’, k, k', q y TepMiHax 0OCHOBHUX KiHeMaTUUYHHUX
3MIHHUX — eHepriil Ta KyTiB po3cisiHHA — y Liil cucTeMi. Ha npakTui BU6ip cu-
CTEeMHU BiZIJIIKy IUKTYIOTb yMOBH €KCIIEPUMEHTY, aJle MU, K IPaBUJI0, 00UpaATH-
MeMO HaW3py4Hilly AJig Hac CUCTEMY LIeHTPY Mac ¥ 00YMCIIOBAaTUMEMO B Hil
nepepisu po3cCisiHHA. Y LIik CUCTeMi MOYATKOBI Ta KiHI1eBi 4-iMIyJIbCH [/ pea-
Kuii ete” - p* U~ MokHa 3anucaTH HACTyIHUM YUHOM:
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k= (E, k)
/ |k| =\/E? - "la
X 0
p=(E, Ez) %ﬁﬁg{ \ k-7 = |k|cos®
p/ = (E7 7E2)

k’/ua, k)

[ 064YMc/eHHs KBaZpaTy MaTPUYHOrO ejleMeHTa HaM 3HaJ00JISITbCS Taki
CHiBBiJHOILIEHHI:

q* = (p+p)* =4E% p-p =2E%
p-k=p k' =E*—E|K|cos6; p-k'=p' -k=E?*+E|K|cos6.
Tenep mu moxkemo nepenucati (5.10) y Tepminax E Ta 0:

E*(E — |k
1) I = 1654[( IK| cos 0)° +

CIIiHU

+ E2(E + |K| cos 0) + 2mﬁE2] = (5.11)

() (-

HaMm 3asuviaeTbcs nificTaBUTH Lield BUpa3 y GopMysy AJis epepisy, OTpUMaHy
B § 4.5. OckiZibKM B KiHIIEBOMY CTaHi MU MAa€MO JIMIle [IBi YAaCTKH i MPaIIOEMO
B cucteMi LIM, To MOXkeMO BUKOPUCTATH cripoleHy ¢popmyay (4.84). Y Hain
3agadi |[vg —vg| = 21E,4 = Eg = Eyu/2, oTKe
E 2512 16IIZIE E Z e =
M

CIiHU

(5.12)
mz
452 ’1—Fl 1+ E2 (1 Ez“)eoszel.

[HTerpyrouu no d(l 3HaxoA¥MO NOBHHUM Mepepi3:

410 ’ m; m;
Ototal = 3E2 1- ?<1 + — EZ > (513)

Y Mexi BUCOKMX eHepril, koau E >> my, i1i opMyJiu Jal0Thb pe3y/ibTaT, AKUH
MU ofiepKasiv B Po3gini 1:

do
—_—
dQ E>»my 4E2

4ma 1 B(mu> B
O'total E>>mu) 3E—§M g F .

(1 + cos” 0);
(5.14)
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BiizHayMMoO, 110 Lii BUpa3y MalTh IPaBUJIbHY PO3MipHICTh nepepisy. B Ha-
O/1MKeHHI BUCOKHX eHepriil Ey, 3a/IMIIAa€eThCA €AMHUM PO3MipHUM lTapaMeTpPOM
y 3a/ja4i, TOMy aHaJi3 po3MipHOCTi BUMArae, o0 Oy X E;\f. OcKinbKU MU Bif,
CaMOTO M0YaTKY 3HAJIH, 1[0 Oy K a2, TO BCA Hallla po60Ta 3BOAMIACA [0 BH-
3HaYeHHS MHOXXHHUKa 41/3.

3a/ieXKHicCTh OBHOTO nepepi3y Bif, eHepril 3a ¢opmysor (5.13) 6ins no-
pory peakuii noka3aHo Ha Puc. 5.1. [leBHa piy, nepepi3 cTae HyJIbOBUM IpPH

4mo®

nepenbadeHHA

KE]T
N

dazoBuit k|
IpocTip E

2mu EuM

Puc. 5.1. 3anexHicTb BiJ eHeprii MOBHOTo mepepisy posciaHHsa aasa ete” —
Ut U~ MOpiBHSHO 3 eHEPIeTUYHOI0 3a/IEXKHICTIO ,pa30BOro MPOCTOpPy*.

Eyw < 2my. llikaBo NOPiBHATH HasABHY KPMBY 3 Ti€l0, AKY MOXXHa OTPUMATH 3
NpUIYLIeHHS, 110 KBaJpaT MaTPUYHOI'0O eJleMeHTa He 3aJIeXKUTh BiJ eHepri], a
BCSl TaKa 3aJIeXHicTb BUHUKAE 3 pa3oBoro o6’emy |Kk|/E. [lnsg nepeBipku KBaH-
TOBOI eJIEKTPOJIUHAMIKU eKCIEPUMEHT Ma€ Oy TH 3JaTHUM BU3HAYaTH BiJIxuJie-
HHA BiJ, HaiBHUX ,$a30BO-MPOCTOPOBUX" pO3paxyHKiB. PesysnbTaTu JoCaijiB 3
Hapo/KeHHA nap [ i TJIENTOHIB NiATBEepAXKYOTh, L0 1[i YaCTKU NOBOAATLCA Bif-
noBigHo f0 nepeab6adeHb KE/I. Ha Puc. 5.2 popmysa (5.13) nopiBHIOETHCA 3 eKC-
NepUMeHTaIbHUMH JaHUMHU Oi/is1 TOPOTYy HAapOPKEHHA T T ™.

[lepes nofanbIMM 06TOBOPEHHAM HAlIUX pe3y/bTaTiB 3p06MMO nay3y i no-
BTOPUMO BCi eTamnu ix ofepkaHH4. Llel MeTo/ 6e3mocepeHIM YMHOM MOLIUPIO-
€ETbCA Ha 00YMCJIEHHS HeNoJISpU30BaHUX nepepisiB A4 iHmux npouecis KE/I.
3arajibHa npoLeAypa € TaKolo:

1. 3o6paxxaeMo JiarpaMu NOTPiGHOTO NPOLECY.

2. 3actocoByeMo dbelHMAHOBI paBuUJIa, 06 HAaNKCATU BUPA3 A/ aMILIiTy-
an M.
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Puc. 5.2. CnisBigHomenns o(ete™ - t¥1t7)/o(ete” » utu™) 6ins nopory Ha-
pomxenHs nap Tt~ 3a ganumu Kosa6oparnii DELCO (W. Bacino, et. al., Phys. Rev.
Lett. 41,13 (1978)). BpaxoBaHo JiviiIe T-po3najH, TOMy 3arajJibHUH MaciiTab Ma-
Jui. KpuBa y3ropkyeThcsi 3 TeopeTUdHO0 dopmyJioro (5.13) 3 HeBeJIMKOIO 10-
MPaBKOI HAa HasIBHICTb He3asieXKHOTO Bif, eHepril doHy. 06po6Ka pe3yibTaTiB
nae m; = 178212 MeB.

. [lizHocuMo Horo A0 KBajpaTy W ycepeAHIOEMO abo MiJICYMOBYEMO 3a

CMiHOBUMH CTaHAaMH, BUKOPUCTOBYIOUHM CIiBBiHOIEHHA NOBHOTH (5.3).
([d1a mpoueciB 3a y4acTo POTOHIB iCHYIOTh aHaJIOT'4Hi CMiBBiHOILIEHHS
MOBHOTH, IKi MU BUBeJieMO B § 5.5.)

O6uucareMo caifu Ha migcraBi TeopeM (5.5), 3rpynoByeMo 4JieHH i Ma-
KCHMaJIBHO CIIPOILYEMO Pe3yJ/bTaT.

. llepexoauMo f10 cnenia/sbHOI CUCTEMU BiJJIiKy i 306paXkaEMO KapTUHY Ki-

HeMaTUYHHUX 3MiHHUX Y IIiF cucTeMi. Bunucyemo Bci BeKTOpH 4-iMINyJIbCiB
Yyepe3 3py4yHUN Habip 3MiHHUX Ha 3pa3ok E Ta 0.

. [lizcTaBssiEMO OCTAaTOYHUM BUpa3 AJS KBaApaTy MaTPUYHOIO eJleMeHTa

y dopmyay Ajs nepepisy (4.79) ¥ iHTerpyeMo 1o TUX 3MiHHUX y $pa30Bo-
My NIPOCTOPI, AKI He BUMIPIOIOTbLCA B €KCIIEPUMEHTI, [I/I1 OTPUMAaHHA [U-
depeHI1iiiHOrO Nepepi3y B HaJIeXKHOMY BUIVIAIL (Y HamloMy BUNAAKY iH-
TerpyBaHHs npoBoausocs no imnysabcax K' i |K| npu BuBeeHHi popmynu
(4.84).)
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Xou4a iH1i 064KnceHHs (a2 HAITO X Ti, [0 MiCTATh NET/IbOBI AjiarpaMu ) 4acTo
NOTPeOYIOTh 10JaTKOBUX IPUHOMIB, Maso fiKi po3paxyHku B KE/| 06xoaaTbCA
6e3 HaBeJleHUX TYT OCHOBHHUX NPOLeAYP.

Hapop keHHA nap KBapK-aHTUKBapK

AcuMITOTUYHA 3a/1€XKHICTD Bij eHeprii popMysiu AJs epepisy npouecy ete™ —
utu~ BcraHoBJIOE MaciuTab /s Beix mepepisie et e -anirinsnii. Oco6suBO Ba-
YKJIMBUM NIPUKJIAZIOM € Ilepepis A

e*e” — azponuy,

TOOTO MOBHUH Iepepi3 YTBOPEHHS AOBIIBHOI KiJIBKOCTI 4acTOK, 110 GepyThb
y4acThb y CUJIbHIA B3aEMOJII.

3a Cy4yaCHUMHM YSBJIEHHSMH PO CUJIbHY B3a€EMO/iI0, 1110 BUIIJIMBAIOTh 3 Te-
opil, ika Ha3MBA€ETbCSA KBAaHTOBOIO XpoMoguHaMikoto (KX/I), Bci afipoHu ckia-
JlaloThce 3 JlipakoBUX GepMioHiB, keapkie. KBapKu Noi/IIlOThCS Ha Pi3Hi TUIH,
Ha3BaHi apomamamu, TAKOX KOXKEH 3 HUX Ma€ MEBHY Macy Ta eJIeKTPUYHHUH 3a-
paa. KpiM Toro, y KOXKHOr0 KBapKa € Lie 0JiHe KBaHTOBe YUCJIO, KOIp, AKe MOXe
HabyBaTH OAHOTO 3 TPbOX 3HAY€Hb. Ik MU mob6ayuMo B Po3aini 17, konip y KX/|
BiZjirpae Taky * poJib, L0 1 esieKTpU4HUU 3apag y KE/L.

Bigmosigno g0 KEJI, HaiinpocTimum et e -mporjecom, 1110 Npru3BOJUTH 10 Ha-
pPOJ>KEeHHS aZIpOHIB, €

ete” - qq,

aHirisALisa eJeKTpoHa Ta MO3UTPOHA Yepe3 BipTyaslbHUM GOTOH 3 YTBOPEHHS
Napyu KBapK-aHTUKBapK. [lic/is cBOro HapopKeHH4 1ji KBapKHU CUJIbHO B3a€EMOJ-
I0Th MiXK C00010, yTBOPIOIOYM HOBI KBAaPKOBI MapH, sIKi 3pelTOK 00’ €AHYIOThCS
B [IEBHY KiJIbKiCTb Me30HIB Ta 6apioHiB.

[[1o6 mepeHecTH pe3y/abTaTH 3 YTBOPEHHS MIOOHIB Ha MpPOLIEC 3a YYaCTIO
KBapKiB, MU MAaEMO BAATHUCA [10 TAKUX MoAUPiKaLlii:

1. 3aMiHUTH eJIeKTPUYHHUM 3apsJ MIOOHA € Ha eJIeKTPUYHHUM 3apsi/], KBapKa

Qlel;
2. BpaxyBaTH KOXXeH KBapK TPpU4i — 10 OJHOMY pa3y Ha KO>KeH KOJIip;

3. Bkro4uTH edeKTH CUIbHOI B3aEMO/II /151 HApO/»KeHOoI Mapyu KBapK-aH-
THUKBapK.

3 nepimIMMHU BOMA 3MiHaMU BIIOPATHUCS JOCUTD Jierko. J[Jist BpaxyBaHHSA Mep-
IIOT0 MYHKTY Tpe6a MPOCTO 3HATH MAaCH Ta 3apsd KOXKHOTO KBapKOBOI'0 apo-
marty. [las u-, c-, i t-kBapkiB Maemo Q = 2/3,a s d-, s-, i b-kBapkiB — Q = —1/s.
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®opmynu AJig nepepisy NponopLiiiHi KBajpaTy 3apAAy YacTKU B KiHILeBOMY
CTaHi, TOMy MM MOX€MO MPOCTO BCTAaBUTH MHOXHUK Q? y 6y/b-AKy 3 IIUX op-
MyJ1 i OTpUMa€EMO nepepis A9 HapoJpKeHHHA KOXXHOro pi3HOBUAY KBapKiB. Bpa-
XyBaHHS KOJIbOPY HEOOXi/IHO 3 Ti€l MPUYHHHY, 1[0 B EKCIEPUMEHTAX BUMIpIOE-
ThCsl JIUIIEe IOBHUM Nlepepi3 Hapo/AKeHHS KBapKiB yCiX TpbOX KOJbOPIB. (AZpo-
HY, 1[0 GiKCYIOThCA leTEKTOpaMHu, 6e36apBHi.) B koxxHOMY pasi, el nijpaxyHoK
NPOCTUMN: JJOCUTh IOMHOXHWTH BiJNOBiJb Ha 3.

A npore, K110 BY 60/jail TPOXY 3HAETE MPO CUJIbHY B3aEMO/iI0, TO MOXeTe
NOAYyMaTH, 110 BCE Lie JIMlIe HeBAAJIUU KapT. 3p03yMiJio, L0 3AIUCHUTH TPETIO
Moardikalio Ha[3BUYalHO BaXKKO, i BOHA paJlMKaJIbHUM YUHOM 3MiHUTb PO3-
paxynku KE/|! Ta xo4 fIK 1ie He JUBHO, aJle B HA0JIM>KeHHI BUCOKUX eHePI'ii BILJIN-
BOM CUJIbHOI B3a€EMO/II Ha MpoLeCc HapoAKeHHA KBapKiB MOKHa L[iJIKOM 3HEeXTY-
BaTHU. flk MU 3’icCyEMO B TpeTbOMY TOMi, EAMHUM e(EKTOM BiJi CUIBbHOI B3aEMO-
Zii B [bOMY HaOJIM>KEHHI € 00512aHHS KBapKiB y KiHLIeBOMY CTaHi 3 YTBOpPEHHAM
aZiIpOHHUX NY4KiB. Take CIpOLIeHHA MOACHIOETLCA ABUILEM, AKe HAa3UBAETHCA
acumMnmomu4Hor c80600010; BOHO BiJlirpa€ NpoOBiAHY PoJib y BU3HAHHI KBAHTO-
BOi XpOMOJAWHAaMIiK{ IPABUJIbHOIO TEOPI€I0 CUIbHOI B3aEMOJII.

OTxe, B MeXi BUCOKHX eHeprild MU O4iKyeEMo, L0 Mepepi3 peakiii efe” —
qq HabmmxaTuMeThcs 10 3 - Q% - 4ma?/3E . [l TaKUX NPOIECiB TPUNHATO
BUKOpPUCTOBYBAaTH

4ma* 86,8 HGapH
3El, (Eu BIeB)*

1 oguHuug R = (5.15)

To6To, Bes1MunHa Nepepizy B OUHULAX R BU3HAYAETHCA UOTO CiBBiAHOLIE-
HHSIM /10 aCUMIITOTUYHOI'0 3HaYeHHs nepepidy e*e” — ptu~, omepkaHoro 3a
dopmysioro (5.14). B ekcnepuMeHTax HaWNpOCTillle BUMIPSITA MOBHY MMOBIp-
HICTb HApO/JPKEHHS BCiX MOXK/JIMBUX TUIIIB a/JpOHIB. Y BUCOKOEHEpPIreTUYHOMY Ha-
OJIM>KEeHHI MU 04iKy€EMO, L0

o(ete” — agponn) —3 Z Q7 R, (5.16)
i

Jle cyma 6epeThbCs 3a BCiMa TUIIaMU (apoMaTaMH) KBapKiB, UYMi Macu MeHIli BiJ
E /2. Konn 3Ha4eHHs E, /2 HabJIMKaAETHCA 4,0 Macu OAHOTO 3 KBapKiB, CUJIb-
Ha B3aEMOJisl NPU3BOJAUTDb 0 iCTOTHUX BiJIxWJieHb Bij ui€l popmynu. HaiiBu-
pasHille el epeKT BUABAAETbCA B YTBOPEHHI 368°93aHUX cmaHi8 NPy 3HAY€eHHI
eHeprii Tpoxu MeHIlil, HiX E,y = 2mg, 1110 IPU3BOAMTD /10 BAHUKHEHHS JyKe
rOCTPUX MiKiB Y BeJIMYKUHI nlepepizy.

ExcriepyMeHTa/IbHi pe3y/bTaTH /i nepepisy et e -aHirijsiii 3 HapomKeH-
HAM aZIpOHIB NpH eHepriax Bifg 2,5 g0 40 [eB nokasani Ha Puc. 5.3. /lani yTBO-
PIOIOTH TPHU YiTKI 30HU: 30HY HU3bKUX €HePIil, e HapOKYIThCA apu u-, d-, i
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S-KBapKiB; 30Hy 3a IOPOI'OM HAapOJKEHHA Nap C-KBApKiB; 30HY 3a IOPOr'OM Ha-
po/>keHHs nap b-kBapkiB. Pe3ysnbraTy, ogepxkati 3 dopmyau (5.16), 306paxke-
HO CyL|iJIbHOIO JIiHi€10; BOHU JJ00pe Y3ro/PKyI0ThCS B KOXKHiHM 30Hi 3 A0CAifHUMU
JlAaHUMU, IOKU eHEePris Jjaseka Bij moporis, /e BUCOKOeHepreTUYHe HabJINKeH-
HS CTAa€ HenpUJaTHUM. [I[yHKTUPHOIO JIiHI€I0 MOKAa3aHO TeOPEeTUYHI pO3paXyHKH
3 MONMpaBKaMM BUIIMX NOPSA/AKIB KBAHTOBOI XpOMOAMHAMIKH, sIKi MU pO3TJIsiHe-
Mo B §17.2 (Towm III). TlosicHeHHS BeJIMYUHH nepepisy et e -aHirinsiii € Bu3Ha-

7 | T T T
Jv w(28) T(1S,2S,3S)

o(amporn) /o(n 1)

R

3 4 5 6 78910 20 30 40
E.n(TeB)

Puc. 5.3. EkcniepuMeHTa/IbHi pe3ybTaTH [Jis1 iepepisy peakiii ete™ — agponu
Ha miAcTaBi JaHUX, y3arasibHeHUx y M. Swartz, Phys. Rev. D53, 5268 (1996). Y
CTaTTi NPUCYTHI BUYEPIIHI IOCUJIaHHA Ha pi3Hi ekclepuMeHTU. BUMiproBaHHA
NOPiBHIOIOTHCSA 3 PO3paxyHKaMU KBAHTOBOI XpOMOAMHAaMIKU (AUB. y TEKCTi). Cy-
LiJibHa JIiHig Bifo6pakae npocti o6uncaeHHs 3a popmysiorw (5.16).

yHUM ycnixoMm KX/I. 3o0kpeMa, ekcriepuMeHTa/IbHe MiATBep»KEeHHA MHOXHUKA
3y (5.16) BBaXKa€eTbCA OJJHUM 3 JI0Ka3iB iCHyBaHHA KBapPKOBOI'O KOJIbODY.

3asiexkHicTb AudepeHILiiHOro nepepisy aHiriagLii BiJ KyTa Takox croctepi-
rajacsl ekciepuMeHTaabHO. [Ipy BUCOKUX eHeprisgx HapoAKeHi aipOHU yTBO-
PIOIOTb cmpyMmeHi, TOOTO CKymYeHHS KiJIbKOX aJIpOHIB, 1110 pyXalTbhCs NPUOJIU-
3HO B O/JHOMY HaNpsIMKY. Y 6i/1bLI0CTi BUNIQJIKiB MPUCYTHI /iBa CTPYMeEHI 3 npo-
TUJIXXKHUMHU IMIyJibCaMM, i iXHIH pO3MOAiJN clpaBAi Ma€E KyTOBY 3aJI€XKHICThb
(1 + cos?0).

19 TpyHTOBHUIA OIS yTBOPEHHS a/IPOHIB y BUCOKOEHepreTHYHMX npolecax et e -anirinauii Mo-
»kHa 3HaWTH B P. Duinker, Rev. Mod. Phys. 54, 325 (1982).
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§5.2. e*e” - ptuT: cmipasbHa cTpyKTYypa

HenossipusoBaHuil nepepi3 peakiiii 3arajoM HecKJaJHO 0O6YMCIUTH (i BUMI-
psATH), IPOTe Horo BaxKKo iHTepnpeTyBaTH. Lo 03Hayae KyToBa 3aJIeXKHICThb
(14cos? 6)? Mu 3Haii1eMo BiAiNOBi/b Ha Ile TUTaHHSA, 064U CIUBLIM [Iepepi3 npo-
necy ete”™ —» ptu” oKkpeMo A1 KOXKHOT'0 HaBGOopy CIiHOBUX Opi€HTaIliM.

Hacamnepeys ciig o6paTy 6a3uc moasspu3oBaHUX CTaHIB. J[Jii oTpuMaHHA
NpOoCTOi Bi/iINOBiAi B HAGJIMKEHHI BUCOKUX eHepriii HallKkpalluM BapiaHTOM 6yze
KBAaHTYBAaTH KOXXHHUM CIiH 32 HANPSIMKOM PyXy YacTKH, TOOGTO BUKOPUCTOBYBa-
TH CTaHU 3 BU3HAYEHOIO ClipasbHIiCTI0. 3raZjaiiMo, 110 B MeXi HyJIbOBUX Mac Ji-
pPaKoOBi 4YaCTKHU 3 IPABOIO Ta JIiBOIO CIipaJibHICTIO TEPETBOPIOIOTHCA 32 Pi3HUMU
npejcraBaeHHAMU rpynu Jlopenua. OTxe, MU MOXXeMO CHOZiBaTUCH, 1110 BOHU
NOBOJAATHCA He3aJexKHOo. Tak HaclpaB/ii €.

Y nbomy mnaparpadi MU po3paxyeEMo MOJISpU30BaHUN mepepi3 peakiiii
ete” — p*u” y cnipasnbHOMy 6a3uci fBoMa pisHUMH criocobamu. [lepuinii —
3 3aCTOCYBAaHHSIM TeXHiKM 0OYHMCJIEHHS CJiJliB i onepaTopiB NpoOeKTyBaHHS Ha
CTaHi 3 BU3HAYEHOI0 CIipaJibHicTIO. /Ipyruii — 6e3nocepeHbo MifCTaBUBLIN Y
bopmyny auig ammaityau M iBHI BUpa3u AJis criiHOpiB. BripooBx ycboro na-
parpady MU nparjoBaTUMEMO Y BUCOKOEHEPI'eTUUHOMY HAOJIMXKEHHI, KOJIU BCi
depMioHu edpekTUBHO 6e3MacoBi. (MokHa MPOBECTH O0GYUCIEHHS i AJisl HU3b-
KHX eHeprii, NpoTe TeXHIYHO BOHU HabaraTo CKJaJHilli, a iX pe3y/ibTaTH He CTa-
HYTb BiJl TOT0 MOBYaJIbHIIIUMU.)?°

BignpaBHHUM NMYHKTOM /iJ11 060X MeTO/iB 00YHUCIEHHS MOJISPU30BAHOTrO Ie-
pepi3y € Bupas (5.1) gy aMnaiTyu po3cissHHA. 3 MipKyBaHb 3py4HOCTI MU Ha-
BOJIMMO MOTO 1€ pas:

iM (e (p)e* (p") » n (u* (k")) = ;%(ﬁ(p’)v”u(p)) (ak)y,v(k). (5.1)

AK 1 paHile, MU X04eMO BUKOPUCTATH TOTOXKHOCTI JJI CIIIHOBUX CYM | 3a-
NMcaTU KBaJpaT aMILUIITyIU Yyepe3 CJiAu, ajle Hapasi 30MpaeMocs po3rigaTH
KO>KeH Habip noJsisipusanii okpeMo. ll[o6 3po6uTH 11€, BiA3HAYUMO, 1110 AJ1s1 6e3-
MacoBUX ¢pepMioHiB MaTpHIii
1+vy° _(0 0y 1-y° (1 0

2 01) 2 “loo (5-17)
€ NpoeKkyiliHumMu onepamopamu Ha TpaBi Ta JiBi cniHopU BiamoBigHo. OTXe,
K10 Y BUpa3i (5.1) 31iiCHUTH 3aMiHy

5

+y

v(p)Y'u(p) - v(p)v" — | u®),

203aranbuuil GopMasism A S-MaTpUIi Mixk cTaHaMU BU3HAYeHOI CHipabHOCTI BUKJIA/IeHO B
yygoBii craTti M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959).
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TO aMl'IJIiTy,ELa AJIAd IIPAaBOIIOJIAPU30BAHOI'0 €JIEKTPOHA He 3MIHUTBLCA, TOAI AK
A1 JIiBOl'IOJIHpI/IBOBaHOI‘O CTaHe HYJIbOBOIO. A ocKiJIbKU

s (5 Jue) = v on( 5 vy, Gas)

2

TO LiF K 3aMiHa BUMarae, o6 v(p’) TakoXx OYB IMPaBOINOJIAPU30BAHUM CITiHO-
poM. A sik My BcTaHOBUJIM Y § 3.5, mpaBuii cniiHop v(p') BifnoBigae sigonoasipu-
308aHOMY IO3UTPOHY. 3Bi/ICU BUILJIMBAE, 1110 aMILJIITY/la aHITiIALil € HYyJIbOBOIO i
TOMY BUIIa/IKy, KOJIY i eJIEKTPOH, i TO3UTPOH NPaBOMNOJIsIpHU30BaHi. 3arajiom, am-
IJIiTy/1a IOpiBHIOE HYJIIO (Y 6€3MacoBOMY HabJIMXeHHI) B yciX BUMa/iKax 3a BU-
HATKOM CUTYallii, KOJIU eJIeKTPOH Ta NO3UTPOH MalOTh IPOTUJIEXHI CIlipaJibHO-
cTi — ab60, 1110 eKBiBaJIeHTHO, Bi/INOBiZHI iM cliHOpYU MalOTh OHAKOBY CIlipaJib-
HiCTb.

3po6UMBLIY MiACTAHOBKY NPOEKILIMHUX ONEPaTOPiB, MU MOKEMO B3ITU CyMy
3a cniHaMU eJleKTpPOHA ¥ MO3UTPOHA Y KBaZpaTi aMIIITYAU. 3 YOTUPbOX YJIEHIB
y Li¥l cyMi Jinlile oiUH (caMe TOH, 1[0 HaM NOTPibeH) He € Hy/JIbOBUM. EjleKTpoH-
Ha yacTMHa | M|* A8 NpaBoNno/IAPU30BaHOTrO eleKTPOHa i J1iBONOJAPU30BaHO-
ro NO3UTPOHA €

5 2
> oo (25 )| -

_ 2
5 5
= Z f;(p’)v“<1 zy >u(p)a(p)v"<1 J;Y )v(P') =
CniHMU (519)
()
5
o)

=2(p"p" +p"p" — g"p - p' — iep, pp).

[Hexkcy | Ta v B 1bOMY BHMpa3i MalOTb 3rOPHYTHCA 3 BiANOBIJHUMU iHJe-
KCaMH MIOOHHOI YaCTHHHU KBa/ZpaTy aMILIITYAH NPH NEPEMHOXEHHI [IUX JBOX
4qacTUH. JlJis1 1iBONOJIApU30BaHOro U i MpaBOMOJISIPU30BaHOTO |1~ TaKe X caMe
0064YHCJIeHHS Ja€

2.

CIIiHU

2

5
a5 ot

(5.20)
= 2(kuky' + Kk, — g,k - k' — igpuovk®k ©).
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MomHoxuBLHM (5.19) Ha (5.20), 3HaX0UMO, 1110 KBaAPAT aMILIITYAH 15 ez €] —
Uzl v cuctemi LIM €

M2—4—e42 k)@ k) + 20 k)@ k) -
el = 2 06" k) + 20 )6 k)
- Sauﬁvepuovpa’pﬁkpk’c] =

= @06 k) + 0 K0

(5.21)
— (- O@ k) + @K@ )| =
16e* o
= (k)@ k)=
= e*(1 + cos 0)°.
[lizcTaBuBIIM LieH pe3yabTaT y (4.85) MaeMo audepeHiiHUN nepepis:
dO' -+ -+ (XZ 2
—(eref = ugH;) = —5 (1 + cos 6)°. (5.22)
dQ 4E§M

HeMae noTpe6bu MoBTOpPHOBATU 00YHC/IEHHS, II[060 OTPUMATH iHIII TPU He-
HyJIbOBI cipaJsibHi aMILIiTYAH. [lo NpUKJ/IaAy, KBaApaT aMILIITyau AJs eze; —
Uy Wi € maiike igeHTudnuM (5.20) 3a BUHATKOM 3HaKy MiHyc nepej y® y JiBiit
Moro 4acTHHI, a, 0TXKe, y IpaBik Tpeba 3aMiHUTH £p,6v HA —Epuov. BpaxyBaBIIn
10 3aMiny B (5.21), MU mo6a4umo, 110

(XZ

15 (1 — cos B)*. (5.23)

do, _ _
E(eReZ - Ui HE) =

2
M

Tak camo,

dO' -+ -+ az 2
_(eLeR - URHL) = ——5 (1 —cos0)”;
dQ 4E, (5.24)
o2

—— (1 + cos 8)*.
4EL2[M

do

T lerer = wwg) =
(Li nBa pe3ysbTaTH HACpPaB/i BUMJIMBAIOTH i3 /IBOX MONepeHiX 3aBAsKU P-iH-
BapiaHTHOCTI.) Ak MU 6aunu 3 (5.18), pemita ABaHAAUATD Cllipa/IbHUX Iepepi-
3iB (HampuKJIaA AJisl eze; — Wy W) JAopiBHIOIOTH Hysto. [lizcyMyBaBIuM Bei 1ii-
CTHAJLIATb BHECKIB i po3I/IMBIIM Ha 4 JJ11 ycepeJHEHH 3a CIIiIHaMHU eJIeKTpOHa
Ta MO3UTPOHA, MU MU 3HOBY OJiep>KUMO BUpas (5.14) A/ HenoJApU30BaHOIO
nepepisy B 6e3MacoBOMYy HaOJIMKEHHI.
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Puc. 5.4. 36epexxeHHsI MOMEHTY iMIyJIbCY BUMarae, 11106 npy BUMiproBaHHi Horo
CKJIaIOBOI Y3/10BX OCi Z BOHA MaJla TaKe XX 3HaueHHs, 1[0 ¥ Ha MOYaTKYy.

3a3HauuMo, 1o nepepis (5.22) aus eze; — Uz|] CTAa€ HYJIbOBUM Ipu O =
180°. Lle came Te, 4OrO MU OUYiKyBaJiM, OCKiJIbKY /i1 6 = 180° mOBHUN MOMEHT
IMIyJIbCY KiHII€BOT'O CTAHY € IPOTHUJIE)KHUM 10 MOMEHTY iIMIYJIbCY TOYAaTKOBOTO
crany (auB. Puc. 5.4).

Ha upomMy 3aBepiaeThbcs Halle nepiie 064YUCAeHHS M0JIIPU30BaHOr0 Nepe-
pisy msist ete” - putu~. Temep Mu MOBTOPHMMO Hallli PO3PaXyHKH iHIIMM CITOCO-
60M — NpsAMILIKMM, ACHIIIKMM i MeHII cKJ1agHUM. O64YUCII0BaTUMEMO aMILIITYAY
M (1o € Kpale, Hix 11 KBaZpaT) 6e3nocepeHbO, 3 BAKOPUCTAHHAM SIBHUX BU-
pasiB AJig crniHopiB i y-MaTpulpb. Lleit MeTo Ma€e CBOI HeO/IiKU: NIO-Tieplile, BiH
3MYUIY€E HAC yKe BiJl cCaMOro no4aTKy o6paTHu IeBHY CUCTEMY BiJIJIiKy, Yepes 1110
BTPAYaA€ETbCA ABHA JIOPEHII-iHBapiaHTHICTD; MO-Apyre, 3 IPAKTUYHOrO NOIJIAAY
BiH Jly>ke TpOMi3JiKWi, 32 BUHSATKOM HaOJIMXKeHb Y HEPEJSITUBICTChKIN Ta y/ib-
TpapeATUBICTCHKIA MeXi.

3HOBY PO3IVIAHEMO aMILIITyAY

2

M = (P um)) @y, () (5.25)

Y BUCOKOeHepreTUYHOMY HaOJIM)KEHHI Hallli 3arajibHi BUpasu JJisl AipakoBUX
CIIIHOPIB CTAalOTh TAKUMMU:

1 “~
VP 6% 51 —=Pp-0)
- ([EZ) 2 ;
oY) Ee \J(+P o)
2 ) (5.26)
— D —A-p-
v(P)=< V”—‘f‘5>_>ﬁ A
AR CETC R )
[TpaBuii criHop 3a0BoJIbHSIE YMOBI (P - 0)§ = 4+, a niBuit — (p - 0)¢ = —&. (Ille

pas HaraZaemo, 110 /s aHTUYaCTOK MoJisipu3allis CliHopa NPOTHJIEKHA MOJIs-
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pu3arnii camoi yacTku.) MU MaeMo 06YHUCAUTHU BUpPA3U BULIAAY VY U, TOMy HaM

3Ha106MThCA popMyJia
0 1\/0 o*
0 1 —
Yy <1 0> (6“ 0). (5.27)

BigTak MU sicHO 6a4MMoO, 1[0 aMILIITy/la € HYJIbOBOIO, SIKIL0 OJUH i3 CIiHOPIB
npaBui, a iHWKH JiBUH. 3a TepMiHoJoriero Po3giny 1, koedinientn Kiebma-
Topaana, 110 3B’93y10Th BEKTOPHHM GOTOH C 06YTKOM TaKHX CIIiHOPIB, 0PiB-
HIOIOTB HYJIIO; BJIaCHe, 11 Koeil[iEHTH € HeJlilalOHAaJIbHUMU eJleMeHTaMHu MaTpH-
i Y°y* B KipasibHOMY Ipe/icTaBJ/IeHHi.

06epimo p Ta p’ cpsIMOBAaHUMH B3/I0BXK OCi Z, MPOTUJIEIKHO OJUH JI0 OJHO-
ro, i cnepuly po3missHEMO BUIAJ 0K, KOJIM eJIEKTPOH € MPaBONOJISIPU30BaHUM, a

H03I/ITp0H —_— f[iBOHO.}IﬂpI/IBOBaHI/IM:
et L
z

—— 9

Toni st enexkTpoHa MaeMo § = (§), o BiAnoBizae cniny, opieHTOBaHOMY B
HANpsIMKY +2, a /i no3utpoHa — § = (), o Takox Bianosijae (pisnuHomy)
CIiHy B HAaNPsAMKY +z. /I 060x 4acTok (P - 0)€ = +&, ToMy criHOpH €

0 0
u(p) = V2E (1) ; v(p) =V2E 8 (5.28)
0 -1
Takum YHUHOM, €JIEKTPOHHA YaCTHHA MAaTPUYHOTI'0 €JIEMEHTaA:
v(P)y*u(p) = 2E (0, —1) o“(é) =-2E(0, 1,1 0). (5.29)

[leit BUpa3 MU MOXKeMO iHTEPIPETYBATHU TaK, 1[0 BipTyaJbHUN POTOH Ma€ Kpy-
TOBY MOJISIPU3al{il0 B HANPAMKY +Z, 2 KOro BeKTOp noJsisipy3anii € £, = 1/vz(X +
iy).

Jani MaeEMO 0O6YUCIUTU MIOOHHY YaCTUHY MaTpUYHOrO ejeMeHTa. [Ipumny-
CTHUMO, L0 L~ BUJIITAE MiJ KYyTOM 0 10 0Ci Z, i nepe0BCiM pO3IJITHEMO BUIA/IOK,
KOJIM BiH paBoOMoJIApU30BaHuH (a pu* J1iBomosispusoBaHui):

=i
/ \e T

L.

s
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Jns o6uncnenHs w(k)y*v(k') mu Mmorsiu 6 moBepHyTHCS 0 BUpasiB (5.26),
aJsie TOZi MyCUJ/IM 6 3HAUTU NPaBUJIbHI CIIIHOPH &, 1110 BiZNOBiAAIOTh MOJSIpU3a-
il B3j0BXK IMIIyJIbCY MIOOHA. 3py4Hillle BAATUCA [0 TAKOI'0 IPUHUOMY: OCKIJIBKU
6y/b-AKMIi BUpa3 Ha 3pa3ok Py* NepeTBOPIOEThCS, K 4-BEKTOP, MU MOXEMO
npocTo TpaHcopMyBaTH pe3yabTaT (5.29). 34iCHUBILIY NOBOPOT BEKTOpA Ha
KyT 0 y IVIOLMHI XZ, 3HaUZleMO

a(ky'v(k) = [p(k)y* u)] =
= [—2E (0, cos®, i, —sin0)| = (5.30)
= —2F (0, cos©, —i, —sin ).
[le¥i BeKTOp 3HOBY MOKHA iHTepIPETYBATH, sIK 0JIIPH3allito BipTyaJlbHOTO

$OTOHa; SKIIO0 BOHA He OpTOroHasbHa 10 (5.29), TO MU 0JIEPKUMO HEHYJbOBY
ammutityny. [ligcraBuBuu (5.29) 1 (5.30) y (5.25), Mu 6auuMo, 1110 aMILIITy/ia €

2
M(ezef = uzhy) = %(ZE)Z(— cos® — 1) = —e?(1 + cos 9), (5.31)

y LiZIKOBUTIM BignmoBigHOCTI (BK/IIOUHO 31 3HakoM MiHyc) 3 (1.6) i (5.21). Jude-
peHLiHUN nepepi3 A bOTo HAbOpy CHipaJbHOCTEN TaK CAMO MOXHA OTPU-
MaTu 3 Gopmysu (4.85), 110 NpUBOAUTE Hac 10 Bupasy (5.22).

[HIIi TPY HEHYJIBOBI CllipaJibHi aMIJIITYAX 06YUCIIOIOThLCS aHalorivyHo. i
JIIBONIOJIAPU30BAHOr'0 €JIeKTPOHA i MPaBONOJIAPU30BAHOI0 MO3UTPOHA JIETKO
3HAX0UMO

p(p)y*u(p) = —2E (0, 1, —i, 0) = —2E - V2.

3AiCHUBLIY IOBOPOT, 106 OTPUMATH BEKTOP, IKUH BiZiOBiAa€ J1iIBOMOISIPU30-
BaHOMY |~ i IpaBOMOJIIPU30BaHOMY U*, MaEMO

u(k)y*v(k') = —2E (0, cos®9, i, sin 0).

[lizcTaBUBILM Lii BUpa3y B pisHUX KoMbOiHaLisgx y (5.25), ogepXMMO pelTy aM-
TJITYA;:

M(ejer = ppug) = —e*(1 + cos 0);

- _ _ L _ , (5.32)

M (egef = WpHg) = M(epeg = uzhy) = —e*(1 — cos ).

§5.3. ete” - utu: HepesATHBIiCTCBKa MeXKa

[lepelizeMo Tenep A0 iHIIOTO KiHIlS eHEPIeTUYHOTO CIIEKTPY i PO3TJISTHEMO pea-
Kiiro ete” — ptyu” y rpaHMYHO HepeasATUBicTChKOMY HabsmxeHHi. Konu E j1u-
e Tpoxu Gi/blIa 3a Macy MIOOHA My, Hall NoNepeHid pe3yabtat (5.12) aaa
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HeMnoJIipU30BaHOro AudepeHLiiHOro nepepi3y cTaHe TaKUM:

do o? mi, o |K|
— — —— |1-— —. 5.33
dQ k-0 2EZ E*  2EX E (5-33)

Mwu MoxxeMoO BiATBOPUTH Liel pe3ysbTaT, NPOBIBLUIM 0O0YMUCIEHHS aMIIITYyAH 3
ABHUMH BUpa3aMU [Ji CIIHOPIB, i 3apa3oM Ji3HaeMOCA Jello0 Npo CIiHOBY 3a-
JIEXKHICTB npoLecy. 3HOBY IOYHEMO 3 MAaTPUYHOI0 eJIeMeHTa:

2

M = (b0 um)) @y (E)

EJleKTpOH Ta MO3UTPOH, K i paHillle, € peJATUBICTCLKMUMM YacTKaMHU,?! ToMy

o: I
pit Hicas: o>

Puc. 5.5. Y HepesATUBICTCbKOMY HabJMKeHHI 3arajJlbHUM CIiH CUCTeMHU 30epi-
ra€ThCs, TOMy 061/iBa HAPOKeHI MIOOHM MAlOThb CIIiHY OpPiEHTOBaHI B HANIPSAM-
Ky +Z.

BUpa3 MaTUMe HaWUNpPOCTIlIMK BUTJISA, K10 06paTH AJ1 HUX CTaHU 3 BU3HAYe-
HOIO Cllipa/ibHICTIO0. Hexall eJleKTPOH € MPaBONOJIIPU30BAHUM i pyXa€ThCSA B Ha-
NpSAMKY +2, a JIiBONOJIAPU30BaHUM MO3UTPOH — Yy HanpsAMKY —z. Tozai 3 (5.29)
MaeMo

v(p)y*u(p) = —2E (0, 1, i, 0). (5.34)

B iHWIil MOJIOBHMHI MAaTpHUYHOTO ejieMeHTa Tpeba BUKOPUCTATU HEPeIATUBICT-
CbKHH BHUpa3

u() =m(g), k) =V} (5.35)
[Ipu nomaibUIOMY PO3IVIAAL B IbOMY Maparpadi cJ1ii MaTH Ha yBasi, o criiHop &'
Jla€ epeBepHYTHH CITiH aHTUYACTKU. 3aJIMIIUBIIY MIOOHHI criiHopH §i &' Hapasi

2150 inakuie ix aHirizsuia He npu3Be/e 40 YTBOPeHHs MIOOHIB. (IIpum. nepeka.)
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HeBU3HAYEHUMH, MU JIETKO 064U CIMMO:
ok = m et ehy(0 0 ) (¢
u(k)y*v(k’) =m &', §') 0 o)\ -¥
(5.36)
0 aasgau =0,
—2m&el¥ paap=i

151 3HaxomkeHHs1 M BisbMeMo ckasisipHUi 106y Tok (5.34) i (5.36), a moTiM
IIOMHOXHUMO #oro Ha e?/q? = e?/4m?. B pesybrari,

J\/[(e};ezr - pﬂf) = —2e%¢! 8 (1) g, (5.37)

OckiJIbKM 1le¥ BUpa3 He 3aJIeXKUTh BiJl KyTa, MIOOHHA PIBHOMIpHO BUJIITAlOTh
B yCiX HanpsAMKax. ToyHille Ka)Ky4y, BOHM BUIIPOMIHIOIOTHCA B S-XBUJII, i IXHIN
op6iTa/IbHUM MOMEHT IMIIYJIbCY JJOPIBHIOE HYJIIO. 3aKOH 30epeKeHH MOMEHTY
iMnyJsibCy BUMarae, 106 NOBHMM CIiH KiHI|eBOTO CTaHy JlOPiBHIOBaB 1, i cipas-
Al — 106YyTOK MaTpHULb JA€ HY/b, AKIIO CIIHM MIOOHA ¥ aHTUMIOOHA He Opi€H-
ToBaHi B HanpaAMKy +z (Puc. 5.5).

Jl1g 3HaXO0P)KEHHSA OCTAaTOYHOTO Pe3yJIbTaTy Bi3bMeMO CyMy 32 MIOOHHUMU

cninamu i ogepxxumo M2 = 4e*, mo gae popmyny A1s nepepisy:

do
dQ

2
o |K|
-+ +-) —
(egef = ') = ———. (5.38)
E:. E
M
Takui caMuii BUpas cipaBeAJIMBUUA i AJi aHITIIALIT JIIBOMOJIIPU30BaHOrO eJie-
KTPOHA 3 IPaBONOJIIPU30BaHUM NIO3UTPOHOM. YcepeJHEHUH 3a CIIiHAMU Iepe-
pi3 cksagae 2 - (1/4) Bij He ycepeAHEeHOTO, Y IIIJIKOBUTIN BianoBigHOCTI 3 (5.33).

3B’a3aHi cTaHu

Jloci MU BBaXaJ1y, 1[0 IOYATKOBI Ta KiHLeBI CTaHU Y IIpoLiecax po3CidHHA € CTa-
HaMH{ OKpPEMMUX i30/IbOBAaHUX 4aCTOK. [IpoTe 6isis mopory peakuii KyJIoHOBe PU-
TATaHHS MK MIOOHAMHU CTa€ icTOTHUM ¢pakTopoM. [Ipy eHeprisfix TpoXy HUKUUX
3a IOpPOroBy U U™ -mapu MOXKyTh yTBOPIOBATH €JIEKTPOMArHiTHI 3B’s13aHi CTaHU.

3B’s13aHi CTaHU y KBAaHTOBIN Teopil noJig € npeAMeTOM [VIMOOKOIO Ta I'PyH-
TOBHOTO PO3IJISAAY, AKMU BUXOJUTD 32 MeXi Haworo Kypcy.?? Ha macTs, 6arato
BiZJJTOMUX y NpUPO/Ii 3B’I3aHUX CTAaHIB MOXKHA PO3IJIAaTH K HEPEJATUBICTChKI
CUCTeMHU (MpUHAMMHI, B epLIOMY HAOJMXKEHHI), Y IKMX BHYTPIilllHI IIBUJKOCTI
JflocuThb MaJi. [Iponjec HapoAKeHHS 3 BaKyyMy 4acTOK, 1110 YTBOPIOIOTH 3B’sA3aHy

22T'apHi or1AaM 31 3B’A3aHUX CTaHIB y KBAHTOBIM Teopii Moyl MoxHa 3HaiiTH y cTaTTax Bodwin,
Yennie, Gregorio, Rev. Mod. Pbys. 57, 723 (1985), i Sapirstein, Yennie, y 36ipui [35].
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CUCTEMY €, OJIHAK, PeJATUBICTCbKUM ePeKTOM i moTpebye AJisl CBOTO ONHKCAH-
HSl METO/iB KBAaHTOBOI Teopii nmoJis. B ibomy naparpadi Mu po3po6umo popma-
JIi3M JIJ11 OTPUMaHHA aMIJIITY/i HAPOJ>KEHHH Ta 3HUILEHHH I BOYaCTKOBUX Hepe-
JISTUBICTCHKUX 3B’I3aHUX CTaHIB. [IouHeMO 3 064K C/IeHHS lepepi3y YTBOPEHHS
3B’s13aHOrO0 cTaHy U™y~ y mpoueci e* e -aHiriasimii.

Po3riigHeMo crnepiuy BUIIaZ 0K, KOJIA CIIHY MO3UTPOHA Ta eJeKTPOHA opi-
€HTOBaHi B HANPSAAMKY +z. 3 NONepeAHbOT0 0OGrOBOPEHHS MU 3HAEMO, 110 CIIi-
HHU 060X MIOOHIB OYZlyTh OPiEHTOBAHI TaK caMo, i EIMHUM 3B’sI3aHUN CTaH, AKUHN
MOXXe BUHUKHYTH, MaTUMe CITiH 1 Takoi » opieHTalil. AMILIITy1a HAPO>XKEHH S
BiJIbHUX MIOOHIB Y 1ill KOH}Irypauii €

M(M-k 1, Kk, T)=—2¢ (5.39)

i He 3an1exuTh Bij imnynbciB (K; i K;) MooHiB.

Jlani M1 MaeMo 3’siCyBaTH, SIK 3allMCaTH 3B’s13aHi CTaHU Yyepe3 CTaHU BiJIbHUX
4JacTOK. Y 3araJlbHOMy BUNAZKYy, AJI ABOYACTKOBUX CUCTEM 3 OJJHAKOBUMH Ma-
CaMU CKJIaJIOBUX [10JIOXKEHHS LIeHTPY Mac i BiAHOCHI KOOpAUHATH €

R = %(rl +r,;), r=ry—ry (5.40)
BianosizgHi iM iMmnynbcu:
K=k +k, k=2Z(ki—ky). (5.41)

[ToBHui imnynbsc Ky cucremi LIM gopiBHIOE Hy 110, K10 MY 3HAEMO CUJIy B3a-
emMofiii Mixk yacTkamu (AJi u* U~ e KyJIoHOBa CHJia), TO MOXKEMO PO3B’s3aTH
HepessATUBICTCbKe piBHAHHA lllpoauHrepa i 3HalTH IWPOJUHIEPOBY XBUIbOBY
¢dyHkuito Y(r). 3B’3aHi CTaHU € MPOCTO JIiHIHHOIO CyNeprno3ulli€lo BiIbHUX CTa-
HIiB 3 BU3Ha4YeHUMHU I a60 K, 3BakeHUX 3a Lji€l0 XBUIbOBOIO QYyHKIi€r0. [y Ha-
IIMX LiJiel 3py4Hillle 0O6yAyBaTU TaKy CYyNePIO3ULil0 B IMIYJIbCHOMY NPOCTOPI,
3actocyBaBlIM 70 P(r) nepeTBopeHHa Pyp'e:

B0 =[xy [ S [R00f - (5.42)

(2 )
Axmo Y(r) mae 3BudaiiHe HopMmyBaHH#, Y (K) Aae amniiTyay nepebyBaHHs yac-
TKU y cTaHi 3 iMmnysnbcoM K. iBHUI Bupas [y1g 3B’13aHOr0 CTaHy 3 Macoro M =
2m, imnynbcoM K = 0 Ta cniiHoM 1, cipsiIMOBaHUM yTopy, €

d’k 1

BY =2 | 25 T00 = —— kT, —k ) (5.43)
( 3

MHoxHuKH (1/V2m) nepeTBOPIOE HOPMOBAHI PeJIATUBICTCBKUM YUHOM CTaHHU

BiJIbHUX 4YaCTOK y TakKi, mo ix inTerpas 3 Y(K) crae HopmoBaHuM Ha 1. (Baa-

CHe, MHOXXHUK Ma€ MICTUTH /2E 4, ajle B HepeJIATUBICTCbKOMY HaOJIMKEHHI



§5.3. ete” » putu": HepenaTUBiCTCbKA Mexka 173

|k| « m.) 3oBHimHili MHOXHMK V2M noBepTae pe/ATHBICTCHKH-iHBapiaHTHe
HOpPMYBaHHS, iK€ BUKOPUCTOBYETbCSA B Hawik ¢popmyJti asa nepepisy. Lli Hop-
MyBaJIbHi MHOXHUKHU HeBaXKKO MoOJUiKyBaTH [JJisl ONMUCY 3B’SI3aHOT0 CTaHY 3
HEHYJIbOBUM NTOBHUM iMmnysibcoM K.

Marouu Brpas /15 3B’13aHOT0 CTaHy, MU MOK€MO HeraiHO BUIIMCATH aMILJIi-
TyAy WOTO HapOJKEHHS:

1
T Vo

[To3asik aMIIiTyZa BiibHOTO cTaHy (5.39) He 3a/1€XUTh Bij iMIy/IbCiB MIOOHIB,
To inTerpan no Kk gae Y (0), To6TO BeIMUMHY KOOPAUHATHOI XBUJIbOBOI PYHKILii
B TOYLi LeHTpy Mac. LlizikoM npupoAHo, 10 aMILIiTyla YTBOPEHHS JB0O4aCTKO-
BOI'0 CTAHYy TOYKOBUM BipTyaJIbHUM (POTOHOM Ma€ O6yTH NPONOpPLiiiHa 3HAYeH-
HIO XBUJIbOBOI PYHKIiI B HyJIbOBUX KOOPAWHATAX. 3 OIJISAAY Ha Te, 1110 B HepeJis-
THUBICTCbKOMY HabJ/IMKeHHI M = 2m, OTpPUMYEMO

M( M- B) = \/_f(z )341() M(M->kT, -kT). (544)

M( 11— B) = j% (—2e2)yr" (0). (5.45)

Tpoxu HIKYEe MU 06YUCIUMO 3 Li€] aMIIITYA U Mepepis, ajie Clieplly y3araib-
HUMO Hall pO3IJisiJi Ha 3B’s13aHi CTaHU 3 I0BIJIbHUMM CIIIHOBUMH KOHQIrypanisi-
MU. AHasi3, noZibHUM A0 TOro, 110 AAaB HaM Bupas (5.37), 3acBiguye, 1110 6y1b-
SKWM eJleMeHT S-MaTpulli AJisl HapOJKEHHsI HepeJIATUBICTCbKUX GepMioHIB 3
imnynbcamu k i —K mMae BUris/ cniHoBoro MaTpu4yHOro ejieMeHTa:

iM (mocs - k k') = £ [T(K)]E, (5.46)

ne I'(K) geska 2 X 2-maTtpungd. Terep 3aMiHUMO CIiIHOPY HOPMOBAHOI XBUJIbO-
BOI0 PYHKIi€I0 3B’13aHOr0 CTaHy. Y I0MHO PO3IJIIHYTOMY NPUKJIAaZi MU 3p00U-

JIA 3aMiHy
, 0 _ (0 0
zz*e@(l, 1)—(1 O>. (5.47)

Y 3arasibHilloMy BUIIaJiKy, CTaH 3i CIiHOM 1 MOXXHA OTPUMATH, 3aMiHUBILIU

get - \/% n o, (5.48)

Jie N € OAMHUYHHUM BeKTOpoM. BuGip n = (R + i§)/V2 gae (5.47),an = (R —
i§)/V2in = Z — inmi ABa ctanu 3i cnivom 1: Ll i (T + 11)/+/2. (BigHocHui#
3HaK MiHyc y (5.48) B ocTaHHbOMY BUNIA/IKY 3’ABJASIETHCA 3 paBua (3.135) gusa
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nepeBepHyTOTO criHy.) TAKUM CaMUM YUHOM, CTaH 3 HYyJIbOBUM ciliHoM (T4 — 1T

)/V2 nae 3amina

et N i
X3 \/EI' (5.49)

Je I mo3Havyae ofUHUYHY 2 X 2 MaTpUL0. 3a UMU IIPaBUJIAMU MU MOXeMO Iie-
peTBOPUTU S-MAaTPUYHUH esieMeHT BUALy (5.46) Ha S-MaTpPUYHUM eleMeHT
JIJ1s1 HApO/>KeHHS 3B’13aHOI0 CTaHy Y CHOKOI:

a3 n-o

2

- _ |2
lM(IHOCb%B)—\/;f(T[ 75

Jle cif 6epeThbcs 3a iHAEKCaMHM JIBOKOMIIOHEHTHOTO clliHopa. [lyisl 3B’13aHOr0
CTaHY 3 HyJIbOBUM CIiHOM Tpeba 3aMiHUTH N - 0 HAa OJJUHUYHY MaTpuLo L.

U (K) Tr(

k
I'(K) ), 5.50
) ) (5.50)

HapopxeHHs i po3naj BEKTOPHOTO Me30HA

3 ¢opmysnu (5.45) mMokHa 6Ge3nocepelHbO OTPUMATH Iepepi3 HAPOKEHHS
3B’s13aHUX cTaHiB p*u~ y nmpoueci et e -aniriasiii. o6 mosermuTi po3yMiHHs
$i3MYHOro ceHcy 1bOTO BUpPa3y, BBEJEMO BEKTOPH NOoJsIpU3aLii AJisl Mo4aTKo-
Boi Ta KiHIeBoi ciHOBUX KoHbirypaniit: £, = (R + i§)/V2 3 (5.29) i n 3 (5.48).
Tenep (5.45) MoxkHa nepenucaTH B 6ijibll iHBapiaHTHIN popMi:

M(epet - B) = %(—Zez)(n* - &) U (0). (5.51)

CniHoBa nosiApu3alisi N IPOEKTYEThCA Ha €. Y TOMY BUNA/[KY, KOJIU MOJISIPU-
3allid N0OYaTKOBUX eJIEKTPOHIB HeBU3HA4Y€Ha, lepepi3 HapoPKeHHs 3B’ A3aHOT0
CTaHy B BkJIIOYa€ ycepeJHEHHA 3a NOJIApU3aLiIMHU:

200 P+ 0 e P) = 1) + (0)?). (5.52)

TakuM 4MHOM, 3B’s13aHi CTaHU 6YAYTh epeBa*KHO MOJIAPU30BaHi B3/J0BX 0Ci 3i-
TKHEHHS eJIeKTpOHa Ta 03UTPOHa.

Buxozs4y 3 NpUIyLeHHS, L0 Ny4YOK eJIEKTPOHIB He € OJIAPU30BaHUM, i Miji-
cyMmoBytoud (5.52) 3a TppoMa MOXKJIMBMMM HaIlpsIMKaMH N, 3HaWAeMO HaCTy-
IHUM BUPa3 JJ1s1 HOBHOTO Nepepi3y Hapo/KeHHs 3B’13aHOI0 CTaHY:

3
0—(e+e_ - B) = lii d"K L X

X 2m)*5 0 (p + '~ K) (4 SO

BigzHauuMo, 110 iHTerpas no ogHO4YacCTKOBOMY (pa30BOMYy NPOCTOPY NPUOUPAE
JIUIIE TPU 3 YOTUPbOX JesbTa-QyHKIiN. 1106 3po3yMiTH 3HAaUEHHS YeTBEPTO],
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cJ1ij nepenucaTH ii, BuxoAa4H 3i cniBBigHomenns 8(p° — K°) = 2K°8(P% — K?).
Toni

o(efe” » B) = 8(EZ, — M?). (5.54)

I OTR
M3

s ocTaHH# AenbTa-QyHKILiS BKA3ye Ha Te, 1110 TOBHA eHeprif B cucteMi [IM Mae
JIOpPiBHIOBATH 3arajibHii Maci 3B’13aHUX 4acTOK. TaKUM UYMHOM, 3B’I3aHUM CTaH
HapO/PKYETHCS SIK pe30HAHC B €JIEKTPOH-NO3UTPOHIN aHirisaunii. Akio BiH Ma€
CKiHYeHHMH 4ac )KUTTH, TO [ e1bTa-QyHKIifl pO3LIUPIOETHCS B Pe30HAHCHUH MiK.
Ha npaxTwuili, iCTOTHIIIKMM MeXaHi3MOM TAaKOro PO3IIWPEHHS € Pi3HUI eHep-
I'il OKpeMUX eJIEKTPOHIB Ta MO3UTPOHIB y NMy4yKy. Ta B ko>kHOMY pa3i, popmysa
(5.54) npaBuJsibHO Nepe/i6aYvaE MIOILY MiJ pe30HAHCHUM MiKOM.

AKI10 3B’s13aHKU# cTaH B MoKe yTBOPIOBAaTHCS 3 e e -1map, TO BiH TaKO0X MOKe
il aHiri/IlOBaTH 3 YTBOPEHHSM Mapu e e~ 4u 6YAb-sIKUX iHIIHUX JJOCTATHBO JIET-
KHUX JIENITOHIB. 3riiHO 3 (4.86), NOBHA IIKMPHHA AJIS L€l MOAU po3Nafay €

1
+ -\ — 2
I'(B-e'e) = —2Mfdr12 |M|2, (5.55)

Jle M' € THM CaMUM MaTPUYHHUM esieMeHTOM (5.51), 3a AKUM MU 06YHMCIIOBAIA
yTBOpeHHA cTaHy B. OTxe,

ZMf< : dcose) WO (In- €l + n- ). (5.56)

Tenep My Ma€EMO B34THU CyMy 3a CTAaHAMU NOJIApU3aLil eJIeKTPOHIB i ycepe IHUTHU
3a TpbOMa MOXXJIMBUMU 3HAaYEeHHAMU N. BifTak ofepxumo

16ma? [y(0)/?
3 M?

I(B—e*e’) = (5.57)
dopmMysia /1 LIMPUHU po3nafy B yKe cxoa Ha nepepi3 HOro HapoJKeHHs, i
1e IIiJIKOM 3p03yMiJio, aji>ke B 060X 064YHCIeHHSAX NPUCYTHIN KBaApaT OJAHOTO 1
TOTO K MAaTPUYHOI'O eJIeMeHTa, MiICYMOBAHMUH 32 IOYAaTKOBUMH Ta KiHLIEeBUMH
nossipusaLiaMu. /IBa 064McIeHHS BiJIpi3HAIOTHCA JIMIle Ga30BUMU 06'EMaMH |
THM, 1K MU IPOBOJJUJIN yCepeHeHHS 3a NoJsspU3anisaMu. 3a L€k J0I'iKO10, CHiB-
BiJJHOLIIEHHS Mi>K ;BOMaA BeJIMYMHAMU,

3r(B - e*e)
M

+ - _ 2 2 2
o(efe” » B) = 4m -8(EL, — M), (5.58)
€ 3aTaJIbHUM i [[IJIKOM He3aJIeXKHUM BiJl JleTased 004MC/IeHHS MaTPU4YHOI O eJie-
MeHTa. MHOXHUK 3 y (5.58) BUHUK Uyepe3 ycepeJJHEHHS 3a Opi€HTAIi€ N; AJs
3B’A3aHOr0 CTaHy 3i cliHOM ] BiH Mae fgopiBHIOBaTH (2] + 1).
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HaiiBigoMimum € 3acTtocyBaHHsI 1boro ¢opMaljiiaMy He [0 MIOOHIB, a J0
3B’SI3aHOr0 CTaHy JBOX KBapKiB, TaK 3BaHOr'0 K8apKoHIW. EKcriepruMeHTa/IbHI
CBi/{YeHHS YTBOpPEeHHA 3B’A3aHUX Nap qq (Hanpukaaz, //P abo Y) npucyTHi Ha
Puc. 5.2. (Pe3oHaHCHI miky 3aHa/TO BUCOKI ¥ rocTpi, 1106 MokasaTH ix Ha rpa-
¢iky, npoTe ixHi po3Mipu 6ynu ToyHO BUMipsHi.) Bupasu (5.54) i (5.57) Tpeba
NIOMHO>XUTH Ha KOJIbOPOBUU (paKToOp 3, 106 OTpUMATH Nepepi3 HapoJKeHHs Ta
IIMPUHY po3najy 3B'A3aHOT0 cTaHy (q 3i cniHoM 1. 3HadeHHA Y (0) XBUIbOBOI
byHKLil qq He MOXXHA 0OYUCIUTH, BUXOAAYM JIMIIe 3 KyJIOHOBOI B3aEMOJII, ane
MO>KHa OL[IHUTH Ha NiCTaBi HepeJaATUBICTCbKOI MOZesli KBApPKOBOTO CIIEKTPY 3
deHOMeHOJIOr{YHO NilibpaHUM MoTeHLia10M. AJIbTEPHATUBHO, MU MOXKEMO 3a-
CTOCyBaTHU popMysy

2 [W(0)|”

I(B(qq) - e*e”) = 16ma’Q e

, (5.59)

1106 Bu3HayuTH P (0) A/ 3B’A3aHOrO0 cTaHy qJ. Jlo npukJaay, ctad 1S napu ss 3i
cniHoM 1, ¢-Me30H, Ma€ napijiajbHy MUPUHY po3naay 1,4 keB mo kanany ete”
i macy 1,02 TeB. 3 nuboro Mu MoxkeMo BuBecTH, o |P(0)|*> = (1,2 M) 3. Lei
pe3ysbTaT € Gpi3UYHO NPUNUHSATHUM, OCKIJIBKH THIIOBI po3MipH afipoHiB siKpa3
MalTb NOPsAA0K 1 oM.

Ham nigxiz y ubomy naparpadi nomMiTHO BiZIpi3HAETHCS BiJ TOTO, 110 MU 3a-
CTOCOBYBaJIM J0Ci. 3aMiCTh NpoOBeJieHHS O0O4YMC/AeHb Ha NiJicTaBi 3acalHUYUX
NPUHLUIIB, 316pau Mo YacTHHAX HabaMKeHy GOpMYyJy, BAKOPUCTABILHU JIUIIE
MIiHIMyM IHCTPYMEHTIB KBaHTOBOI TeOpil N0/ Ta KBAHTOBOI MeXaHiKH. A mpo-
Te, MM MOTJIM 6 ONUCATH 3B’sA3aHi CTaHH, L[IJIKOM BUXO/SIYH 3 PeJIITUBICTCHKOIO
dopmatizmy. PosriisiHeMo aHirijisiito napy et e~ 3 yTBOpeHHs 3B’sI3aHOTO CTaHY
utu~, kKt moTiM posnajgeThcst 3HOBY Ha ete”. JJOTpUMYIOUYHCh 3acaji HAllloTo
dbopmaniamMy, MokeMo NpeACTaBUTH Liel MpoLec AiarpamMmoro

Y kiHueBOoMYy miJCyMKy BiH Mae Burisg ete” — e*e” (poscisuus Ba6a). lllo
CTaHeTbCH, K0 MU CIPOOYEMO po3paxyBaTH Mepepi3 LbOro po3cisHHS, 3aCTO-
cyBaBIIM 6e3mocepesiHbo Teopito 30ypeHb KE/[? OueBuaHO, mapu u* ™ He po-
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6/11Tb BHECKY B /lepeBOBH/IH] Jiiarpamu:

X

[IpoTe, nepeMILIOBIIH 10 BULIMX TOPSAJKIB 1epTypOATUBHOTO PSAAY, MM BUSBUMO,
NOMDX iHIIKX, TaKUH Habip Aiarpam:

1 6inbocTi 3HaYeHb E, BOHU AAIOTh JIMlIe He3HA4YHI NONpPaBKH [0 Je-
peBOBUJHOIO HabmxeHHA. Ta Kosu Eyy, € 6JM3bKOIO 0 OPOTY HapOJKeHHS
utu~, y miarpamax, mo BK/I0YaOTh 06MiH GOTOHAMU B MIOOHHIHM MHeTJi, cTae
iCTOTHOIO KyJIOHOBA B3aEMO/JisA Mi>K MIOOHAMU, TOMY iXHf Bara pi3ko 3pocCTae.
[lizcyMmyBaBIlIU BHECKU BCiX TaKUX JiarpaM, MOXHa IIOKa3aTH, L0 LA CyMa eKBi-
BaJIeHTHA pillleHHI0 HepeJsaTUuBicTcbKoro piBHAHHA lpoauurepa.?? fk Hacui-
JI0K, Y BUpa3i /151 nepepi3y 3'9BJISETbCA pe30HAHCHUM MK, IJIOA Ta IUPHUHA
sKoro 3ajawTbcsd popmynamu (5.54) i (5.57) BignosigHo.

§5.4. KpocuHr-cumerpis

EJIeKTPOH-MIOOHHE PO3CiIHHA

3aBepIIMBIIM PO3IJIsAA npolecy et e~ — p*u~, 3BepHeMocst Temep [0 iHIIOrO,
aJsie TicHO nmoB’s3aHoro 3 HUM, npounecy KE/I: esleKTpOH-MIOOHHOTO pPO3CisiHHSA
e"u” — e u . PeliHMaHOBA JjiarpaMa HUXKYOTO NOPAAKY € TAKOI CaMolo, K i B
nonepesAHbOMY BUNA/KY, JIUILE lepeBepHyTa HaOiK:

in2

= ‘qiza(p1'>v“u(p1>a(pz')vuu@z)

23Takuit aHasi3 € B kHusi Bepecrenbkoro, Jlipmuua i [litaescbkoro [8].
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3B’s130K MK nporecamu e*e” — ptpu~ie U~ — e U~ cTa€ OUEBUHUM, KOJIU MU
064YHCJAUMO KBaJIpaT aMl'IJIiTy,I[I/I, ycepeJHeHUH i miicyMOBaHUM 3a ClliHaMMU:

§), Ml = e[+ mavip, +mov!] x

X Tr [(pjz’ +myy, @, + mu)yv].

lleti BUpa3 cTaHe TOTOXKHUM HallloMy pe3yabTtaty (5.2) aas ete™ - puru~, akumo
3pOOUTH MiACTAaHOBKHU

p->py, P —o-p, k-op,, k'->-p,. (5.60)

A ToMy, 3aMiCTb 11le 0JHOTO 0GYUCEHHS CJi/liB, MU MOXEMO MPOCTO MPOBECTHU
TaKy  3aMiny y ¢opmyui (5.10). BcraHoBuBlin m, = 0, 3HaX0AUMO

i Z |M|* = E;%[(101-102’)(791"192)+(pl-pz)(101’'pz’)—mﬁ(m'pl’)]- (5.61)

L1 Npo0BXKEeHHS PO3PaxyHKIB MaEMO 3’iCyBaTH KiHEMaTUKY MPOLECY, IKa Te-
nep 1ijikoM iHma. O6paBIlIy 3a CUCTEMY BiJIJIiKy LIEHTP Mac, 3HOBY nepeijieMo
J10 OCHOBHUX KIHEMaTUYHHUX 3MIHHUX, €eHepril Ta KyTa pO3CiAHHA:

pll = (k7 7k)
(k. k) E? :kz—}-mfL
p1 = y K2 _ N
- k-z2=kcos
e 7€ s = (B, —k2) N
W p/2 = (Ea 7k)
[ToTpi6bHi HaM KOM6iHallii €
PP, =P - =k(E+k); p, p,=p, b, =k(E=kcos0);
P, D, =k? (1 — cos 0); q* = —2p, -p, = —2k*(1 — cos 0).
Harr Bupas i KBaipaTy CTa€ TaKUM:
2e*
z M k2(1 cos 0)? 8
CIliHU (5.62)

X [(E +k)? + (E + k cos 6)* —m?2(1 — cos 6)].

JlJ1s1 3HaxopKeHHs Mepepi3y BUKopucTaeMo popmy.y (4.84), ika 3a yMOBH, KO-
JIA O/1HA 3 YaCTOK € 6€3MacoBOI0, HAOyBa€ NPOCTOr0 BUIJIAAY:

d M|?
ao = % (5.63)
dQ ), — 64m*(E +k)
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3BiJicU OJlepPXKYEMO pe3ysbTaT JAJs1 eJIeKTPOH-MIOOHHOTO PO3CisIHHS B CUCTEMI

[IM:

do a?

o - 2k*(E + k)*(1 — cos 0)? % (5.64)
X [(E +k)? + (E + k cos 8) — m2(1 — cos e)].

aek = /Ez — mf. Y BUCOKOEHEPIeTUIHOMY HAOIMKEHHI MU MOXKEMO 3HEXTY-
BaTU ¥ Macolo MIOOHA, i ToZi AudepeHLiiHUN epepi3 po3CiasHHS:

do o

da 2EZ, (1 — cos8)

. [4 + (1 + cos 9)2]. (5.65)

3BepHiMO yBary Ha CUHI'YJISIPHY [TOBE/[iHKY

do 1

a0 x o npu 6 — 0 (5.66)
y dopmysax (5.64) i (5.65). Liss cCMHI'YASAPHICTD € TaKOI0 X, K i y popmy.i Pesep-
¢dopaa (3apava 4.4). Taka noBejjiHKa 3aBXXAM NPUCYTHS NPU KYJIOHOBOMY pPO3-
CisiHHi; BOHa BUHMKAE yepes3 6JIM3bKICTh 210 MacoBoi moBepxHi (To6To, g* ~ 0)

BipTyasibHOTO GOTOHA.

KpocuHr-cumeTrpis

3aCcTOCOBaHMM HaMM NPUHWOM /[Jis BCTAHOBJIEHHA 3B'A3Ky MK INpolecaMu
ete” > ptu ie w” - e U~ € nepmuM NPUKIAZOM TaKOro THUITY TEPETBOPEHD,
BiJIOMUX SIK KDOCUHT-cuMempis. B 3araibHOMY BUIIaAIKy S-MaTpULiA Oy b-sIKOTO
npolecy, B 1IKOMy 6epe y4yacTb 4acTKa 3 4-iMIy/sibCOM p B IOYATKOBOMY CTaHi, €
€KBiBaJIEHTHOIO S-MaTpHulli AJi1 B yCbOMY iHIIOMY iJEHTUYHOTO Npolecy, ajie 3

AHTHYACTKOIO B KiHLIEBOMY CTaHi 3 4-iMnysibcoM k = —p. To6TO,
M(q)(p)+---—>---) =M("‘—>"'+(b(k)); (5.67)
ne ¢ € aHTHYACTKOIO 10 ¢, a k = —p. (3a3HaYMMO, 1[0 3a 6Y/[b-AKHX 06CTaBUH P

i k He MOy Tb OJHOUYACHO MaTHU Qi3UYHO NPUNYCTUMI 3HAUEHHS, OCKIJIBKY JJisl
YaCTKH NOBUHHA BUKOHYBaTHCh yMoBa p° > 0, a 2111 aHTUYACTKH k° > 0. 0Txe,
Ha NMpPaKTULI OAHY aMIUIITYAy MOXHa OTPUMATH 3 iHIIOI JiKlle 32 JOIIOMOT 00
aHaAJIITUYHOTO NMPO/IOBXKEHHS.)

CniBBigHomeHHs (5.67) npsiMo BUIJIMBAE 3 delHMaHOBHUX mpaBuJ. Jlia-
I'paMy, U0 poOJATh BHECOK Y Li ABi aMIIiTYyqu, NPUPOAHUM YMHOM B3aEMO-



180 Pospgin 5. EsnleMeHTapHi nponecl KBaHTOBOI eJIEKTPOAUHAMIKH

NOB’sI3aHi ¥ Pi3HATHCA MixK COO010 JIMIIe 3aMiHOI0 BXiZIHOTO ¢ HA BuxigHe ¢. Tu-
M0Ba Mapa TaKUX JiiarpaM Ma€ BUIJISA]

¢

Ha nepuwii giarpami iMnysibcu q;, 10 BXOAATH Y BePIUMHY 3 PEIUTH AiarpaMy,
MaloTh AAaTH B MiJICYMKY —p, TOJAi SIK Ha APYTid Aiarpami ixHs cymMa JOpPiBHIOE
k. OTxe, 9K1o —p = k, To 1i ABi JiarpaMyu oiHAaKOBi, 32 BUHSATKOM MOXJIH-
BOI pi3HUIi y MHOXKHMKAX 32 30BHIlIHIMU JiiHiAMU. K10 ¢ € ckansipHUM 6030-
HOM, TO TaKi MHO>XHUKH BiZICyTHI, i TOTOXHIicTb (5.67) foBeseHo. [l pepmioHa
aHaJIi3 CTa€ CKJAAAHIIIMM, OCKIJIbKH CHIBBIJHOILIEHHS 3aJ1€XKUThb BiJ, JOMOBJIEHO-
cTel npo BifHOCHI pa3u 30BHIilIHIX ciiHOpiB u i v. [IpocTo 3aMiHuBIIM p HA —k
B CyMi 3a noJsisipusanissMu ¢pepmMioHiB, MU OTPUMAEMO

D u@i) =prm=—f-m=-> v0sk).  (568)

3HaK MiHyC MO>KHa KOMIIEHCYBaTHU 3MiHOI JJOMOBJIEHOCTI npo ¢asy ausa v. Ha
NpaKTULI 3py4yHillle B3araji BifKUAaTHU OAUH 3HAK MIHYC JJI KOXKHOTO KPOCH-
Hrooro ¢epmioHa. [Ipu BiiMoBiAHUX JOMOBJIEHOCTAX AJis ciiHopiB u(p) i v(k)
MOXXHa JJOBECTU TOTOXHICTb (5.67) 6€3 ycepeHEHHS 3a CIliHAMH.

MaHaenbIITaAaMOBI 3MiHHI

[HKOJIM 3py4HO 3allMCYyBaTH aMILIITYy PO3CisiHHS Yepe3 TaKi 3MiHHI, SKi cripo-
IIYIOTh 3aCTOCYBAaHHS KPOCHHIOBUX llepeTBOpPeHb. [lid npouneciB 2 vacmku —
2 Yyacmku 1e MO>KHa 3p0OUTH HACTYITHUM YMHOM. [I03HaUMMO YOTHPU 30BHIILIHI
IMIyJIbCH, AK

Tenep BU3HAUMMO HOBi BEJIMUMHU, MAHOEAbLWMAMOBI 3MIHHI:
s=@+p) =(k+k)
t=(k—p)* =k -p)% (5.69)
u=(k'-=p)?*=(k-p)°.
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BesinuuHM tiu nepexoAsaTh OAHA B iHIIY pU 3aMiHi k < k'; npuiHATO BU3HAYa-
TH t IK KBaZ|paT pi3HMIIi IOYAaTKOBOI'0 Ta KiHI[€BOTO iMNYJ/bCiB 1BOX HANOI/IbII
CXOXXMX YaCTOK. JIJis1 6yAb-SIKOTO NPOLECY S € KBAJpaTOM IOBHOTO IOYaTKOBOT'O
4-iMnysbCcy. 3ayBaXKUMO, 1110 B pasi, KOJIM MU BU3HAYMMO BCi YOTUPH IMIY/IbCU
SIK BXiZiHi, 3Ha4€HHS BCiX TPbOX BEJIMYHH OYAYTb MO3UTUBHUMU.

Jna inrocTpanii 3aCTOCyBaHHS MaH/Ze/bLITAMOBUX 3MiHHUX, Iepef0BCiM
pO3IJITHEMO KBaZpaT aMILIiTyau s ete”™ — p*p~, B3ABUIM AJI1 MPOCTOTH

6e3MacoBe HAOJJMKeHHS. 3a L€l yMOBU MU MaeMo t = —2p - k = —2p’' - k',
u=2p-k' =—2p'-kinesnapiy s = (p +p')* = q°. llocunar4uch Ha Hall
nonepesHii pesyabrart (5.10), 3HaxoAMMO
no i .
_1 2 - BTN L Uy
-1 Z e ==-(5) +(5) | (5.70)
o et CIiHK

Jl/1s mepexoAy 10 poLecy e” |~ — e~ W~ MOBepHeMO JiarpaMy Habik i 3acTo-
CYEMO KPOCUHIOBI IeEpeTBOPEHHH, IKi CTal0Th Ha/[I3BUYalHO IPOCTUMHU B TePMi-
HaxX MaH/eJbIITaMOBUX 3MIHHUX. HallpukJ/az, BOHY CTBEPKYIOTh, 1[0 MOXHaA
3MiHUTHU 3HAK IMIYJIbCY NO3UTPOHA P’ i peiHTepnpeTyBaTHU HOrO, K IMIy/IbC BU-
XijHOTO esleKTpoHa. TAKUM YMHOM, s = (p + p')* 06epTaEThbca Ha t — Pi3HHUIO
IMITy/1bCIB BUXIZHOTO 1 BXiTHOT'O eJIeKTPOHIB. BiAnoBigHO, t mepexoAuTb Y s, a U
He 3MiHIOETbCA. ToMy AJ1g e” 1~ — e~ )W~ MU MOXKeMO HeraiHo 3anucaTu

_1 z P = 8t_¢;4 (%)2 + (%‘)2] (5.71)

Jlerko nepekoHaTuCs, 1110 1jel BUpa3 y3roJKyeThbcs 3 (5.61) y 6e3amMacoBoMy Ha-
6/1>KeHHi. 3a3HaYMMO, 1[0 TONPU 3HAYHY cx0XicTb (5.70) i (5.71), disudHo Bo-
HM 30BCIM pi3Hi: y nepiioMy BUpasi 3HAMEHHHUK € MPOCTO s* = EéM, a Apyrum
MIiCTUTB 3MiHHY t, 1110 € 3a/IeKHa BiJl KyTiB i mparHe a0 HyJis npu 6 = 0.

Axmo aiarpama npouecy 2 yacmku — 2 4acmKu MiCTUTD JIAILE OAHY BipTy-
aJIbHY YacCTKY, il 3py4HO ONUCYBATH K TaKy, 1110 IepeOyBa€E B IEBHOMY ,KaHaJIi",
Cami kaHa/IM MOXHA BU3HAUUTH 3 BUIJISAY GeHHMAaHOBUX JliarpaM, i KOXeH 3

HUX IPU3BOAUTD |0 XapaKTePHOI 3aJIeXKHOCTI lepepisy Bij KyTa:

N !
S-KaHaJI: i M
1 \ ,

e 53

e 28

)

b
[E

t-kagas: 0000 H----- M
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U-KaHaJ: -
u— m¢

BaraTo nporeciB Bifj0yBatOTbCs OiJbII Hi>K 0 OJTHOMY KaHaJly, i BHECKU BiJ KO-
YKHOTO 3 HUX MalOTh KOTEPEeHTHO JAoJaBaTucs. Tak, aMILIiTyAa po3sciaHHa babd
ete” - e*e” ecymoto aiarpam s- u t-kaHatiB, a po3cisHHsa Moasepae™e” — e~ e”
NPOXOJAUTH 10 KaHa/Iax tiu.

[[1o6 kpatuie BiguyTH 3MiHHI s, t i U, 06UUCAUMO iX Yy ABHOMY BUIJIAAL JJ15
4acTOK ofHakoBol Macu m y cucteMi [IM. KinemaTrka Ma€ 3BU4allHUM BUTJIAL;

k(E\\/e)

p = (B, —pz)

p = (E, p2)

/k//(fjv _p/)

ToMy MaHZe/bIITAMOBI 3MiHHI €
s—(p+p) = (2E)* = Ef,;

t = (k —p)* = —p?sin? B — p%(cos —1)* = —2p?(1 — cos 0); (5.72)
u= (k' —p)* = —p*sin® 0 — p*(cos +1)* = —2p?(1 + cos O).

3Bigcu My 6auumo, mot - 0 mpu O = 0,au - 0 npu 6 — m. (Kosiu Macu pi3Hi,
rpaHUyYHi 3Ha4eHH4d t i U TPOXU 3cyBalOThCH.)

3 (5.72) BuniuBag, 1o A5 0JHAKOBUX Mac m yCiX YOTUPbOX YaCTOK CyMa
MaH/IeJIbIITAMOBUX 3MIHHUX € § + t + U = 4E? — 4p? = 4m?2. lle okpeMu#
BUIIa/I0K 3araJibHOTO CIIiBBiIHOLIEHHS, IKEe YaCTO OyBa€ KOPUCHUM:

4
s+t+u=2m§, (5.73)

Jle cyMa 6epeThbCsl 3a BCiMa YOTHMpMa 30BHILIHIMU YyacTkaMu. L[10 TOTOXHICTb
JIETKO JJOBECTH, NiZiICYMyBaBIlIU BCi YJleHU y npaBii nosoBuHi (5.69) i 3acTocy-
BaBILH 3aKOH 36epexxeHHs 4-iMnysbcy y Burasagi (p + p' — k — k')? = 0.

§5.5. KomMmnToHOBe po3CisiHHA

Po3ryisiHeMo Temnep mporiec, Aeuio BiAMiHHUHK BiJ, TUX, 3 IKUMU MM J10Ci MaJu
cCpaBy, — KOMNMOHO8e pO3CisiHHS,a60 e”y — e~ y. 064rcaAUMO HOT0 HENoASAPHU-
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30BaHMU Nepepi3 y HIXKIYOMY NOPAAKY 3a a. B Hamumx po3paxyHkax MU 3aCTOCYE-
MO BeCb apCeHaJl pO3IJITHYTUX HaMU MeTO/iB, 30KpeMa MaH/ie/IbIITaMOBI 3MiH-
Hi 3 nonepeAHboro naparpady. Takoxx po3BUHEMO HOBY TEXHIKY /i1 pOGOTH 3
30BHilIHIMU poTOHAMU.

Ocpb Hal nepuy NpUKIaJ, 064MC/IeHHs BHECKIB ABOX JAiarpam:

p/ﬂk/ v 7k’

p+Ek +
kﬁf‘Jp k 7 p

3a B)Ke 3BUYHUM NopsiKoM, GeliHMaHOBI IpaBuJia BKa3ylOTh HaM, K 3allMCaTH

BUpas AJis1 M. 3a3Ha4YUMO, 1110 OCKiJIbKA GepMiOHHI YaCTUHU Ha 000X Jjiarpamax

OZHAKOBi, TO MiXK JBOMA [J0JaHKaMU He BUHUKAE BiJHOCHOTO 3HAaKy MiHycC. 3a-

MHCaBIIM BEKTOPHU MOJsIpU3allii MOYaTKOBOTO Ta KiHlleBoro GpoToHiB, K &, (k) i
* !

g, (k"), Mmaemo

é’ilf*_’,’if (=ieye,(kyu(p) +

i(p+¥ +m)
(p+k)? —m?

iM = u(p)(—ieye, (k)

+ u(p")(—iey)ey (k)

= —ie*g, (KNe,()a(p") x
LY k +m)y’ N Y@+ K +myyt
(p+k)? —m? (p +k)? —m?

(—ieyMe, (KDu(p) =

[u.

[lepiu Hi>K MiAHOCKUTH 1le¥ BUpa3 [j0 KBaJ|paTy, MU MO>KEMO 3pOOUTH MEBHI CIIPO-
meHHsA. Ockiabku p? = m? i k® = 0, To 3HaMeHHUKU NPONAraTopis €

p+k)?>-—m?=2p-k i (p+k)>—m?>=-2p- k.
JlJ1g1 cTipolieHHs YMCeJbHUKIB CKOpUCTaeEMoce anrebpoto Jlipaka:
@ +my'ulp) = @p" —y'p+y' mup) =
=2p"u@) —v' (@ —-m)ulp) =
= 2p"u(p).
3acTocyBaBLIU Lled IPUKAOM 10 YMCeJIbHUKA KOKHOT0 IIponaratTopa, 3Haxo4uMo
IM = —ie*e, (ke (k)u(p") x
RV + 2yHpY —vVE'vM + 2vVpH 5.74
YR 42yt | VY 4 2y (D). (5.74)
2p - k —2p-k'
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Cymu pOTOHHMX NOJISIpU3aLLii

HacTynHuUM KpOKOM y HalllMX po3paxyHKax Ma€ OyTH MiJHECEHHH [0 KBaZpaTy
BUpasy AJis M i niicyMoByBaHH# (a60 ycepeJjHEHHS) 3a CTaHaMU NoJisipu3anii
eJIeKTPOHiB Ta ¢poTOHIB. CyMy 3a eJIeKTPOHHHUMHU NOJISIpU3aALiSIMU MOKHA 004H-
CJIUTH AK | paHillle, CKOPUCTABIIMCh TOTOXHICTIO ), u(p)u(p) = p+m. Hamacrs,
iCHY€ CXOXXUU PUIOM i [iJ1s1 OTpMMaHHSA CyMH 3a noJjsipu3auisiMu otoHa. [Ipa-
BUJIbHUH peLeNT NOoJIATa€ B TOMY, {006 34iMCHUTH 3aMiHy

Z €&y ™ Gy (5.75)
noJisspusanis
CTpisika 3aMicTh 3HaKa piBHOCTI BKa3YE, 1110 1€ HE € CIIPAaBKHbOI0 TOTOXKHICTIO. A
IpOTe, TaKa 3aMiHa BUNIPAB/JlaHa, IIOKHU €y | a’; BXO/JATb 10 BUPA3y AJi aMIIITyAU
M.
i BUBeneHHs 1iiel dopmysu po3risiHeMo JoBiibHUHM nponec KE/, akuit
Ma€ 30BHIIIHIO POTOHHY JIiHiI0 3 iMIy/ibCOM k:

= M (k) = MM (k)¢ (k). (5.76)

OckiZIbKM aMIUIITyAa 3aBXKAN MICTUTD €, (k), MU BUHEC/IM Ll MHOXKHUK OKpe-
Mo i Bu3Haunau MY (k) sk pewrty ckyiaioBux aMmiityau M. [lepepi3 mae 6yTu
NPONOPLUiHHUM [0

Z e (M (k)[* = Z '8, MMV ().

€ €

Jl1s1 TpoCTOTH 30pieHTy€EMO k B HanpsaMKy oci z, Toai k" = (k, 0, 0, k). Y upomy
pasi JjBa BEeKTOpH NonepeyHoi noJsisgpusaliii, 3a AKUMU MU 6epeMo CyMy, MOXKHa
06paTHU TaKUMHU:

eh=(0,1,0,0); € =(0,0,1,0).

3 ypaxyBaHHSM I[MX JOMOBJIEHOCTEH, MAaEMO

2.

€

e ()MH(K)|* = [M1(R)|” + [m2 )| (5.77)

Tenep 3razaiiMo 3 Po3ainy 4, mo 30BHIiLIHI POTOHHI JIiHII HOPOIKYIOThCA
B3aeMoZI€lo [ d*x ej"A,, ne j* = Yy*"y — pipakoBuii BeKTOp CTpyMy. TaKUM 4H-
HoM, M'" (k) Ma€e BU3HAYaTUCS MAaTPUYHUM eJIEMEHTOM rali3eHOEeproBoOro moJist
j*:

M¥ (k) = f d*x e™ (| (0)0), (5.78)
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Jie TOYaTKOBUH Ta KIHLIeBUM CTaHU BKJIKOYAIOTh y cebe BCi YaCTKH, KpPiM HaLIoro
doToHa.
. u . T
3 KJIJaCUYHMX PiBHAHb PyXy MU 3HAEMO, 1110 CTPYM j* 36epiraerbcd: 0, (x) =
0. Bakarouy, 1110 e cipaBe/JIMBO i B KBAaHTOBIU Teopii, MU MOKeMO MOMHOKUTHU
(5.78) na k, i Tozi oTpuMaEMo

ke MM (k) = 0. (5.79)

AvnutiTyna M 06epTa€eThCs Ha HYJIb, IKII0 3aMiHUTH BEKTOP noJisspysanii poTto-
Ha £, (k) Ha k. lle 3HaMeHHTe cHiBBiHOLIEHH A BijoMe K momodxcHicmb Bapda.
BnacHe, 1je € TBep/PKeHHAM NP0 30epeKeHHs CTPYMY, 1110 BUIJIMBAE 3 KaJ1ibpo-
BouHOi cuMeTpii (4.6) KE/l. Mu famo popmasibHe f0BeIeHHS TOTOXXHOCTI Bapaa
y § 7.4 1 06roBopuMoO AesiKi TOHKOIIL], 1110 He 6y/iM BpaxOBaHi B I[bOMY IIBUJIKOMY
,BUBEJIeHHI".

By/ie KOpUCHO NpsIMO NepeBipUTH, 1[0 KOMII'TOHOBA aMIiTyza (5.74) 3ago-
BOJIbHSIE TOTOXKHOCTI Bapa. /lyist uboro 3aminumo &, (k) Ha ky, abo €, (k") na k,/’,
i mpoBeeMo NeBHI MaHinyJsdLil 3 4O00YyTKaMHU AipaKOBUX MaTpHUllb. B 060x BU-
najKax, micjs HecKJIalJHUX aJrebpaiyHUX BIpaB, AOJAHKHU BiJ OAHIEl Ta iHIIO1
JiarpaM B3aEMHO CKOPOTAThLCH, i B KIHIJeBOMY MiZICyMKY MU OTPUMAEMO HYJIb.

[ToBepTarouuchk /10 BUBeZileHHA popMyJiH (5.75) /151 cyMu 3a NOJIApU3aLLisiMH,
MH 3ayBaxkyeMo, o aus k" = (k, 0, 0, k), ToroxxnicTh Bapaa Ha6yBa€ BUIISY

kMO (k) — kM3 (k) = 0. (5.80)
OTxe, M° = M3, i Mu MaEMO

z £16, MHU(OMY (k) = | M| + | M2

€

|2

= |mt|® + | M2 + |3
= =G MEF)M (k).

"+ e’

- =

Tak¥M 4YMHOM, MU MOKEMO B35ITU CyMy 3a NOJIIpU3aLlisiMU 30BHILIHIX GOTOHIB,
MPOCTO 3aMiHUBLIH )] €€y HA —( .

Ile no3BoJIsie HAM (3BMYaMHO, 32 YMOBH, 1110 3T0JJOM MU B 3arajibHOMY BHU-
Ui/l JOBeZieMO TOTOXHIiCTh Bapaa) BiibHO BiskuaaTu B o6urcieHHsax KE/] He-
¢i3nyHi yacono/ibHi Ta M0340BkHI GOTOHH, 60 [/ OYAb-IKOr0 MPOLeCy KBa-
JlpaTH aMILIITYJ, HApOJKEHHSI TaKUX CTaHiB B3aEMHO CKOpPOYylOThcs. HeraTus-
Ha HOpMa CTaHy 4acomno/iioHoro ¢poToHa, 1[0 BUKJIKKaJa B HAC 3aHENOKOEHHS
npu 06roBopeHHi popmyu (4.134), Bifiirpae B 1bOMy CKOPOU€EHHI iCTOTHY pOJib.

dopmyna Knsiitna - Himiau

Pemrta 064uc/ieHb KOMIITOHOBOT'O PO3CiIHHA He BUMarae »O0JHUX XUTPOLLiB, a
JIMIIe IEBHOTO yNOPAAKYBaHHA. MU X0ueMo ycepeJHUTH KBaApaT aMILIiTy[H 3a
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noJsisipu3alisiMi IOYaTKOBUX eJIeKTpoHa Ta GpoTOoHa i MiJicyMyBaTH 3a MOJISIPU-
3alliiMU KiHLIeBUX eJleKTpoHa Ta ¢poToHa. [lounHatouu 3 Bupasy (5.74) aasa M,
3HAXOUMO

1 2 _¢€
2 Z |M|* = Zgupgvcx

1 + 2yH VM — DyVpH
xTr{(p,Jr )Ivky yipY +vk\; .k,yp o
- ¢ p (5.81)
° v"+2yp YPK'y® — 2y°pP
X(pP+m + =
g rm| 7 -
e*| Try Trz Tr; Try

@ 2 @@ k) T @ k@ k) T @ k)|

e yepes Try, Try, Tr3 i Try mo3HavyeHi ckaagHi caigd. 3a3HayuMmo, o Try nepe-
xoAauThb y Trq, K10 3aMiHUTU k Ha —k'. Takox, ocKiibKY, 3riAHO 3 (5.7), MOXHa
006epHYTH MOPSAJI0K Y-MaTPULlb Mif caigoM, MU 6a4uMo, 110 Try = Trs. OTox MU
Ma€EMO 00YMCAUTH e Try i Tr,.

[lepuuii i3 caifiiB €

Try = Tr[(p’ + M) EyY + 3y*p ) (P + m) (v by, + 2v,p,)].
MaeMo micTHaAUATD JOAAHKIB I1iJ 3HAKOM CJIiZly, aJie T0JI0BUHA 3 HUX MICTUTh
HeMapHY KUJIbKICTb Y-MaTpPHIib, a TOMY 00€pTa€EThCS HA HYJIb. Terniep 064MCIAUMO,
OJIMH 3a OJJHUM, PelITy BiciM foAaHKiB. HanpukJiag,
Tr [p v ky proky,] = Tr [(=2p") k(—2p)k] =

=Tr[4p'¥Q2p - k — kp)| =

=8p -k Trp'k] =

=320 - )0 - b).
3acToCyBaBIIM TOTOXHOCTI 3ropTaHHA (5.8) i (5.9) Ta iHwi cniBBiAHOWIEHHS Ji-
paKoBoiI aare6py Ha 3pa3ok pp = p? = m?, MM M0OXeMO 3BECTH KOXeH 0 aHOK
y Try go ciigy Big o6YTKY He Oijiblle HixK JBOX Y-MaTpullb. Kosin UM po3Bie-
ThCsl, 3HaHUJEMO

Try = 16(4m* —2m?p - p' + 4m’p -k —2m?p’ -k +2(p - k)(p' - k)). (5.82)

Xoya 11e He 0UYeBH/IHO, HALll BUPA3 MOXKHA CIPOCTHUTH ¥ AaJi. [1[o6 mo6ayunTy,
SIK I1e 3pOOUTH, 3aIIPOBaIMMO MaH/Ie/IbIITAMOBI 3MiHHI

s=p+k)?*=2p-k+m?=2p" - k' + m?%
t=(@ —p)’=-2p-p' +2m?=-2k-k (5.83)
u=(k'—p)?=-2k' -p+m?=-2k-p' +m?
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3 (5.73) 3raziaemo, 1110 36epexeHH s 4-iMIy/IbCy IPU3BOJUTD 10 s +t+u = 2m?,
[lepenucaBuiv Bce B TeEpMiHaX 3MIiHHHUX S, t, U i 3aCTOCYBaBLIH 1110 TOTOXKHICTb,
OJlEP>KUMO

Try = 16(2m* + m?(s — m?) — 3(s — m®)(u —m?)). (5.84)
3aiicHuBIIY 3aMiHy k < —k’, MM MOXKeMO HeraliHO 3anucaTu
Tr, = 16(2m* + m*(u—m?) — Z(s — m?)(u — m?)). (5.85)

O6uucnenss caiaiB Tr, i Tr; BUMarae npu6JM3HO TaKOI0 K 06CATY po6OTH, SAKY
MU BXKe NpoBeJu. PesysnbTat 6yze

Tr, = Try = —8(4m* + m*(s — m*) + m*(u — m?)). (5.86)

3i6paBiM pa3oM yci YaCTUHU KBaZpaTy MaTpuU4yHoro ejieMeHTa (5.81) i mepenu-
caBlIM s Taudvepe3dp - kip- k', octaTouHo MaemMo

1 2 JD K | vk
= M|* = 2e*|——
42' | elp'k+p-k’
CIIIHHU (5.87)
1 1 1 1 \2
+2m?(— — +m*(— — .
m(p-k p-k’) m(p-k p-k’)

[[lo6 oTpuMaTH 3 LIbOTO BUpa3y nepepis, Tpeba 06paTH CUCTEMY BiJJIiKY i
300pa3uTH KiHeMaTUKy npouecy. HalyacTie KOMITOHOBe pO3CiAHHA PO3TJfA-

JIA€ThCA B ,,JIaBOPATOPHIN" cucTeMI, ie eJIeKTPOH NOYaTKOBO NnepebyBae B CTaHi
CIIOKOIO:

To: Micas: k' = (0, ®'sin@, 0, ® cos )

NNANNA ® %\’\/\I\I\/\Je

k= (0, wz)
\p' = (£, p)

Mu 36upaemMocs 3anucaTH nepepis po3cissHHs yepe3 napameTpu w i 6. EHeprito
KiHLeBOro cTaHy GOTOHA W' MOXKHA 3HAUTH, CKOPUCTABLUUCh TAKUM IPUHAOMOM:

p=(m, 0)

m?=@) =(p+k—k)=p*+2p-(k—k')—2k-k' =
=m?+2m(w — w') — 20w’ (1 — cos V),

OTXe, )
——=—(1- 0). 5.88
(1 —cosB) ( )

1 1
o w
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OcrtaHHi# psagok € popmysioto KomnToHa AJ11 3MiHU AOBXUHU XBUJIU GOTOHA.
[TpoTe /15 HAIIMX 1iJIed KOPUCHillle SBHO BUMTUCATH BUPaA3 JJI W'
)
W = 5 : (5.89)
14+ —(1—cosH)
m

[HTerpas no ¢paszoBoMy npocTopy B Liiil cUcTeMi BiAJiKy €

P [ dPp 11
dll, = 2 48(4-) kK +v —k— —

[ (@)de'de 1
- (21_[)3 40 E’

x 2n8(w’ + sz +0? + (w)? - 200 cos® —w—m) =

j‘dcose w' 1
2T 4E" ®' —wcosO
S

!

1 W
8m j €08 m+ w(1 — cos6)

"2
=ijdcose(w) )
8 wm

(5.90)

[lizcTaB/sil04M BCi BUpa3u B Hally 3arajibHy popmyJy ajs nepepisy (4.79) i
BCTAaHOBUBIIU|V 4 — V3| = 1, 3HaxoauMO

do 11 1O (15 00)
dcos® 2w2m 8m wm \*
Jlns o6urcienHsa | M |? 3aMinuMo B (5.87) p-k = mwip -k’ = mw'. OcTaTouHuH

pe3yJbTarT:
do o (o \[w o L
— ] |—+-— —sin“ 0|, (5.91)
W W W

dcosB - m?2

Jie W' /w 6epeTbcs 3 BUpasy (5.89). Lle € ycepeaHeHa 3a cninamMu gpopmyna Kasii-
Ha - HiwiHu, Ky Biieplle 6y/10 BUBeJieHo B 1929 poui.?*

240. Klein, Y. Nishina, Z Physik, 52, 853 (1929).
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Y mexi w = 0 Mu 6auyumo 3 (5.89), mo w'/w — 1, i BUpas jJia nepepisy
HabyBa€ BUIISALY

d 2 8ma?
° o (1+ cos®*8); O = %. (5.92)

d cos 0 - m?2

Ile Bifoma popmysia ToMmcoHa /151 mepepi3y po3CisiHHA KJIaCUYHOT O eJleKTpoMa-
I'HITHOTO BUIIPOMIHIOBAaHHA Ha BiJIbHOMY eJIEKTPOHI.

IloBeaiHKa NIPpY BUCOKUX eHepriax

[l aHani3y noBeAiHKY Nepepi3y KOMITOHOBOTIO PO3CiAHHA IIPY BUCOKUX €eHep-
riIXx HaM3pyu4Hille NpaLoBaTHU B cucTeMi LeHTpy Mac. Llo6 oTpumaTu sudepeH-
LiHUH nepepi3 y Lil cucTeMi, CKOpMCTAEMOCS iHBapiaHTHUM BHpa3oM (5.87).
KineMaTuKa peakliii Tenep BUIVISJaTHUME TaK:

k' = (0, wsin 6, 0,  cos 0)

E = (0, 02) \,\f\/\[\\jgl p-k=0(E+0)
NN A~

= E e P T OPT0sd)

E*=w0’+m?

[lizcTaBuBILIH 1]i BeJIMYKHH Y (5.87), MU mo6auuMo, 1o pu 6 =~ T, 4neH p-k/p -k’
CTa€ Jiy>Ke BEJIMKUM, TO/JIi IK pellTa JoAaHKiB MaoTh nopsgok O(1) abo MeH-
wui. OTxe, npu E > m 10 = ™ MaeMo

1 2 . Dk 4 E+ow
T M|* = 2e* - =2 —. 5.93
Zl | ¢ p-k ¢ E+ wcosH ( )

[lepepi3 y cuctemi LIM Bru3HavyaeThcs 3 (4.84):

ds 1 1 1 ® 2¢"(E+w) _
dcos® 2 2E 22002 (2m4(E +w) E+wcosd (5.94)
X

Q

2m? + s(1 + cos0)’

3a3HaYyMMo, 1[0 OCKIJIbKM s >> m?, 3HaMeHHUK y (5.94) cTae Maiixke Hy/bO-
BUM, KOJIU GOTOH BUNIPOMIHIOETbCS Y 3BOPOTHOMY HanpsMKYy (0 = ). PakTu-
YHO, Macol0 eJIeKTpOHa B Ljikl GopMyJii MoxkHa OyJ10 O Li/IKOM 3HEXTYBaTH, fIK-
6u He oTpeba 06pi3aTH 110 CUHIYJISPHICTb. [HTErpyw4u no cos 6, MU MOXXeMO
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BiJIKHHYTH 4JIEH 3 MaCOI0 eJIeKTPOHA, 3aMiHMBIIY HOro eKBiBaJleHTHUM 06pi3a-
HHAM 6111 8 = . [Ipu 1boMy HabJ/IMKeHe 3HaUeHHsI IOBHOI0 Ilepepi3y KOMITO-
HOBOTO PO3CisiHHS Oyze

1 1
do 2o 1
j d(COS 9) d cos 0 = s f d(COS 9) m (595)
-1

2m?

-1+
N

TakuM 4YMHOM, 3HaX0IUMO, 1[0 TOBHUH Mepepi3 NP BUCOKUX eHEPTisiX MOBOIU-
ThC4, 9K

2o S
Otoal = mggﬁ) (5.96)

TosioBHA 3a/IeXKHICTb 0¥ /S BUIUIMBAE 3 PO3MipHOTO aHaidy. [Ipote cuHryasp-
HIiCTb, IOB’sI3aHa 3 PO3CiIHHAM GOTOHA Y 3BOPOTHOMY HANPSAMKY, IPU3BOAUTH
/10 TIOSIBM /10/JaTKOBOI'0 MHOXXHUMKA Yy BUIJIsAAI iorapudmy Bij eHeprii.

Cnpobyemo 3po3yMiTu ¢pisruHe 3HAaYEeHHS Li€l CUHI'Y/IsAPHOCTI. BoHa BUHU-
Kae 3 KBaJipaTy JAiarpaMHy U-KaHaJy:

T

pP—K +m
(p— k)’ —m

= —ie*gu(k)ey (kK )a(p)y" JY'u@).  (597)

\E

[Ipu 6 = T aMnIiTy/ja cTa€ BeJIMKOI0, OCKIJIbKY 3HAMEHHUK MponaraTopa Majauiu
(~ m?) nopiBHAHO 3 s. JlJig 61161101 TOYHOCTI BBeAieMo X = T — 0. Hac LikaBaaThb
3HA4YeHHs X, Jelo 6iab1i 3a m/w, Ta BCe X AOCUTb MaJli, 11106 MU MOTJIX 3aCTO-
CyBaTH HabJImkeHHs 1 — cosy = x?/2. l1s TaKUX X MAEMO

2

(p—k')Y—m?=-2p-k'= —sz(zm—wz +1-— cosx) ~

~ —(w*x* + m?).

(5.98)

B o6paHoMy HaMu Aiana3oHi 3Ha4eHb X 1ied BUpa3 MaJUui MOPiBHSHO 3 S, 1110 ¢
Jla€ 3pOCTaHHSA IOBHOI0 Nepepisy.

[ToBepTarouuch 10 (5.93), Mu 6a4umo, o npu m/w K x K 1 KBagpaT aMILIi-
TY/IY € ponopuiiHuM 10 1/x%, a oTke, MaeMo ouikyBaTH, 1o M oc 1/y. [Ipote,
AK MU I[OMHO 6aYyn/Id, 3HaMEeHHUK M NMpOonopLidHMM X%, TOMy 3alBUI CTENEHb
X MyCUTb KOMIIEHCYBATUCS BiINOBIJHUM MHOXHHUKOM y YMCEJbHUKY. MU Moxe-
MO 3pO3yMiTH Qi3rUHe MOXOKEHHS [[bOT0 MHOXXHHUKA, PO3TJISHYBIIY aMILIITY-
Zly [J1s1 OKpeMOoro Habopy eJIeKTPOHHUX Ta POTOHHUX NOJISApU3aLlil.

[IpunycTrumo, 110 MOYATKOBHUM eJIeKTPOH € MpPaBONOJISIPU30BaHUM. Y 3Ha-
MeHHHUKY npomnaratopa B (5.97) MoxeMo 3HeXTyBaTH m NopiBHAHO 3 (P — K').
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OcCKiJIbKM 1]e¥ YJIeH MiCTUTbh TPU Y-MaTpPHULi MiXK U Ta U, TO KiHLIeBUH eJIEKTPOH
TaKO0 Ma€ 6yTH npaBonoJsisipu3oBaHuM. OTxKe, aMIJIITyAA €

- —
iM = —ie*e, (k)ey (kuf(p")o" _(()-wz()}zz n ,,32) o"ur(p), (5.99)

ae
ur(p) = Jﬁ(‘i) i up(p) = Jﬁ(é) (5.100)

Axuo noyaTkoBUil GOTOH J1iBONOJIIPU30BaHUM (MOr0 BEKTOp moJsipu3alii €
— 1 ;
eu(k) = \/_E(O' 1, —i, 0)), To

otey (k) = (\?i 8),

i koM6GiHanis uf (p")o*e, (k) obepTaeTbca Ha Hy/1b. ToMy no4aTKOBUK GOTOH My-
CUTb OYTU MPaBOMNOJISAPU30BaHUM. AHAJIOTITYHMM YMHOM MOXKHA MOKa3aTH, 10
aMILIITy/la CTAa€ HYJbOBOIO, K0 ¥ KiHIeBUHM QOTOH HE € MPaBONOJSIPHU30Ba-
HuM. KiHeMaTHW4yHa cuTyanis Js Takoro Habopy noJisipu3aliid 306pakeHa Ha
Puc. 5.6. Bigguauumo, 1110 MOBHUM CIIHOBUN MOMEHT Yy KiHII€BOMY CTaHi Ha Ofj1-
HUI}0O MEHLINH, HIXK Y TOYAaTKOBOMY.

Jo:

>

7€
\J\

Puc. 5.6. Y HaGJ/Im>KeHHI BUCOKHUX eHepriil HauBiporigHimie, o ¢oToH po3cie-
ThCS y MPOTHUJIEXKHOMY JI0 eJIEKTPOHA HanpsMKy. OCKisibKU cnipasibHICTh 36e-
piraeTbcs, OAMHUYHE 3HAYEHHS CIIIHOBOTO MOMEHTY NMEPETBOPHETHCA HA Op6i-
TaJIbHUM MOMEHT iMIyJIbCY.



192 Pospgin 5. EsnleMeHTapHi nponecl KBaHTOBOI eJIEKTPOAUHAMIKH

[IpomoBKyr0UM Halli 06YUCTIEHHS, PO3IJITHEMO YHUCEJbHUK NponaraTopa B
(5.99). Y noTpi6bHOMY HaM Aiana3oHi 3HaUYeHb X EpeBaKHHUI BHECOK JIa€ YieH

—ol(p—k')' =o' - wy.

[le caMe TOU MHOXHHUK 3 X, IOSIBY IKOT'0 MU Nepej6ayaiu Bule. BiH 3acBiguye,
110 KiHII€eBHUM CTaH € p-XBUJIEI, SIK TOTO ¥ BUMarae 36epexeHHs1 MOMEHTY iM-
MyJibCy. 36UpPalyU BCi YaCTUHU JOKYIH, MAEMO

eV2EVZ — X _\2E2 ~

(w2x% + m?)
4e?y (5.101)
E—
m
X2+ oF

Q

M(e;YR - ei_zYR)

Q

Takuit caMuil pe3ysbTaT MU OJleP>KMMO Y BUINA/IKy, KOJIK BCi MOYATKOBI Ta KiH-
L[eBi YaCTKU JIiBONIOJISPU30BaHi.

3ayBaKMMO, 1110 IIPU PO3CIAHHI ¥ TOYHO NPOTHUJIE)KHOMY HanpAaMKy, X = 0,
MaTpUuHUM esieMeHT (5.101) o6epTaeThCs HA HY/Ib UYepe3 HYJIbOBUU MOMEHT iM-
MyJIbCY B UMcesJbHUKY. OTKe, npH 6, 6J1M3bKOMY 0 T, MU MyCUMO BpaxoByBaTH
B UMCeJIbHUKY Nponaratopa B (5.97) Takox i 1o/jlaHOK 3 Macoto. BiH MicTUTB /1u-
1le /IBi raMMa-MaTpUlli, a TOMY NepPeTBOPIOE NMPABONOJIIPU30BAHUMN eJIEKTPOH
Ha jiiBonoJsisspr3oBaHuil. [IpoBiBIIM aHAai3, MOAIOGHUN A0 TOTO, 1[0 J|aB y MiJICyM-
Ky Bupas (5.101), Mu M0oKeMO OGAYMUTH, 110 LI aMIJIITyAa He € HYJIbOBOIO JIU-
e B TOMY pa3si, KoJIM MOYaTKOBUH POTOH JIiBONOJIIPU30BAHUH, A KiHLIEBUKA —
NpaBONOJIAPU30BAHUU. Y MiACYMKY:

M(epy, = efyr) ~ —2-. (5.102)

3le

Peakuisa e; y, — egY, Aa€ TaKU¥ cCaMUU MAaTPUYHUH €JIEMEHT.

Jl/1s1 TOpiBHSAHHSA IIUX pe3yJbTaTiB 3 HAIIMMU NoNepeHIMU 00UYUC/IeHHSIMHU
MaeMoO ckJsacTy BHeckH (5.101) i (5.102) 3 a”Ha/IoriYHUMM BHECKaMHU JJisl pea-
KI[ill 3 TOYaTKOBUMHU JIiBOIMOJIIPU30BAaHMMHU €JIEKTPOHAMM i MOAINUTH Ha 4 A1
ycepeiHEHHS 32 MOYaTKOBUMM cniHaMu. HenossipuszoBanuil gudepeHiiHUN



§5.5. KomnToHOBe po3cisiHHA 193

nepepis oyze

do 111 w
dcos®  22E 2w (211)4(E+u))

2
m

4
8e4- 2 8e —

et ]
XZ + m_ XZ + m_ (5103)

w? w?

N

4T

e+ )
sl x- + s

1110 TOYHO 36iraetbcs 3 (5.94).

BaxksiuBicTh npoiiecy 3 06epHeHHSM chipaibHOcTi (5.102) y kKiHeMaTH4YHO
rpaHUYHiM To4Li 0 = T Ma€ LiKaBUU eKClleprMeHTa/IbHUM HacliloK. Po3ryisHe-
MO MPOILEC 3860POMHO20 KOMIITTOHOBOTO PO3CiIHHA — 3iTKHEHHS BUCOKOEHepre-
TUYHOTO €JIEKTPOHHOTO My4YKa 3 POTOHHUM NIYYKOM HU3bKOI eHepril (ckaxiMo,
3 JIJa3epHUM NPOMeHEM) 1711 yTBOPEHHSI BUCOKOeHepreTUYHUX GpoToHiB. Hexal
eJIEKTPOHU MalTb eHeprito E, a ,s1a3epHi“ poToHU — . [lo3HaYMMO eHeprito
po3cisiHoro ¢oToHa, ik E’' = yE, i npunycTuMo AJis IpOCTOTH, 10 S = 4E® >>
m?. Toli MM MOeMO 3aCTOCYBaTH MPOBEJieHi HaMU 06YMC/IEHHS JI0 i€l CUTY-
anii, kKosiu GOTOHM 3 HAMOI/NBIIOW €HePri€El0 yTBOPIOWTHCA BiJi pO3CIAHHSA Mif
KyToM O = Tt B cucTeMi neHTpy Mac. 064rcauBIy 2k - k' y m1abopaTopHii cu-
creMi i B [IM, Jierko nokasarTH, 1110 eHepris KiHieBoro ¢poToHa CliBBiITHOCUTbCS
3 KyTOM pO3CigHHA B cucTteMi UM TakuM YuHOM:

X*
—1— 0 -=
(1 —=-cosB) = L

Topai (5.103) MokHa nepenucaTH sk GopMyJy AJisl PO3MO/iay eHeprii po3cisHUX
y 3BOPOTHOMY HanpsIMKy GOTOHIB 6i/11 TpaHUYHOI TOYKU:

@= 2ma?
((1— )+

16m?

(5.104)

dy

m2 2[(
S )
Jle meplIui JOAAHOK Y KBaZ[paTHUX AY>KKaX Bi/|MOBiJla€e npoiiecy 3i 36epeeH-
HSIM CHipaJbHOCTI, a Apyruil — 3 il o6epHeHHAM. Tak, HanpuUKJaj, K0 Mpa-
BOIOJIIPU30BaHWU JIa3€pHUU IPOMiHBb PO3CII0ETHCA HA HENOJIIPU30BaHOMY I1y-
YKy BHUCOKOEHEepreTUYHHUX eJIeKTPOHIB, TO OLIbINICTh pO3CiAHMX Ha3aj $oTo-

HiB MaTHMe NpaBy MoJIsIpU3allilo, aJle BUCOKOeHepIreTHYHI pOoTOHU 6y1yTh JIiBO-
HoJIIpU30BaHUMHU. l|ell edeKT MO>KHA BUKOPHUCTATH /ISl EKCIIEPUMEHTAIbBHOTO
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BU3HA4Y€HHS MoJsApHU3alii eJIeKTPOHHOTr0 Iy4yKa abo JJil CTBOPEHHSI BUCOKOe-
HepreTUYHOTro GOTOHHOTO /pKepeJia 3 peryJibOBaHUM pPO3I0/IiJIOM 3a eHepriero
Ta NoJisipyU3alli€ro.

AHirinanis nap y ¢oToHu

Mu MOKeMO OTpUMATH Lie OAUH Pe3yJIbTaT 3 aMILIITYAU KOMIITOHOBOT'O PO3Cisi-
HHA. Po3missHeMO niporiec aHirisnii

efe” - 2y,

KWW y HXKYOMY NOPAJKY A€ AlarpaMu

S
k;\ /kg k1 ko
+
p1 \p2 2 \p2

llelt mpouec NoB’siI3aHUK 3 KOMITOHOBHMM PO3CIAHHAM 4yepe3 KPOCHUHI-CUMe-
TPil0; KOT0 aMIIITYAy MOXKHA OZlep>KaTH 3 KOMIITOHOBOI IIIJIAXOM 3aMiHHU

pP-op, P o-p, ko—ki k' -k,
3AiMCHUBIIY TAKY NiACTaHOBKY B (5.87), 3HalaeMo

2 Z |M |2 = —Ze“lp1 ko (Paka ) 2m2< + )—
- pl'kl pl'kz p1'k1 pl'kz
] (5.105)

- o) |
Pk Pk .

3araJibHMM 3HAK MiHYC € HaCJiJKOM KPOCUHI'OBUX NepeTBOpeHb (5.68), i HUM
MOXKHa 3HEXTYBaTH.
Tenep nepergemo go cucremu LIM. KinemaTuka npouecy:

\[\’\/\/\ﬁ: (E, Esin®, 0, F cos0)

e P11 = (E* pi) \9 e+

,,\,\/‘{\f %?\g pa=(E =02
k E, —Esin0, 0, —FE cos0)

2= (
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45 T T T T T ——]
40[ /
= { { ]
5 s} v
Nm { {/{ ]
= 30f /{/ ]
< E/{/I :
£ 25} 3 :
% SESS Ll :
20 :E_}—E—‘}—‘ ]
15 01 02 03 04 05 06
cos 0

Puc. 5.7. KyroBa 3anexHictb nepepisy ete™ — 2y npu E;y = 29 [eB, ogepxana
koJsiabopauieto HRS (M. Derrick, et. al., Phys. Rev. D34, 3286 (1986)). CyuinbHa
JIiHiSI MOKa3y€e TEOPEeTHUYHI po3paxyHKu 3a ¢popmyiorw (5.107).

Bxxe 3BHUYHI 064YHC/eHHS Aal0Th JUdepeHI[iHHUN nepepis:

do _ 2ma’(E o
dcos® s \p

E? + p? cos? 0 m2 B 94 (5.106)
m?+p2sin®®  m?+p?sin®0  (m2 + p?sin® 0)? |
Y Mexi BUCOKUX eHepril 1lel BUpa3 HabyBa€ BUTJIAAY
do 2ma? (1 + cos? @
dcosO E»m S < sinZ 0 >' (5107)

3a BUHAATKOM IIPOMIDXKY, Zie sin 0 Ma€ nopsAAoK m/p a6o MeHIIHUH. 3ayBakKMMO,
1110 OCKiJIbKM 06U1/iBa POTOHU TOTOHI, TO BCi KiHI|eBi CTaHU 6YAyTb BpaXxoBaHi
iHTerpyBaHHsAM Yy Aiana3oHi 0 < 6 < /2. Tomy noBHUH Nlepepis €

do
dcosO’

1
Ototal = fd(cos 0)
0

Ha Puc. 5.7 nopiBHW0ETbCA acuMntoTuyHa ¢opmyaa (5.107) aas gude-
PEHILIMHOT0 Nepepi3y 3 pe3y/ibTaTaMU BUMIpIOBaHHS Nepepi3y aHiriisuii ese-
KTPOH-NIO3UTPOHHOI MapH y iBa GOTOHU NPH JYy>Ke BUCOKUX EHEPTifX.
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3agaui

5.1. KysioHOoBe po3cissHHA. [loBTOpiTh 064ncieHHs 3 3azadi 4.4, nyHKT (c),
BUKOPUCTABLIM L[bOTO pa3y NOBHUN PeJIATUBICTCbKUU BUPa3 Jisi MATPUYHOTO
eJleMeHTa. BU MaeTe BCTaHOBUTH, 1110 ycepeAHEHUH 3a ClliHaMU nepepis €

do o?

0
— = _(1-p?sin*2
dﬂ 4|p|262 Sin4— g( )

Jle p — 3-iMnyJsibc esIeKTPOHA, a 3 — Woro mBHUAKICTb. lle € popmyaa Momma
JJI KYJIOHOBOT'O PO3CiIHHA PeJIITUBICTCbKUX eJIEKTPOHIB. Tenep BUBEAITH 110
dbopMysy iHIIKMM LIJISIXOM, CKOPUCTABIIMCh MEpPEPi3OM eJIEKTPOH-MIOOHHOIO
PO3CisIHHSl y CUCTEMi CIIOKOI0 MIOOHA i 36epiruiy Macy eJleKTpoHa 3a YMOBH, 1110
m, — oo,

5.2. Po3cigHHsa ba6a. O6uucaiTe audepeHuininuii nepepis do/d cos 6 aJis1 pos-
cisnHs babd ete™ — e*e”. MoxeTe npaloBaTH B HAGJIMKeHHI E,, >> m,, 110 /10-
3BOJISIE 3HEXTYBATHU Macolo eJleKTpoHa. MaeTe ABi peliHMaHOBI JjiarpaMu, BHe-
CKM BiJ| IKMX Nepej MiHeCEHHSM [0 KBaJl[paTy Tpeba JoJaTu AJisi OTPUMaH-
HA IHBapiaHTHOI'0O MaTPUYHOTIO esieMeHTa. [locTaBTecd yBaXKHO 10 BU3SHAYEHHHA
NPaBUJIbHOTO Bi/IHOCHOT'0 3HAaKa MiXK IIUMU JliarpamMaMu. [IpoMixkHi 064mcieHHSs
€ JIOCUTB CKJIaJJHUMH, aJie OCTaTOYHUU pe3yJibTaT J0BOJIi NIPOCTUU. 30KpeMa, BU
MOKeTe BUABUTH, 1110 MOI0 KOPUCHO 3alMCaTHU Yepe3 MaH/e/blITaMOBI 3MiHHI
s, t, . 3a3Ha4YMMo, 1110 B HAOJIM>KEHHI HYJIbOBOI MacH ejieKTpoHa, U+ s +t = 0.
Togni BM 3MoXxeTe npuBecTH AUdeEPEHLIMHUM Tepepi3 0 BUTIIALY

do oy L1 1N2 o t\2 /sy\2
= -—+—=) +(=) +(=) |
d cos 0 S [u (s t) (s) (t) l
[lepenuiuiTs 10 Gopmysy yepes cos 0 i 306pasiTs ii rpadik. Homy nepepis pos-
6iraerbcsa npu 6 = 07

5.3. ®opmanisMm cniHopHux do6ymkis, 3anipoBajkeHUN y 3ajaui 3.3, 103BoJISE
epeKTUBHO OOUYUCIIOBATU JepPEBOBU/HI AiarpaMu 3 6€3MacOBMMHU YaCTKaMHU.
Hexall u;o i ugo € MpaBUM Ta JIiBUM CHiHOpaMU MpU NEBHOMY CBIT/IONOAIOHOMY
iMmnynbci ko. BoHU 3a/10BOIBHAIOTH yMOBaM

UroUro = (1 — )ko; URroURro = (1 ty )ko €y

(Lli ciBBi/{HOIIEHHS € MPOCTO MPOEKIiSIMU 3arajbHimoi Gopmynu Y, ugity = K,
Ha CTaHM 3 BM3HAYeHOIO CHipaJbHicTI0.) Jlasi BU3HAYMMO CHiHOpHU /14 OYyAb-
SIKOT'0 iHILIOTO CBIT/IONOAIGHOTO IMIY/ILCY P, K

(2)
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Mu nokasasy, 10 /I IMX CIiHOPiB BUKOHYETbCA yMOBa pu(p) = 0; oCKibKU
HiJie He IPUCYTHS M, TO 1li CiIHOPY MO>XHA BUKOPUCTOBYBATH 1K 1J1s1 GepMioHiB,
TaK i Ay aHTUdepMioHiB. BusHauumo

s(py P2) = Ur(PDur(py), Py, p2) = wL(p)ur(p,)-

Y cneniasibHO 06paHil cUcTEMI BiiJIIKy MU 1OBEJIH, 1110

t(py, p2) = s(py P1)
s(P1, P2) = —s(Py P1)s (3)
|s(py, p2)|2 = 2p; - Py

Tenep 3acTocyeMo Lii pe3yJbTaTH.

(a) [ng po3MUHKM JlaliTe iHLIe JOBeJeHHS CIiBBiHOIIEHDb Yy (3), CKOpUCTaB-
muck (1), mo6 nepenucaty |s(p,, p,)|?, AK cij Bij AipakoBUX MaTpHILb, @
NOTiM 06YUCTITH HOTO.

(b) MoxkaxiTp, [0 A/ 6YIb-IKOTO AO0OYTKY JipaKOBUX MaTPUIb
Tr [YHYVYP vee ] = Tr [ e Ypyvyl»l]
e wv,p, - = 0,1,2,3,5. BukopucTraiiTe 1[I0 TOTOXHICTb /151 ;OBEJ€HHH,

110
u,(p )Y u(p,) = wr(p,) v ur(p,)-

(c) JoBenitb ToToXKHicTh Pip1a:

@IV @) [Vl = 2 @) @) + ur@)ur®)],, 4

aea,b =1,2,3,4 € pipakosiiHaekcu. lle MoxkxHa 3p0OUTH LIJITXOM IlepeBip-
KW HAaCTYMHUX TBepKeHb. [IpaBa yacTuHa B (4) € AipakoBOO MaTpHUIIElO,
oTe, il MOXKHa 3anucaTy y BUIA/I JiHiIHHOI KoM6iHanii [-MaTpunb, ki
po3msiaanucs B § 3.4. [losHauuMo 110 MaTpulo M; Toai Aasg M BUKOHYE-
ThCA PIBHICTb

Y°M = -My?®,

a TOMy BOHA IIOBUHHA MaTH BUIJIAJ,
1=y " 1+y
M = ( > )tu + ( >

ne VHi WH — 4-ekTopu. [x Mo>kHa 3HAMTH 3a JOIIOMOTO0 TEXHOJIOTI CJli-
JiB, HATIpUKJIA/;

5

)qu“.

yr=17r [y"(l_Tys)M].
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(d) PosrisiHbre npornec ete”™ — ptu” y rosloBHOMY MOPSAKY 32 O, 3HEXTYBAB-
11K MacaMHU BCixX yacTok. Cnepiuy npoaHanisyiTe BUNAJ 0K, KOJIU €JIeKTPOH
i KIHLIEBUM MIOOH € NPAaBONOJIAPU30BAHMMU, A TO3UTPOH i aHTUMIOOH — JIi-
BOMOJISIPU30BaHUMU. (BukopucTaiiTe ciiHOp Vg A/ aHTUMIOOHA i Up AJis
NO3UTPOHA.) 3aCTOCYBaABIIM TOTOXHicTb Piplia, MOKaXiTh, 1[0 aMIIITyAY
MO>XHa BUBECTHU Oe3mnocepeIHbO Yepe3 CiHOpHI 00y TKU. [ligHeciTh i 70
KBaJpaTy ¥ BiTBOPITb pe3ybTaT JJid

do

+ - +,.-
——(egre; = UgH )-
d cos O (erer = winy)
3 piBHAHHA (5.22). 064uCaiTh epepi3 A/ iHIKUX HAbOPiB cnipaJbHOCTEN
y IIbOMY Ipoleci ¥ MOKaXiTh, 1110 BOHM TAaKOX BiTBOPIOIOTb Pe3yJIbTATH,

oTpuMaHi B § 5.2.

(e) O6uucaiTh audepeHuiiHUN epepi3 po3cisiHHga baba 3 6e3MacoBUMM eJie-
KTPOHAMH, OKpeMO /iJifl KO)KHOT'0 Habopy cHipasibHOCTeH. YcepeiHEHHS 3a
II0YAaTKOBUMHM CHipaJIbHOCTAMMU I CyMa 3a KiHL|eBUMH MAlOThb BiZITBOPUTHU
pesyabtat 3aZadvi 5.2. 3 UX BUKJIAJIOK BU 06a4YMTe, IK BUHUKAE MOTPi-
O6HUU BUpa3 [/ Nepepi3y NpHU JoJaBaHHI BHECKIB BiJi BU3HAYEHUX CIHi-
paJIbHOCTEH.

5.4. Yac »KUTTA NO3UTPOHIIO.

(a) O6umcaite ammiiTyay M s ete”-anirinanii y JBa GOoTOHU B HEPEJISATHU-
BiCTCbKOMY HabJIM>KeHH] (TOOTO, 3a/IUIITE TiJIbKU YJIEHH, TPOMOPILiHHI HY-
JIbOBUM CTeleHsM 3-iMIy/IbCiB eJleKTpOHa Ta NO3UTpPoHA). BukopucraiiTte
1|eil pe3y/ibTaT, pa3oM 3 HalluM popMasii3MoM A1Jis 3B’sI3aHUX CTaHiB ep-
MiOH-aHTUepMioH, 1106 po3paxyBaTH WHUPUHY po3naay 1S-cTaHy nosu-
TPOHIIO 3 yTBOPEHHSM JIBOX GOTOHIB. [I0KaXiTh, 1110 cTaHU 3i ciHOM 1 He
MOXKYTb aHITJIOBaTH y /iBa $OTOHH, L0 MiATBEPAKYETHCA MipKyBaHHAMU
cUMeTpii, BUKJIaJleHMMHU B 3ajadi 3.8. [lyig cTaHiB MO3UTPOHIIO 3i CIiHOM
0 mokaxiThk, 1110 pe3y/AbTaT NPONOPLiMHUN KBaJpaTOBi XBUJIbOBOI QYHKILil
1S-cTaHy B mo4aTKoOBil To4li KoopauHaT. [lifcTaBUBIIM 3HAaYeHHS XBU-
JIboBOI PpyHKIIii 3 HEpeJATUBICTCHKOI KBAHTOBOI MeXaHiKH, BU 3Hal/eTe:

1 e

- ~ 8,03 x10°c L
T 2

OcranHi BuMiptoBaHHsa? gaoTb I = 7,994 + 0,011 "c™Y; gua ycyHeHHs

po36ixxHocTi y 0, 5% Heob6xijHe BpaxyBaHHs pajjiallilHUX NONPaBOK.

25D. W. Gidley et. al., Phys. Rev. Lett. 49, 525 (1982).
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(b)

(d)

O64YMcIeHHA INMPUHY po3naJy 3 O1/IbIIMMU 3HAYeHHAMHU [ IOMITHO yCKJ1a-
JHIOETBbCA. Jlani B 1iM 3aa4i MM 06MeXUMOCA PO3IVIAZ0M BUNAJKY, KOJIU
[ = 1.TlepenoBcimM, BitokpemTe B aMILIiTyAi ete™ — 2y WwieHH, mponopiiii-
Hi nepiioMy cTeneHio 3-imnysbcy. ([ npocToTu 06epiTh cuctemy LIM.)
OckinbKU

d’p .0
f 2m? P VP =5l

TO LA YaCTHHA aMl'IJIiTy,LLI/I NnNepeKpuBaTUMETbCA 3i 3B’93aHUMMU P-cTaHaMu.

[TokaxiTp, 110 cTaHKu 3 S = 1, ase He 3.5 = 0, MOXKYTb po3MaJaTUCS Ha JBa
doToHu. lle 3HOBY € HacaiiKoM 36epekeHHs C-MapHOCTI.

Jl1s1 064K C/IeHHs WWMPUHU po3najy P-cTaHiB HaM NOTPiOHI Ha/IeXKHUM Y-
HOM HOpMOBaHi xBU/IbOBI QyHKIil. [lo3HauuMo PyHKLii P-cTaHiB, 9K

Y, = x' F(x]), HOpPMOBaHi yMOBOIO fd3x¢f(x)¢j(x) = 8.
a ixni pyp’e-neperBopeHHs gk P; (p). [lokaxiTs, 1110
1B0) = V2 [ L2y @yl b, 10)
N (@m)? TP Gk = o

€ TPaBUJIbHO HOPMOBAHUH BEKTOpP 3B’S3aHOr0 CTaHY, KO X' MO3HavYaE
Habip TpbOX 2 X 2-MaTpHllb, AJiS IKUX

z Tr (22Y) = 1.
i

Jns nobynoBu cTaHiB S = 1 MaeEMoO 3pOOUTH TaK, 1106 KOKHA ¥! micTuia
curma-mMaTtpuo [laysi. 3arasnoMm, criiH-op6iTasibHA B3aEMO/1isl pO31IENUTh
MyJibTUILIET 35 = 1, L = 1 BignoBiAHO ;0 TOBHOr0 MOMeHTY J. l/i cTaHiB
3 BU3HA4Y€HHUM | MAEMO

J=0: zl’:%c",
J=1: = %s”"njok,
J=2: ZiZ\/—%hijGj,

/le N € BeKTOp MoJisipy3allii, 1110 3a0B0J1bHAE yMOBi |n|*> = 1,a hY — TeH-
30p 3 HY/IbOBUM CJIi[JOM, TUTIOBE 3HaYeHHs AKOro Ma€ 6yTu h'? = 1, koau
pelITa KOMIIOHEHTIB HY/IbOBI.

BrKopucTaBIIM pPO3KJIaJAeHHS /i aMILUIITYAu npoliecy e*e” — 2y, oTpH-
MaHe y (b), Ta sBHUI BUpa3s i3 () AJis cTaHiB MO3UTpoHil03S = 1,L =11
BU3HAYEHUM J, 00UHUCJIITh AJIs KOKHOTO J IIMPUHY Po3naAy Ha /iBa GOTOHU.



200 Pospgin 5. EsnleMeHTapHi nponecl KBaHTOBOI eJIEKTPOAUHAMIKH

5.5. ®izuka MacMBHOro BeKTOpPHOro 6o3oHa. Beegemo B KE/l macuBHe ¢o-
TOHHe 1noJie B, 3 Macow M, 1110 B3aEMOJ € 3 eJIeKTPOHOM, K

AH = jd3x(g1]_Jy”LpBu).

MacuBHMU POTOH y MOYATKOBOMY Ta KiHI€BOMY CTaHaX Ma€ TPHU MOXKJIHUBI ¢i-
3WYHI MoJsisipy3aliii, 10 BiANOBiIal0Th TPbOM NPOCTOPONOAIOHUM OJJMHUYHUM
BEKTOpPAaM y CUCTEeMi CIIOKOI0 6030Ha. X MoXkHa iHBapiaHTHO omucaTy, sIK TPU

BEKTOpH sff), 1110 33J0BOJIbBHAIOTh YMOBaM

e®.g0) = g f.g® =0

Ae k € 4-imnynbcom 6030Ha. Yotupu Bektopu (k. /M, sff)) YTBOPIOIOTb OPTOI0-
Ha/bHU 6asuc. Ockinbky B, NoB’A3aHe 3i 36epexxeHUM cTpyMoM Yy*, TO 3 TO-
TOXXHOCTI Bap/ia BUNJIMBAE, 1[0 CKAJIPHUM AOOYTOK k Ha aMILIiTyly HapoaKe-
HHA B fae Hy/1b. OTKe, MM MOXXeMO 3pOOUTH 3aMiHy

Z EH)ES)* = "G

i
Ile mowmrproe Ha MacuBHi 6030HU NpuiioM PeliHMaHa A/ BEKTOPIB MoJisipu3a-
uii poToHa i cipouye o64MC/IeHHs Nepepi3iB HapokeHHs B. (YBara: ey npu-

JloM He MO>KHa MeXaHiYHO NepeHeCcTH Ha HeabeJieBi KanibpoBoyHi noJis.) Tenep
IpOBeAiTh BKa3aHi HMKYe pO3PaxXyHKH, 1[0Pa3y HEXTYIOUU MACOI0 eJIeKTPOHa.

(a) O6uwucaiTh nepepi3 npoiecy e*e” — B. BusHauTe 4yac »XUTTs 6030Ha B,
BUXO/ISIYM 3 MPUMYILEHHS, 1[0 BiH po3Mafa€eThCs JIUIIE HA eJIeKTPoHU. [le-
peBipTe CHiBBifHOLIEHHA

12m?
M

o(efe” - B) = I'(B—e*e™)d8(M? —5),

siKe po3risaasnocsd B § 5.3.

(b) OGuucniTh AudepeHIiiHUIN Mepepi3 mpolecy e*e” — y + B B cucteMi
[IM. (Lli po3paxyHKH Maike 6e3 3MiH NepeHOCATbCS Ha pealbHUM Mpolec
ete”™ > y + Z° mo no3BosA€ BUMipaTH uucao posnazis Z° y HecrocTe-
PEeXHi KiHLeBi CTaHM, 5IKi, y CBOIO 4epry, € NPONOPILiHHUMH JI0 KiJIbKOCTI
Pi3HOBU/IiB HEUTPUHO.)

(c) 3BepHiTh yBary, o nepepia 3 (b) posbiraerbca npu 6 — 0 a6o m. [I[poaHa-
JIi3yWTe 3Ha4YeHHsA KyTa nobsusy 6 = 0. Y npoMy NpoMiXKKy nepeBaKHUH
BHECOK Ja€ t-KaHasibHa AiarpaMa. [HTyiTUBHO Lie BiAIOBiJa€ BUNIPOMIiHIO-
BaHHIO $OTOHA 3 eJIEKTPOHHOI JIiHil 0 aHirinsanii ete” B B. [lepexkoMrio-
HyWTe QopMysy Tak, W06 NiATBEPAUTHU L0 iHTepnpeTalito. [lepegoscim
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3ayBaKTe, 1110 po30ikHICTb IpU 6 — 0 00pi3yeETHCA €1eKTPOHHOI0 MaCOI0:
Hexal iMmysibe esiektpona € (E, 0, 0, k), ne k = E* — m2, a imnysbc ¢o-
toHa k" = (xE, xE sin 0, 0, xE cos 0). [TokaxiTb, 1110 3HaMeHHHUK IIpornara-
TOpa HiKo/IX He cTa€ MeHIuM 3a O(mZ/s). Tenep npoiHTerpyite nepepis 3
nyHkty (b) 1o KyTax, o6pizaBuiu inTerpan npu 6° ~ (m2/s) i sanumusuu
TiJIbKK OCHOBHHUI JIorapudMivHUi wieH, nponopuiinui log(s/m?). lloka-
XITb, 1110 B [1bOMY HaOJIM>KEHHI Ilepepi3 /J11 BAIPOMiHIOBaHHA (pOTOHA BIle-
peJi MO>KHa 3allMCaTH fK

o(efe” > B) = f dx f(x)-o(e*e” - Bupu E}, = (1 —x)s),

Jle mepepis aHiriasAuii o64uncaeHo AJis 3iTKHEHHS NO3UTPOHA 3 eHeprieto E
Ta eJleKTpoHa 3 eHeprieto (1—x)E, a f(x), pyHKyisa po3nodiny Batiy3zekepa -
Binvsimca, €

a 1+ (1—x)° s

fx) = ————log (—)

21 X m2
lla dyHKLig HeoAMiHHO BUHUKAE B THX Mpolecax, e GoTOH BUIIPOMiHIO-
€TbCS KOJIIHEApPHO 3 eJIEKTPOHHOI JiHii. MU 3HOBY 3ycTpiHeMo i, y>ke B iH-
IOMY KOHTEKCTI, B 3aZayi 6.2.

5.6. llg 3a/1aya NOLIKPIOE TEXHOJIOTI0 CIIIHOPHUX A,00YTKIB 3 3aZa4i 5.3 Ha 30B-
HilHi poToHU.

(a) Hexail k € imnysnbc ¢oTOHa, a p — iHIIKH CBIT/IONOAIOHUN BeKTOp, 06pa-
HUM Tak, o6 p - k # 0. Hexa#t uz(p) i u,(p) 6yAyTh cniHOpaMu 3 NEBHOIO
cnipaJibHicTIO /11 GepMioHiB 3i CBITVIONOAIOHUM iMIYJILCOM P, BU3HAYEHI
BiZinmoBiAHO 10 fOMOBJIeHOCTEN ¥ 3a/1aui 5.3. BU3HAUMMO BEKTOPHU NOJISIPU-
3anii poToHa:

(k) = ——— r ()Y ur(p), (k) = ﬁ 1, ()Y 1, ().

Jap - k
3acTOCYEMO TOTOXHICTh
u,(p)u,(p) + ur(p)ugr(p) = p
JlJ1s1 00YHMCJIEHHSI CYyMU 3a MOJIsipU3alisiMu
kMpY + kVp*
P TED
p-k

Jpyruii 10JaHOK y mpaBii YacTHUHI JacTb HYJb, IKIO0 HOro 3TOPHYTH 3
Oy/ib-sIKOI0 aMILIiTyA0 M* BUnpoMiHlOBaHHS GOTOHA, Bi/[TAK MAaEMO

ghel’ +ele” = —g

|8+ Mlz + |S— Mlz = MHMV*(_ng);
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(b)

OT>K€e, MU MO>KEMO BUKOPHUCTOBYBATH BEKTOPHU €4, £_ /11 00YHCIEHHS CyM
3a noJssipu3sanissMu GoTOHIB.

BuKOpHCTOBYIOYM BU3HAYEHI BUIlE MoJspu3allii, CiHopHi J06YyTKH i TO-
ToxXHicTh @ipua 3 3azaaui 5.3, 064KcaiTh AMdepeHLiIHUN epepi3 aHiri-
JiSi1il 6€e3MacoBUX eJIEKTPOHA Ta MO3UTPOHA y ABa GOoTOHU. [IoKaxiTh, 1110

1[ell pe3y/IbTaT y3ro/KYEThCS 3 6€3MacOBUM HABJIMKEHHSIM, OTPUMaHUM Y
(5.107):

do _ 2ma® 1+ cos*®

dcos® s ( sin? 0 )

g cucteMu 1IM. 3 pesyabTaTy NyHKTY (a) BUILIMBAE, L0 BiJNOBiAbL He
3aJIeXKUTh BiJl KOHKPETHOIr0 BEKTOpa p, AKMI BUKOPUCTOBYBABCH /ISl BU-
3HaYeHHs N0/IApU3aliiHUX BEKTOPIB; IPOTe 064KC/IeHHsl 3HAYHO CIPOILY-

€TbCs, KOJIM BUOpPATHU 3a Liel BEKTOP MOYAaTKOBUU 4-iMIYJIbC eJIeKTPOHA.



Po3znin 6

PaaianiviHi nonpaBKU: BCTYII

Tenep, ko My Habys NeBHOTrO AOCBiLy npoBeJeHHs o6uncaeHb KE/, nepe-
HaiMo Ji0 felo ckaaAHimux 3aaad4. Y Po3gisi 5 Mu Mmasiu cipaBy Jiniiie 3 depego-
8UOJHUMU JiarpaMaMHy, TOOTO 3 TAKMMH, L0 He MicTU/IM neTeJib. [IpoTe Bci pos-
[JISHYTi HAMU IPOLEeCH Yy BUILUX NOPsiKaX OTPUMYIOTh BHECKH, BiZJOMI 1K paodi-
ayitiHi nonpasku Bif iarpam 3 neT/isiMU. [HIIUM J)KepeJsioM pajiialliiHUX Monpa-
BOoK y KE/ € 2anbmieHe sunpomiHo8aHHsA — MOsIBa B KiHIeBOMY CTaHi JJ0JAaTKO-
BUX QPOTOHIB, yTBOPEHUX MiJ yac peaklii. ¥ 11boMy po3/ijii MM BUBYUUMO 061 /|Ba
TUNHU pajialliiHUX MONPABOK i BUSIBUMO, 1110 HENIPABOMipHO BpaxoBYyBaTH OJHI
6e3 ypaxyBaHHS IHIIIUX.

YnpozoB:x ycboro po3zaijny, AJid LIrocTpanii [Ux ijeld y HaunpocTilioMy KOH-
TEKCTi, MU PO3IVIAJaTUMEMO PO3CIIHHSA eJIeKTPOHA Ha iHILIH, y»e BaXKKiil Jyac-
TLi. Y lepeBOBUAHOMY HaOMKEHHI MU BXKe aHaJsli3yBaJiv el npouecy §5.41 B
3azadui 5.1. Y HacTynHOMy NOpA/IKy Teopil 30ypeHb BHECOK Y HbOTO JAlOTh TaKi

AlarpaMmu:

[TonpaBka nepiioro nopsi/Ky 3a o BUHUKAE BiJl iHTepdepeH1ii Mi>k BHeCKaMH
BiJl LMX 1 AepeBOBUAHUX AiarpaM. IcHye 1ie WicTh JOAAaTKOBUX OJHONETEJbHUX
JiarpaM 3 BaKKOI 4aCTKOIO B I1eTJ1i, IPOTe HUMU MOXHa 3HEeXTYBaTH, AKIL0 Jpy-
ra 4yacTka HabaraTo Ba)kya 3a eJIeKTPOH, 60 TO/ji Y 3HaMeHHUKY Ipornaratopa
3'ABJIAETBCA [JOJAHOK 3 BeJMKOI0 Macolo. (Pi3U4YHO e MOXXHA MOSCHUTH TakK,
1110 BaXK4a 4acTKa y npoLeci 3iTKHeHHs 3a3Ha€ MEHLIOro IPUCKOPEHHS, a OTXKe,
MeHIlle BUIIPOMIHIOE. )

3 yoTupbox Aiarpam y (6.1), nepiia (BigoMa sik sepwiuHHa nonpaska) € Hau-
CKJIQJJHILIOI0 i MPU3BOJAUTD 10 HAM6inbLIO] KiJibKOCTI HOBUX edeKTiB. Hanmpu-
KJIaJ], CaMe BOHA BUKJIMKA€E aHOMaJIbHUM MarHiTHUM MOMEHT eJIEKTPOHA, AKUH
MH 064YHCJIUMO B § 6.3.

HacTtynHi gBi fiarpamu € nonpaskamu 0o 308HIWHIX AiHil. MU 3HEXTYEMO HU-
MU B IIOTOYHOMY PO3JiJi, OCKIJIBKU Lii AlarpaMU He aMIIyTOBaHi, 1K BUMarae
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dopmyna (4.90) aaa enemeHTiB S-MaTpulli. MU JleTaJibHO pO3rJssHEMO Iii Aia-
I'paMH Mic/s TOTO, K A0BeAeMo 3rafany ¢opmysy B § 7.2.

OctanHsa piarpaMa B (6.1) Ha3uBa€eTbCA noJsipudayieto 8akyymy. OCKiIbKA
BOHA NMOTpPebYy€e 3HAUHO CKJIAAHIIIOI 06YMCI0BaJbHOI TEXHIKH, Hi>K pelITa Jia-
I'paM, MU He po3rJsgaTuMmemo ii go § 7.5.

Hamie BUBYeHHA pajjialjiiHUX NIONPABOK YCKJIaJHIOBAaTUMETbLCSA Le U Ti€r
00CTaBUHOIO, 1[0 BOHU € MOTaHO BU3HaueHUMHU. KoxkHa Taka Aiarpama nepef-
6avae iHTerpyBaHHs 10 iMNyJIbCY B MeTJ, i opasy el iHTerpas po36iraeTbcs
npu k — oo, B yabmpagionemositl 30Hi. Ha mwacts, HecKiH4eHHi YaCTUHU LUX
IHTerpaJiiB 3aBX/1 CKOPOUYYIOTbCA IPU 00YMCJIEH] CIOCTEPEKHUX BEJIMUNH, Ha
3pa30K Mepepisy po3CigAHHA.

[lepuwii Tpu aiarpaMu y (6.1) TakoX MiCTATb U IHpauep8oHi po36ixcHocmi —
HECKiHUeHHOCTI, 110 BUHUKAIOTh Ha MexXi k — 0 iHTerpyBaHHs Mo iMIyJbCy B
neti. Y § 6.4 Mu no6avyuMo, 1110 1ji po36i>KHOCTI CKOPOUYIOThCS IPU BpaXyBaHHI
Jiarpam 2a/s1bMIi8H020 BUNPOMIHIOBAHHS:

+ (6.2)

i riarpamMmu € po36i>KHMMH B MexKi, KOJIU eHepris BUNpoMiHeHoro ¢poToHA npa-
THe [0 HyJ1d. Y il Mexi xoZieH Qi3UYHUN 1eTEKTOP He CIPOMOXXHUW BUSABUTH
$OTOHM 3 TaKOI HHU3bKOIO eHepri€o, IpoTe MU MyCUMO iX BpaxOByBaTH B 3a-
raJibHOMY Iepepisi po3cigaHHs. [liarpaMu raJibMiBHOTO BUIIPOMIHIOBAHHA € i1CTO-
THOI0 YaCTHHOIO pajialliiHUX NONPABOK fAK AJIf IbOT0, TAK i [IJI pellTH NpoLe-
ciB KE/I.

['os10BHA Halla MeTa B LiIbOMY PO3/iJii [10JIATa€ Y BUBYEHHI raJIbMiBHOI'O BU-
NPOMiHIOBaHHA HU3bKOEHepreTUYHUX POTOHIB, JliarpaM BepIIMHHUX ONPaBOK
Ta CKOpOYeHHs iHppauepBOHUX PO3OIXKHOCTEN MiXK HUMHU.

§6.1. M’ake rasibMiBHe BUIIPOMiHIOBAaHHS

[louHeMO BUBYeHHS pajialliiHUX MONPABOK 3 aHaJsli3y raJbMiBHOTO BUIIPOMi-
HIOBaHHA. Y 1jboMy mnaparpadi Mu cnepiuy npoBejeMO KJacMYHe 0OYMCIIEH-
HA HA3bKOYACTOTHOI'O BUNIPOMIHIOBAHHSA B pa3i panTOBOTIO NPUCKOPEHHS eJle-
KTpoHa. [loTiM po3paxyeMo criopiiHeHy BeJIMYUHY 3 KBAaHTOBOI Teopii noJisa —
nepepis yTBOpeHHs Ay»e M’ aKUX POTOHIB 3a Jiiarpamamu (6.2). Takox Mu nmoba-
YKUMO, 1110 KJIACUYHUU pe3yJIbTaT BUHUKAE K TPAHUYHUM BUIIAJJOK KBAHTOBOTO.
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KiacuyHe 064MC/IeHHS

[IpunycTiMo, 110 KJIaCUYHUM eJIeKTPOH, lepedyBatoyu B To4li X = 0, 3a3Hae B
MOMeHT 4yacy t = 0 panToBOro MOLITOBXY, 110 NPU3BOAUTH 0 3MIHU MOrO iM-
nyJsbcy Big p o p’. (IleBHa piy, MUTTEBA 3MiHa iMIyJIbCY € HEPeANbHOMO iJiea-
Jizaniero. [IpoTe TouHa popMa Tpa€eKTOpIi B mpoleci IPUCKOPEHHS He BIJIUBAE
Ha HU3bKOYaCTOTHE BUIIPOMiHIOBaHHA. ToMy Hallli 064K CcIeHHd OyAyTh cClipaBe-
JIIABI 1151 4aCTOT, MEHUIUX BiJl 3BOPOTHOI BEJIMYMHU YaCy PO3CisTHHS.)

panTOBHM NOUITOBX Y MOMEHT 4Yacy t = 0,
KOJIY YacTKa nepebyBae B Touli x = 0.

[losie BUIPOMiIHIOBAaHHA MOXKEMO 3HAWTH, 3allMCaBIIM BUPa3 JJid CTPyMy eJie-
KTPOHa, fIK JKepeJia B piBHAHHAX MakcBeJa.

flke 3HaYeHHA Ma€ MUTOMUU CTPYM Y ibOMY BUNaAKy? /lis 3apsagxeHol yac-
TKH, 1110 NepebyBae B cTaHi crokoto npu X = 0, cTpyM €

M) =1, 0" e8P (x) =

_ j dt (1, 0)* - e 8@ (x— y(t)) ne Y () = (t, O)*

A pnis1 foBisibHOI TpaekTopii y*(1),
dvM
M) =e j dt yd—T(T) 5@ (x — y(t)). (6.3)

3a3Ha4MMo, 1110 LieM BUPpa3 He 3aJIeXKUTh BiJi TOUHOT0 cnocoby napaMeTpu3arnii
TPa€EKTOPIl, OCKIJIbKY 3aMiHa T Ha Y(T) Aa€ B Mipi iHTerpyBaHHs 10aTKOBUU da-
KTOop dt/do, AsKul Npu nepeMHokeHHi Ha dy"/dt nepeTBoprEeTbCcA HA dy"/do.
3 Bupasy (6.3) MU MOXXeMO JIOBECTH, 1110 TAKUU CTPYM TOTOKHO 36epiraeThcs,
OCKiJIbKM AJ151 6y/ib-s1K01 QyHKILII f(x), 110 06epTAETHCA HA HY/Ib HA HECKIHYEeH-
HOCTI,

f d*x f(x) e f dt % 0, 8P (x —y(®) =

GO
B efdt dt ax”f(x)

—e [ dr - £(v) -
—ef(y@)|_, =0

f d*x f(x) 0,5 (x)

x=y(t) B
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JlJ1s1 HAlIOTO NPOLeCcy TPAEKTOPIs Ma€ BUIJISAJ

_\@Y/m)t pnat<O0;
yi(o = {(p’”/m)t st T > 0.

ToMy cTpyM MO>KHa nepenucaTy, K

00 0
oo =e[ael s0(x-Eyse [arl 50 (x-P)
0 —coo

Hapasi HaMm 3HaZj06UThCcA Qyp'e-iepeTBOpeHHs 1jiel ¢pyHKIil. BcTaBuBIIM MHO-
KHUKU e~ " Ta e®’, 106 yCyHyTH po36iXKHOCTI B iHTerpaJsax, MaEMo

= efdr (%u) ei(%”s)r te fo dt (%u) ei(%p_is)T _ (6.4)
0 —00
i m
:ie(k-§’+is B k-;o?—is)'

Tenep Mu roToBi 0 po3B’si3aHHA piBHAHHA MakcBeJa. B jopeH110Bi# kani6poB-
ui 0"4, = 0 Tpe6a poss’s3atu A" = j*, a6o, y dyp'e-nmpocTopi,

At (k) = 1z J (k).

MigcTaBusuy j* 3 (6.4), oTpUMyeMO GOPMYJIy /15 BEKTOPHOTO MOTEHIany:

d*k . —je p™* p*
AM(x) = THex - : 6.5
() .f(Zn)4 ¢ k* (k~p’ + ie k-p—is) (6.5)

IuTerpan mo k° MoxxeMo 0GYMCIUTH, AK KOHTYPHMH iHTerpas y KOMIJIEKCHiH
Ao MHI. [To/irocu 3HaX0AAThCA B TOYKaX:

b0 K

> > >

K° —:—|k| k° :.+|k| k- ;’ =0

Mu nepecynynu nosocu k° = +|k| Hmxde giiicHoi oci Ans Toro (Hesabapom
MU HiATBEepAUMO Liel BUCHOBOK), 1100 0Jie BUTPOMiHIOBAaHHS 3a/[0BOJILHSJIO
3aMi3HI0BaJIbHUM rPAHUYHUM YMOBAM.
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Jusit < 03aMKHEMO KOHTYP Y BEpXHil MiBNJ/IOLMHI, OXONMUBILIU NOJIOCK-p =
0, To6TO0, k® = K - p/p°. B pe3yabTari,

d’k ollx o—ilkp/pO)t (2mi)(+ie) p*

O] ey T

Y cucTeMi BiiJIiKy, e eJIeKTPOH I0YAaTKOBO IlepebyBa€ B CTaHi CIOKOM0, HOro iM-
nyabc € p* = (p°, 0), a BEKTOPHUIA IOTEHIia/l TEPEXOJUTD Y

A’k ax €

A=) @ i

(1, 0~

[le € Ky/JI0HIB [TIOTEHILiaJl He IPUCKOPEHOro 3apAAy. AK i ciif o4ikyBaTH, BUIIPO-
MIiHIOBAaHHA BiJICYyTHE, [IOKY €JIeKTPOH He 3a3Ha€ PO3CiAHHA.

[licna po3scisgHHA (t > 0) 3aMKHEMO KOHTYp 3HU3Y, OXONUBIIY TPH MOJIIOCH,
po3TaioBaHi Hibkye AikcHoi oci. ITostoc npu k° = k- p’/p’° npusBoauTk 110 Ky-
JIOHOBOT'0 MOTEeHIialy BUXiZIHOI yacTKU. OTKe, iHLLI /iBa MOJIOCH BiITOBiJa/IbHI
3a 1oJie BUIPOMiHIOBaHHS. [XHil BHECOK Z1a€

A’k —e . p™* p*
A= 5 —{e_lk'x - )+x c.} =
‘ ezl Tiep) -
L (6.6)
= Rej - A (K) e,
(2m)
Jie ammiityza B iMmnyabcHoMy npoctopi A(K) €
e p" p*

A*K) = —— - — . 6.7
® == ") (67)

(TyT i jani HessABHO NPUNYCKAETbCA BUKOHaHHA yMoBHU k° = |K|.)

1 064Mc/IeHHs eHeprii BUIPOMIHIOBaHHA MAa€EMO 3HAWTH eJIeKTpUYHE Ta
MardiTHe noJisl. Haunpocriue 3anvcatu E Ta B yepes fikicHI ck1aZ0Bi KoMILIe-
KCHUX iHTerpasiB ®yp’e, IK MU 1ie BUMHUIU A5 AH:

d’k ,
E(x) = Re = E(K) e™;
(62113?( (6.8)
_ —ik-x
B(x) = Re 2 B(k)e .

B iMmnyascHomy npoctopi ammaityau €(K) i B(K) BUIpoMiHIOBaHUX MOJIiB € IPO-
CTO

E(K) = —ikA" (k) + ik°A(Kk),

. ~ (6.9)
B(k) = ik X A(K) =k x £(K).
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BukopucraBiiy ssBHui Burian (6.7) aus A" (K), ierko nepeKkoHaTHCS, 1110 eJie-
kTpu4He noJie € nonepedynum: k- E(k) = 0.
Matouu BUpasu AJid M0J1iB, MOKEMO 3HAWTHU eHePrilo BUIIPOMiHIOBAHHS:
1

Eneprisa = 5 f d’x (JE()|* + |B(x)|?). (6.10)

[lepiiui 4jieH €
A’k ; ;
j j (S(k) e~ kX 4 £*(K) e””‘) X
2m)?® J 2n)?
x(E®) e ™ + ' () e *) =

1 dk
(2m)’

Takuii camuil Bupas, mo mictuth B(K), nae apyruii dieH. BukopuctoByro4u
(6.9) i Tor dakT, wo £(K) € nonepeyHUM, MU MOKEMO MOKA3aTH, 1110 3a/1€XKHi
Bif yacy foiaHKU 3 € 1 B CKOPOYYIOThCS, a pellTa B MiICYMKY JalOTh
1 d’k
EHeprisa = —— E(K) - £°(Kk). (6.11)
(2m)’
Ockinbku BekTop £(K) monepeuyHui, BBeJileMo /iBa NonepeyHi oJUHUYHI MO-
Jisipu3aliiHi BekTopu €, A = 1, 2. Togi nigiHTerpajbHUN BUpPa3 MOKEMO Iepe-
IUCATH, 9K

(£) - £(—K) 7t + 26(R)E" (K) + £ (K)E" (k) ).

00 €W = ) [er(l) - EQ0[* =

A=12
= Ik ) [er() - AGO[
A=1,2

CKkopUCTaBUIMCh IBHUM BUIIA0M (6.7) aas A(K), MaeMo ocTaTOYHUN BUpa3
JlJIsl eHeprii BUMpOMiHIOBaHHS:%®

a’k e?
Enepria = 3 z —
(2m) 2
A=1,2

!

509 (7 = p)

(6.12)

TyT MU MO>KeMO BiJIbHO 3aMiHUTH BEKTOPHU €, p’, i p Ha 4-BeKTOPU. 3ayBaXKUBIIIH,
1o 3amina " Ha k" Mae 1aBaTH HyJIb,

i mn

26]]eit pesynbTaT oTpUMaHo y [32], cTop. 703.
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3HAXO0/JUMO, 10 CYMY 3a NOJIIPU3aLlisiMU MOXKHA 00UUCIUTH, BAABLIKCH /10 PU-
iiomy 3 § 5.5, TOGTO 3aMiHUBILIH }, €,€, HA —g,,,. B pe3ysbraTi,

!

d3ke( )(p’“_p“)(PV_P“

Enepria = (2mn)? 2 k-p k-p/\k-p k-p -
@m)? 2\(k-p)k-p) (k-p)* (k-p)?)

[I106 3po6uTH 1110 GOopMyJy HATVISIAHILIOK, 06epEMO CUCTEMY BifJIiKy, B AKil
p°® = p'® = E. Togi iMny/ibcu €

=(k, k), p"=EQ1,v), p"=EQ,V).

Y Takill cucteMi Haa ¢popmysia HabyBa€ BUTIALY

Eneprisa = , V), (6.14)

ne J(v, v') — nudepeHnniiina inTeHcuBHicTb d(Enepris) /dk:

g(V V’) _ f d.QT(< 2(1—V-V') _ mZ/EZ _ mZ/EZ
’ 1-k-vV1-k-v) 1-k-v)? (1-Kk-v)?

). (6.15)

Ockinbku J(v, v') He 3a/1€KUTb Bif k, MU 6a4uMo, 1110 iHTerpan y (6.14) no k €
TpUBiaJbHUM, aJie po36i>kHUM. |1 po36iXKHICTh HacnpaB/i BUHUKAE Yepe3 BUKO-
PUCTAHY HaMH ifjeasli3aniio 3 MUTTEBOK 3MIHOK iMITyJIbCY. MU 04iKy€EMO, L]0 Ha-
wa ¢opmMyJia 6yze npaLoBaTH JIMILe JJ BUIPOMiHIOBAaHHS 3 4aCTOTAMU, MeH-
IIMMHU BiJl 3BOPOTHOI BEJIMYMHU YaCy PO3CIAHHA. 3 peJIATUBICTCBKUM eJIeKTPO-
HOM Ma€ Micle ILie ofjHe 0OMeXXeHHs], IKe BUHUKAE 3a PaXyYHOK e(eKTy, KOJIU
oKpeMi pOTOHHU BiAOUPAIOTh iCTOTHY YaCcTUHY Horo eHeprii. B 060x Bunazkax
dopmyJsia cripaBe/yiMBa B MeXi MaJIMX 4acTOT, TOMy MU MO»KeMO 06pi3aTH iHTe-
I'pPaJsl Ha IeBHOMY 3Ha4€HHI MaKCUMMaJ/IbHOI YaCTOTH Kpax. Y LIbOMY pasi,

IV, V') = % e - IV, V. (6.16)

[ligiHnTerpasbHuit BUpa3 J(v, v') € BeJUKUM, Kosiu K mapasiesibHUM v abo v':

raJjbMiBHE BI/IHpOMlHIOBaHHﬁ

rajibMiBHe BUIIPOMiHIOBaHHA
KiHI[eBOMY CTaHi .
y K y \"v\'\ y [I0YaTKOBOMY CTaHi
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B ysnbTpapensTUBICTCbKOMY HaOJIMKeHHI OCHOBHUMU BHECOK B €Heprilo zAa-
I0Th /B2 MAaKCUMYMH B IeplioMy 4jeHi Bupasy (6.15). O6uuciaumo J(v, v') B
[IbOMY HaOJIMKeHHi, 0OMEeXXUBIIUCh iHTepBa/laMy M06JM3y JBOX 3rajlaHUX Ma-
KCUMYMIiB:

cos =1 l—v.v
I(v, v) zA j dcose(1_vcose)(1—V‘V')+
o cosB=1 1—v.v
+A f dcose(l_v,cose)(l_v.vf)'
kv =vv/

(HukHi Mexxi B iHTerpaJiax HacrnpaB/ii HeicTOTHi, 60 MOXKHa BUOpATH kK-v =
1—x(1—v-V') TakuM 4YMHOM, 11106 X He 6yB HaATO 6/1M3bKUM /10 0 i He HabaraTo
6inpmKM Bif 1. Jlerko nokasaTy, 10 NPOBiAHUI BHECOK B YJIbTPapeasiTUBICT-
CbKOMY HabJIM>KeHHI He 3a/1eXXUTb BiJ x.) [IpoiHTerpyBaBIlH, OTPUMYEMO

1—v-Vv 1—v-Vv
J(v,v) =1 - 1 - )=
(v, v) og< 1= v| )+ og(1_|V,|>

3 (E>—p-p)*) _
= log ( E*(E — |p])? ) N (6.17)

p-p —q°
~ 21 ———— | =21 ,
°g<<E2 = |p|2)/2> °g< m? )
Ae g% = (p' —p)>.

OT>Xe, MM BCTAaHOBUJIH, 1[0 €HEPTisi, BANPOMiHeHa NPU HU3bKHUX YaCTOTaX,

kmax kmax

._a , 2a —q*
Eneprisa = - J dkI(v, v") - — j dk log<ﬁ>. (6.18)
0 0

fAK1i0 BUNpoMiHIOBaHHA CKJIAZA€EThCA 3 GOTOHIB, TO KOKEH 3 HUX [1IEPEHOCUTD
eHepriwo k. Toai MU Mo>KeMO 3HAUTH IXHIO KiJIbKICTb:

kmax

dk
Yucio poToHiB = % f - (v, v'). (6.19)

0

MaeMo cnoziBaHHS, 1110 06YHMC/IEHHS B paMKaxX KBAaHTOBOI MeXaHiKU MigTBep-
JIUTh LleW pe3yJsbTar.
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KBaHTOBOMeXxaHiYHe 004U C/IeHHS

Tenep posriissHeMO KBaHTOBOMEXaHIUHUN MPOILEC, 110 MOJIATa€ ¥ BUIIPOMIiHIO-
BaHHIi 0iHOTO $OTOHA B NPOLIECi PO3CisIHHSA eJIEeKTPOHA:

Hexaii My mo3Ha4a€ 4aCTUHY aMILIITYAH, L0 BUHUKAE BiJl B3a€MOJII eJIeKTpoHa
3 30BHIILIHIM NoJ1eM. AMILIITY/la POLIECY 3arajioM € TaKa:

i = —iea@')(Mo(p', piy Bk
-k —m?

i(p' +¥k+m)
(p' + k)? —m?

yre, (k) +
(6.20)

+ v"e, (k) Mo(p' + k, p)>u(p)-

Ocki/zibKY Hac IiKaBUTb 3B’A30K 3 KJACUUHUM HAOJIMXKEHHSAM, IPUNYCTUMO,
1110 BUIIPOMiHIOEThCA M'siKUi ¢oToH 3 |K| < |[p’ — p|. Toxi Mu MmoxkemMo Ha6JIU-
>KE€HO 3aIlKUCaTH

Mo(p',p—k) =Mo" +k p) =~ M@, p), (6.21)

Jle MOXKEMO 3HEXTYBATH § B UMCe/IbHUKaX MpomnaraTopis. Lli yncebHUKK MOXKHA
11e 6i/bIlle CHPOCTUTH, 3aCTOCYBABIIM aAre6py AipakoBUX MaTpHULlb. Y IEPLIOMY
JOZLaHKY,
@ + m)yy'eu(p) = [2p e (—p + m)|u(p) =
= 2p¥e u(p).
Tak camo B fpyromy,
u( e (p +m) =ulp") 2p"e;.

3HaMeHHUKH [IPOIaraTopiB TaKOX CIIPOILYOThHCA:

-k —m*=-2p-k

@ +k)?-m?=-2p -k

OTxe, B HAOJIM)KEHHI, KOJIM BUIIPOMIHIOETbCS M'IKMM POTOH, aMIJIiTyAa Haby-
BA€E BUIVISAY

iM = a(p)[Mo(p', p)]up) [e(Z, ‘Z - Zi)l (6.22)
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BoHa npocTo J0piBHIOE aMIJIITY/[i IPY>KHOTO pO3CisiHHSA (6€3 raJibMiBHOT'O BU-
IPOMiHIOBaHHA), IOMHOX€eHiM Ha BUpa3 y KBaJIpaTHUX [Iy>KKax, 1110 A€ MO paB-
Ky Ha YTBOpPeHHS M'IKOro ¢poToHa.

Tak caMo U mepepi3 npouecy MU MOXKeMO JIETKO BUPAa3UTH 4yepe3 nepepis
IPY>KHOT'0 PO3CisiHHA, AJI 4oro Tpeba MpocTo A0JaTKOBO NpPOBeCTU Ppa30BO-
IPOCTOPOBe IHTEI'PYBaHHA 10 POTOHHOMY iMnyJibCy k. [lificyMyBaBIIu 3a ABOMa
CTaHaMU noJigpusanii poToHa, MaEMO

k1 ez|pr.€o\) P @ |?

do(p - p' +v) = do(p - p') - f o (6.23)

2m)° 2k p -k p-k

OTxe, audepeHIiiiHa UMOBIpHICTb TOTO, 1[0 €JIEKTPOH, PO3CisiTHUM 31 3MiHO0 iM-
NyJIbCY Bifi p /10 p’, BUIPpOMEHUTDb GOTOH 3 iIMIYJILCOM K, €

d3k ez pr p 2

p -k p-k
[le¥ BUpa3 Ma€ ay>ke 3HAKOMU U BUTJIAA. [IOMHOXXUBIIYM HOT0 HA eHeprito ¢poTo-
Ha k, 1106 OTPUMAaTH BUIIPOMiHEHY €HEPIil0, MM IOBEPTAEMOCH 10 KJIACUYHOTO
BUpa3sy (6.12).

[IpoTe € ogHa npob6sieMa. PiBHAHHA (6.24) BU3HAYa€ He KiJIbKiCTb BUIPOMi-
HeHUX QPOTOHIB, a JiMIlle KMOBIpHICTb BUIIPOMiHIOBAaHHS OAHOTO poTOHA. CUTY-
allis e NoripmMuThCs, AKI0 MU MPOIHTErPYEMO 1Mo GOTOHHOMY iMIyJbCy. fK i
B (6.16), MU MOXKeMO iHTeIrpyBaTH JiMlle [0 TOTO 3HAaUEHHsI eHeprii, Ha KoMy
Hallle HabJMKeHHs M’'IKUX GOTOHIB epecTae npauoBaTH. PO3yMHO0 OLiHKOI0
obpisaHHs € |q| = |p — p’|, i ToAi

d(iMmoBipHicTb) =

lql
1
[ToBHa IMOBIpHICTb ~ %f dk Eﬂ(v, V). (6.25)

Ockinbku J(v, v') He 3a/IeXXUTb Bif k, To iHTerpas po36iraeTbcs Ha HMXKHIN Me-
Ki (Ze BCi Halli HabJIMXKeHHd 400pe ClpaBAKyBauCh). [HaKIlle KaXKy4yH, TOBHA
WMOBIpHICTb BUIPOMiHIOBAHHS [iy>Ke M'IKOr0 GOTOHA € HECKIHUEHHO10. Y 11b0-
My ¥ noJisira€ BijjomMa npo6JieMa iHppauepBOHOI po36i>KHOCTI B Teopil 36ypeHb
KE/.

Mu MoKeMO LITYYHO 3pOOUTH iHTerpan y (6.25) 1o6pe BU3HAYEHUM, IPUTTY-
CTUBILY, 1110 $OTOH Ma€ Majly HEHY/IbOBY Macy . LI Maca BU3Ha4ya€ oOpi3aHHA
IHTerpasia Ha HXKHIM MeXi, 1110 B NiJICYMKY Jla€
2

! 12 04 - !
dolp =/ +¥(1)) = dotp = ) 1o Jocwv) =

N s —q
~ d =1 1 .
_gren o(p—->p) p Og( 2 >Og<m2>

(6.26)
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3aJIeXHICTb pe3y/abTaTy BiJ g2, BijoMa Ak cydakiecbkull nodsitiHuii aorapugm,
HacnpaB/i Ma€ Gpi3UYHUN ceHC i 3HOBY BUHUKHE B § 6.4. [IpoTe 3asexXHicTb Bif [
€ Np06J1eMO10, AKi MU MycUMO JilaTU pafy. HeBaxkko 310razaTucs, 1o BUpilie-
HHA LIi€] Tpo6JieMH MoJisirfaTUME Y BIPOBa/PKeHHI HOBOI iHTepnpeTalii ¢opmy-
Ju (6.24), K o4iKyBaHOI KiJIbKOCTi BUIPOMiHEHUX GOTOHIB, a He KMOBIPHOCTI]
BUIIPOMiHIOBaHHS oAHOro ¢otoHa. B §§ 6.4 i 6.5 Mu nobauumo, sk 1151 HOBa iH-
TepnpeTalis BUIJINBAE 3 po3miAay ¢pelHMaHOBUX AiarpaM. [IpoTe, m06 nigro-
TYBaTUCA [|0 IbOTO OOrOBOPEHHS, MU MAaEMO MOIVIMOUTHU PO3yMiHHSA aMILIITY AU
pO3CisiHHSI 63 BUIPOMiHIOBaHHS.

§6.2. EnektpoHHa BepumimHHa ¢yHKuLia: ¢popmaabHa CTpy-
KTypa

[licnisg kopoTkoro po3risaay pagianinHux nonpaBok KE/, 1o BUHUKAOTh Bif
raJibMiBHOTO BUIIPOMiHIOBaHHS, NeperIeMO |0 IONPaBOK, BUKJIUKAHUX NIPUCY-
THICTIO J0AATKOBOTO 8ipmya/1bH020 GOTOHA:

(6.27)

[le cTaHe HalIUM NePIIMM A0CBiIOM po60TH 3 pelHHMaHOBUMM JiiarpaMaMH, 110
MicTATH netui. Taki fiarpamMy NOpoAXKYHOTh Yy KBAaHTOBIU Teopii MoJisi Ha/i3BU-
YalHO CepUO3HI YCKJIaJHEHHS.

Pe3ynbpTaT 064Mc/IeHHA L€l AlarpaMu Ma€ OyTH JOCUTb TPOMi3JIKUM, TOMY
KOPHCHO 3a3/aJieriib CIpoOyBaTH 3p0O3YMITH, HAa KWW BUTJIAL OIPABKU CJIIJ,
OUiKyBaTH i sIK iHTepnpeTyBaTH il MOXKJIMBI CKJ1a/l0Bi. B moTouHoMy nmaparpadi
MU PO3IVITHEMO 3arajibHi BJIAaCTUBOCTI JjiarpaM BepIIMHHUX MONPaBOK i moba-
YMMO, 1110 3aCaiHAY]l BUMOT'H JIOPEHI|-iHBapiaHTHOCTI, AUCKPETHUX CUMETPIN y
KE/| i ToToxkHOCTi Bapa »k0pCcTKO 06MEXYI0Th NPUNYCTUMY GOPMY BEPLIMHHU.

OT>Ke, pO3TJISIHEMO KJIAC Aiarpam:

WENESE 5

Jle CipUM KOJIOM [03HAaY€HO CyMYy eJIeKTPOH-GOTOHHHUX BEPILIUH Y HXKYOMY I10-
PAAKY 3 yciMa aMIyTOBAaHHWMH IMeTJbOBUMHM NoNpaBKaMu. Hagasi nmosHavyaTu-
MeMO III0 CYMy BEPIIMHHUX Aiarpam, sik —ie ['*(p’, p). BignosigHo 10 ocHOBHOI
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dopmynu (4.103) aJia esieMeHTIB S-MaTpuUlli, aMILIiTyia PO3CiSTHHSA eJIeKTPOHa
Ha BaXKIiW MilleHi €

iM = ie*(a() (' p)u(p)) (@) v, u), (6.28)

- - ! -
Y 3arasbHimomMy Bunajky, ¢yskuis ['*(p , p) BUHUKAE B eJIeMeHTi S-MaTpH-
L|i pO3CiSIHHA eJIEKTPOHA Y 30BHIIIHbOMY eJleKTpoMarHiTHOMY moJi. Ak i B 3aaa-
4i 4.4, nogamo jgo ramiabToHiana KE/| 4ieH i3 B3aeMo/i€ro

AHpy = f d’x e j* (6.29)

. 1 . o cl . o

ne jH(x) = LP(x)y”Lp(x) € EJIeKTpIOMaI'HlTHI/II/I CTPyM, a.APl — QikcoBaHUH Be-
KTOP-MOTeHIlia/l KJIACHYHOT0 30BHIIIHBOT0 110JIs1. Y POBiZIHOMY MOPSIKY Teopil
30ypeHb MAaTPUYHUU eJIeMEHT PO3CisTHHS eJIEKTPOHA HA TAKOMY 30BHIIIIHbOMY
noJIi €

iM (2m) 8(p"° — p°) = —ieu(®") v* u(p) - AL (p' — p),

ze zﬂ(q) — dyp’e-nepeTBOpEHHS Aﬂ(x). BepliMHHI MonpaBKy 3MiHIOIOTH 1iei
BMpa3s Ha

iM (2m) 8(p'° — p°) = —ien(p) T* (@', p) u(p) - A (@' — p), (6.30)

Y (6.28) i (6.30) Mu cBiZOMO BHUIYYMJIN BHECKU BiJ JiiarpaM noJsisipusalii Baky-
yMy, Ha 3pa30K 4eTBepToi Aiarpamu B (6.1). [IpuurHa nosifAirae B TOMy, 1110 TaKi
AlarpaMy ONMCYIOTb KBAHTOBI IIONIPaBKHU 0 CAMOI0 eJIeKTPOMAarHiTHOIO 10J,
ToAi sk Ajarpamu B ['* € monpaBkaMHu 10 BiiTyKy eJIeKTpOHA Ha 33/1aHe HaBeleHe
noJse.?”’

Mu MoxxeMo BJjaTHCA [0 3araJIbHUX MipKyBaHb, 11106 HaK/JIaCTU 0OMeKeHHs
Ha Burssag [M(p’, p). OueBuHO, 0 B HIKYOMY nopsfky ['M = y*. BnracHe kaxy-
4y, ['* € neBHUM BUpa3oM, 1110 MiCTUTB p, p’, Y, pi3Hi KOHCTAaHTH (Ha 3pa3oK m
i e) Ta yncaoBi koedinieHTH. Lle € BUMEpIIHUM CIMCKOM, 60 KO/ HI iHIIi BEJIUYHU-
HU He BXOJSATb Z10 GeHHMaHOBUX NPaBUJI JJis1 064KcaeHHs Aiarpam y I'M. EauHo
1ie Mir 61 lie 3’ ABUTHCA TeH30p €*VPY (260, 10 eKBiBaJIeHTHO, y°), poTe Horo
NPUCYTHICTb HENMPUINYCTUMA B Oy/ib-sKil Teopii, e 36epira€Tbcs NapHICTh.

Mu MoxkeMo 11e Gisibllie 3BY3UTH MOXKJIMBUN BUGIp dopm aus 'Y, 3BepHyB-
IIKCh J10 JIopeHI-iHBapiaHTHOCTI. Ockinbku " mepeTBOpIOETHCH, sIK 4-BEKTOP
(y Tomy 2 ceHci, mo ¥ y*), To BoHa Ma€ OyTH MeBHOIO JIIHINHOI KOMOiHAIli€0
BEKTOPIB 3 HaBeZieHOTO BHUIIe nepesiky — y*, p* i p'". CkopucTaBIuch AJs 3py-
YHOCTi KOMbiHauismMu p’ + p ip’ — p, Maemo

M=y A+@"+p" - B+ @"-p"-C. (6.31)

27 [Insl 06rpyHTYBaHHS IIbOTO TBEP/PKEHHS MU MyCHMO CTPOT0 BU3HAYMTH, 110 € HaBe/IeHUM 30B-
HIiLlIHIM [ToJieM Yy KBaHTOBiH Teopii. Lle 6yzae 3po6ieHo B Po3aini 11.
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KoediuienTn 4, B i C MOXXyTb MiCTUTH [lipaKOBi MaTpHULli, 3rOPHYTi 3 BEKTOpaMH
Ha 3pa3o0K P Ta Pp’, asie ocKiIbKU Ppu(p) = m - u(p) i u(p")p’ = u(p') - m, To Mu
MOXeMO 6e3 BTpaTH 3arajJibHOCTI 3anucaTH 1ii KoedilliEHTH K 3BUYANHI YK cIa.
€MHUM HETPUBIaILHUM CKaSApoM € g2 = —2p’ - p + 2m?, Tox A, B i C maioTh
6yTH QYHKI[IIMU JIKIIe BiJ q° (Ta KOHCTAHT Ha 3pa3oK m i e).

[lepesiik JONyCTUMUX BEKTOPIB 111e CKOPOTUTHCH, AKIL0 3aCTOCYBATHU TOTO-
kHicTb Bapaa (5.79): ¢, = 0. (BigzHauumo, 110 Halli apryMeHTH Ha KOPUCTb
1iei ToTokHOCTI B § 5.5 — i foBejeHHA B § 7.4 — He BUuMaraioTh g2 = 0.) 3rop-
HyBUIHM ¢, 3 (6.31) 3a JOpeHLOBUMH iH/EKCaMH 1 po3MmicTuBIM MiX U(p') Ta
u(p), MU MOKEeMO MIeEpEKOHATHUCS, 1110 MEPUIXM Ta APYTUN J0IaHKU 00epTa0ThCSA
Ha HyJb, a TpeTiH Hi, Tomy C = 0.

Hani cnpowmyBatu (6.31) Ha mifcTaBi Jiulle 3araJbHUX NPUHIMIIB MU BXKe
He MoxkeMo. [IpoTe 3py4yHO nepenucaTy el BUpa3 3a JONOMOT0 TOTOXHOCTI
Topaona (3azava 3.2):

p'"+p*  ic%q,
2m 2m

u(P)y*u) = @) u(p). (6.32)
Il fo3BOJIsI€ HAM 3aMiHUTH 4JieH 3 (p’ + p) Ha TakuH, o MictuTb 6*Vq,,. OcTaTo-
YHO 3allMIeMO pe3yJjabTarT, AK

, io%q
M@ p) = y*F1(a*) + — = F2(q"), (6.33)
ne F11F, € HeBijoMuMu QYHKLISAMU Bif| ¢, 110 MalOTh Ha3BY gopMm-pakmopis.
Y HallHWXK4YOMY NOpsAKY Teopii 36ypeHb F; = 11 F, = 0. B HacTynHOMYy na-
parpadi MU 06YUCIUMO [IJI1 HUX OJHONET/IbOBI (MOpAAKY o) IONPABKH 3a paxy-
HOK BEpUIMHHOI JiiarpamMu (6.27). 3arasoMm, GopM-dpaKTOPU MOKHA 3HAUTHU 1S
Oy/b-IKOT'0 MOPAAKY Teopii 30ypeHb.
[To3asik F1 i F, MicTaTh ycto iH$opMaliito po BIJIUB eJIeKTPOMarHiTHOTr o no-
JI1 Ha eJIEKTPOH, BOHU MalTh, 30KpeMa, BKJIYATH eJIeKTPUYHUU 3apsa/] eJie-
KTPOHa Ta MOT0 MarHiTHUW MOMeHT. /Il 3HaX0»KeHHS eJIEKTPUYHOI'0 3aps-
Ay ckopucTtaemocs (6.30) ¥ 064MCAUMO aMIJIITYAY NPY>KHOTO KYJIOHOBOTO PO3-
CIAHHA HepeJIATUBICTCHKOI'O eJIeKTPOHA Ha AiJIAHI NPOCTOPY 3 HEHYJbOBUM
€JIeKTPOCTaTHIHHM noTeHniasoMm. Hexait Aff(x) = (¢p(x), 0). Toai ﬁf}(qz) =
((2mM8(g°)Pb(q), 0). MizcTaBuBIM 1ei Bupas y (6.30), MaeMo

iM = —iew(p) T°(p", p) u(p) - $(Q).

A0 esieKTpocTaTUYHE MOJIE [Iy>Ke MOBIJIbHO 3MiHIOETHCSA HAa BEJIUKIN (MOXKJIN-
BO, MaKpOCKOMiYHil) AinsgHLi npocTopy, To ¢(q) Oyze 30cepeaxeHa Mo6IU3Yy
q = 0, a oTKe, MU MOKEMO NePEerTH A0 Mexi q — 0 y CHiIHOpHOMY MaTPUYHOMY
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esieMeHTi. BHecok pae sinme popMm-dpaktop F;. CkopucTaBUIMCh BUPA30M AJIA
CHiHOPIB Y HEPEJATHUBICTCbKOMY HaOJIMKEHHI,

a(P) Y’ u(p) = u' @)u@p) =~ 2m¥g'E,
OTPUMYEMO aMILIITYAYy PO3CIIHHA eJIeKTPOHA Ha eJIEKTPOCTaTUYHOMY I10JIi:
iM = —ieF,(0)$(q) - 2mE'TE. (6.34)
[le € 6opHOBe HAbJIMKEHHS /1Sl PO3CisIHHA Ha OTeHIiaJi

v(x) = eF1(0)$().

TakuMm uyunHOM, F;(0) € eeKTpUYHUM 3aps/OM eJeKTPOHAa B OAMHUIAX e.
Ockinbku F1(0) = 1 Bxke B rOJIOBHOMY NOPsA/JKY Teopii 30ypeHb, paAialiiiHi no-
npaBkH 10 F1(q*) MaloTb 06epTaTUCs Ha Hy/Ib ipu g2 = 0.

[ToBTOpHMBIIM 1Ii MipKyBaHHA JJis1 PO3CisIHHSA eJIeKTPpOHA Ha CTaTUYHOMY Be-
KTOPHOMY IOTeHLiaJi, MOXKeMO BUSAIBUTH CX0KUH 3B’130K Mixk GopM-pakTopa-
MU Ta MarHITHUM MOMEHTOM eJIeKTpOoHa.?® BcTaHOBUMO Aﬂ(x) = (0, A%). Am-
IJIITy/1a pO3CisiHHSA Ha LIbOMY OJIi €

io"

e = +ie[a@) (vFr + % 2 1 Yu(p) Al @) (635)

Bupas y kBaZipaTHUX Ay»Kax 06epTa€TbCA Ha HYJIb Ipu = 0, TOMy MU MyCH-
MO aKypaTHO BUOKPEMHUTH 3 HbOTO BHECOK, JIiHIKHUY 3a ¢'. /I IbOTO pO3KJa-
ZieMo u(p) B HEPeJNATUBICTCbKOMY HaOJIMXKEeHHI 1 3a/IMIIUMO TiJIbKU JIiHiHHI 3a
IMIyJIbCaMU 4JI€HU:

_ (VP 0%\ _ (1-p-o/2m)3
up) = <\/ﬁ z) ~ m(a +p-o/2m) z)‘ (6:36)

JlofaHOK 3 F; MOXHa CIPOCTUTH HACTYITHUM YUHOM:

A _ (PO ip-o

u(p) vy u(p) = 2mg <ﬁ o to ﬁ)i
3acTocyBaBIIM TOTOXHICTb 6'0/ = 8Y + ie/¥6¥, 3HaxoaMMO /Ba YIeHH — He3a-
JIeXXHUH BiJi criiHy (mponopuiHuii (p’ + p)) i 3as1exkHUit Bif HbOTO (Mponopiii-
Huil (p’ —p)). [lepuinii 3 HUX € BHECKOM Bifj onepaTopa p-A+ AP B 3BUYANHY Ki-
HETUYHY eHeprilo HepeJsATHUBICTCbKOI KBAHTOBOI MeXaHiKu. [lpyruii npejcras-
JII€ B3AEMOZIO 3 [10JIEM MarHITHOIO MOMEHTY — L1[0 MU M LIyKaJ/IW. BiAKuHyBLIM
NepuIMM 4jaeH, MaeEMO

a(p) ' u(p) = 2mg" (5 eqlo* )t

28[Jomanblli BUK/JIAAKH MiCTATb 6araTo MHOXHHUKIB (—1), U0 BUHUKAIOTH Bif NiAHATTA ¥ omy-
CKaHHS IpocToponoi6bHux iHAekciB. [lepeBipsioun 064UncaeHHs, 6yAbTe NUIbHI!
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JlonaHok 3 F, Be MICTUTb y IBHOMY BUIVISIAi MHOXXHHUK ¢, TOMy MU MOX€EMO
06YUCJUTHU UOT0, BUKOPUCTABIIM FOJIOBHUM YJieH pO3KJIa/IeHHs CIiHOPiB:

= L iv _ rp( Tl glik
6(p")(5 0" Ju(p) = 2m5"* (o e7q/c* )t
3Bificv MOBHUH YJieH esleKTPOH-GOTOHHOI QYHKIILiI, IpONOPLiHHUM q, €

L V)

WP (Y'F1+ S Fau(p) = 2my (o e7q/o*[F1(0) + F2(0)] )

[lizcTaBuBILM 1e¥ Bupa3 y (6.35), 3HaxoauMo

0 = —i2m) - e o*IF(0) + F2(0)])§ B (),

ze
B*(q) = —ie"q'A} ()
€ pyp'e-IepeTBOPEHHSAM MarHiTHOrO 110J1s, mopozxeHoro A% (x).
Mu 3HOBY MOXeMO iHTepnipeTyBaTu M sik 60pHOBe HaOJIMXKeHHS aMILIiTy-
[l PO3CisIHHA eJIEKTPOHA Ha Aes KoMy noTeHLjiasi. llel noteHuian Bignosigae
B3a€EMO/ii MarHiTHOrO MOMEHTY,

V() = —(w) - B(x),

e

, [0)
ME [F1<0) + F,(0)] €7 &

]_lef/i BI/Ipa3 AJIAd MaI‘HiTHOI‘O MOMeHTy eJIeKTpOHa MOXeMO nepermcaTH B CTAH-
JlapTHiN dopMi:

e
ne S — crin esiektpoHa. KoeodilieHT g Mae Ha3By pakmopa Jlande:

g = 2[F1(0) + F,(0)] = 2 + 2F,(0). (6.37)

OcKiJIbKM B TOJIOBHOMY NOPSIAKY TeOpii 30ypeHb uJieH ¢ F;, He 3’aBsieTbcs, KE/]
cTBepAXyE, o g = 2 + O(a). [IpoBigHUM 4neH y g-pakTopi € CTaHAAPTHUM Ha-
caiikoM piBHAHHA /lipaka. [IpoTe y BULIMX OpsAJKaX MU BUSIBUMO HEHYJIbOBUM
F,,iToAi BUHHMKHe HeBeJIMKa PO30iXKHICTh Mi>k MAarHiTHUM MOMEHTOM €eJIEKTPO-
Ha i lipakOBMM 3HAYE€HHSM JJisl HbOoro. B HacTynHoMy naparpadi Mu 064ucIUMO
B [IepIIOMY ITOPAAKY 33 0 BHECOK 10 LIbOT'O AHOMA/IbHO20 MATHIMHO020 MOMEHMY .

OckiJIbKM Halli BUKJAJKU AJis1 CTPYKTYPU BeplWHU (6.33) rpyHTYBasIUCA
JIMIlle Ha 3araJibHUX MPUHIMIIAX CUMETPIl, € BCi MiZIcTaBU CIOJiBaTUCH, 10 A
dopmysia cnpaBeAJivBa AJisl B3aEMO/ii 3 eJIeKTPOMAardHiTHUM IOJIEM HE JIUIIE
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eJIeKTPOHa, a ¥ 0y/b-AKoro ¢pepmioHa. Jlo npukJ/any, eJjeKTpoMardiTHa aMILIi-
Ty/la pPO3CisiHHSA IPOTOHA HAa POTOHI Tak caMO Ma€ OMUCYBaTUCS JBOMa iHBapi-
aHTHUMHU QYHKIIIMHU Biz q2. Ta OCKiJIbKY IIPOTOH He € eJieMeHTapHOI0 YacTKOIO,
He BapTO OYiKyBaTH, 1110 JipakoBi 3HaueHHsA Fy = 11 F, = 0 6yayTb BAaiu-
MU HabJIM>KEHUMHU 3Ha4YeHHAMU 15 GopM-PakTopiB npoToHa. Hacnpazi o6u-
nBa GopM-daKTOpH MPOTOHA JAyXKe 3aexkaThb BiJ q2. [IpoTe po3rs BeplirH-
Hoil QyHKIii 3a JonoMorot ¢opmM-daKTOPiB la€ 3MOT'y NOPiBHIOBATH U y3arajib-
HIOBATH JlaHi MPO PO3CiIHHS NPU Pi3HUX eHeprisgx Ta KyTaxX. TouHUN 3B’A30K
dopmM-pakTopiB 3 MepepizaMu po3ragfaeTbcs B 3ajadi 6.1. 3peuiToro, LOWMHO
BUBE/IeHI HaMM 3arajibHi 06MexkeHHs1 pu q° = 0 cnpaBeJIMBi i Jis IPOTO-
Ha: F1(0) = 112F,(0) = (g, — 2), xo4a g-axTop NpOTOHA Bi/Pi3HSETHCS Bij
JipakoBoro 3HadyeHHs Ha 40 BifCOTKIB.

§ 6.3. EjexkTpoHHa BepmiMHHA QPYHKILisl: 00YMC/IEHHA

Tenep, 3Hatouu 3 BUpasy (6.33) 3arajbHUN BUIJISA/], BiZOBiJli, MU BXe TOTOBI
pPO3MOYMHATHA 0OYMC/IEHHS OJHONET/IbOBOI MOMPABKMU [0 BEPIINMHHOI QyHKIL]
eJleKTpoHa. [lo3HaYuMMo iMIly/1bCY Ha AjarpaMi:

3acTocyBaBIIM GeHHMaHOBI NPaBUIIA, OIEPKMMO B TI€PIIOMY MOPSAKY 3a q, 1110
u(p) M u(p) = a(p") vy u(p) + 8" ne
d*k —igvp
2m)* (k—p)? +is
ey I+ m) i(k+m) - _
Xu(p') (—iey") 7 —mZ + i 3 i —m? + i (—iey?)u(p) = (6.38)
, [ d*k a@)[kyME + mPy* = 2m(k + k') |u(p)

2m)* ((k—p)* +ig)(k'> —m? + ie)(k* — m? + i)

8T'(p',p) =

Y TpeTboMy PSAKY MM CKOPHCTAJIUCS TOTOXHICTIO Y'Y*YPg,, = Y'Yy, = —2y".
3a3HauyuMo, L]0 YJIEHU +i€ B 3HaMEHHUKax BUJIY4YaTH He MOXKHa, 60 BOHU 3Ha-
JlOBJIATHCS AJ151 MPAaBUJIbHOTO 0OYMC/EeHHS iHTerpaJia 1o netJii.

[HTerpan Mae *kaxJIMBUK BUIJIAJ, i, HAaNpaBAy, HOro 06GYMUCIEHHS € HENPO-
ctuM. Taki iHTerpaju BUMararTb OCOOJMBOrO MHiJIXOAY, BiJOMOro ik MeTO/,
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delinmaHosux napamempis (xo4ya Ay>e CXOXKUH CIOCiO paHille 3anponoHyBaB
[lIBiHrep).

deilHMaHOBI NapaMeTpu

CyTp LIbOTO METOZAY MNOJIATAE B NPUBEAEHHI [00YTKYy TPbOX 3HAMEHHHKIB Y
(6.38) 10 ogHOT0O KBaipaTUYHOTO MOJIiIHOMA MO0 Kk, NiiHeceHOro /0 Kyoy. [loTiM
MU 3MOXXe€MO NepeBU3HAUYUTH 3MiHHY Ha [IeBHY KOHCTAHTY, {00 NepeTBOPUTH
N0JIiIHOM Ha NOBHUU KBaJpaT i 6e3 0CO6JIMBUX 3yCUJIb 0OYHUCIUTH OTPUMaHUI
chepUuHO-CUMEeTPUYHUH iHTerpas. OfHaK 3a Le J0BeJeThCs 3alJIaTUTH BIPO-
Ba/PKEeHHAM JleKUX JJOBIIBHUX NIapaMeTpiB, 3a AKUMH TAK0X Tpeba iHTerpyBa-
TH.

[TouHeMo 3 po3IIALYy NPOCTIIIOr0 BUNIAAKY ABOX MHOXXHUKIB Y 3HAMEHHUKY.
3acTOCYyEMO TOTOXHICTb

1 1
5= “parasor
— = | dx = |dxdyd(x+y—1)—. (6.39)
AB [xA+ (@1 -x)B]" [xA +yB]®
OfvH 3 NpuKIaZiB Il BAKOPUCTAHHS:
1
1 1
5 =J-dxdy8(x+y—1) 5 =
(» — k) (k" —m?) . [x(k —p) + y(k* —m?)]
1
1

=dedy8(x+y—1)

0

[k? = 2xk - p + xp? — ym?]*
MigcraBupmu £ = k — xp, MM I06AYMMO, 1110 3HAMEHHUK 3a/1€XKUTh JIUIIe Bif £2.
Tenep inTerpysartu no d*k nabararo npocriue, 60 d*k = d*¢, a niginterpan-
HUM BUpa3 chepuyHO-CUMeTPUUYHUH 3a £. 3MiHHI X Ta Y, IKi 6yJI0 BHPOBa/KEHO,
11106 3pO6UTH MOXKJIMBOIO TaKy TpaHcdopMallilo, HA3UBAKTHCSA PeliHMaAHO8UMU
napamempamu.

Haw inTerpan (6.38) Ma€ 3HaMeHHUK yKe 3 TPbOMa MHOXXHUKaMHU, TOXK MU
noTpebyeMo Jielno iHoi ToToxHocTi. [IpoagudepenuiroBaBiiu (6.39) o B, jer-
KO JI0BECTH, 1110

1
1 f ny" !
—— = | dxdyd(x+y—1) —————. (6.40)
AB™ . [xA + yB]n+1
[IpoTte nporo e 3amasno. Ham notpidbHa ¢popmysia BUrIAay
(n—1)!
—1) .
[x141 + %245 + -+ + X An]

1
1
_ f dxy + dxy 8( 3 %, (6.41)
4,
0

AlA, -
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JloBeieHHs NpOBOAUTHLCA 3a iHAYyKLi€ew. [I[py n = 2 neun Bupa3 36iraeTbca 3
(6.39), a Kpok iHAYKIIii € HECKJIQJHUM i MOJIATA€E B 3aCTOCYBaHHI BUpa3y (6.40).

[TocnigoBHO npoaudepeHiiitoBaBiu (6.41), MoXKeMO BUBECTH Il 3araJibHi-
11y TOTOXHICTh:

1

mi m e mn =
A7 A; Ay

f dxy -+ dxy 8( N x; — 1) %

0 (6.42)
[Mx™ T@my+ - +my)

[2 XiAi]zmi 1-‘(’rnl) F(mn) .

s popMysa cipaBe/iivBa HaBiTh TOAL, KOJIU M; He € UiauMu. Y § 10.5 Mu maTu-
MeMO CIPaBY SIKpPa3 i3 TAKUM BUMAKOM.

0O6uyuciaenns popm-dpakropin

3actocyemo dopmyay (6.41) 1o 3HameHHHKa B (6.38):

1

1 2
R 5 - 5 - =dedyd28(x+y+z—1) —
((k—p) +ie)(k'* —m? + ie)(k® —m? + ig) D
0

A€ B 3BHAMEHHHUKY HpaBOT YaCTHUHHU

D =x(k*-=m?®) +yk'?> —m?) +z(k—p)*+ (x + y + 2)ic = (6.43)
= k*+ 2k - (yq — zp) + yq* + zp* — (x — y)m? + i«. '

Y npyromy ps/iKy 6ysi0 BAKOpUCTaHO piBHOCTix + Yy + 2z = 1ik' = k + q. Tenep
nepeBU3HAYMMO 3MiHHY k, 11106 OTpMMaTH NOBHUU KBaJpaT:

£ =k+yq—zp.
[licsis1 cyTo anre6paiyHUX BUKIAL0K 3HAX0AUMO, 1110 D CIIPOIY€EThCS A0
D=+¢*—A+is,
ae
A= —xyq* + (1 - z)*m?> (6.44)

Ockisibku B Tipotieci po3cissHust g2 < 0, To A mo3uTHBHA. BBaxkaTumeMo ii ede-
KTUBHUM MaCOBHM 4YJIEHOM.

Jani Bupasumo yncesbHUK Y (6.38) yepes £. l|g 3a1a4a 3HAUHO CIIPOCTUTHCS,
KOJIM B3MITH |0 yBary, 1o D 3aiexuTh Jiulle Bij abCOJIOTHOrO 3Ha4eHH4 £,

a*e

i =0 (6.45)
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4 \Y 4 1 v p2
¢ ¢ _ a*¢ 9™t
2m* D3 2m* D3

[lepiua piBHICTh BUIJIUBAE 3 CUMETPIl. /il oBeleHH APYToi BiI3HAYUMO, L0
iHTerpas1 06epTaeThbCA HA HYJIb, IKLO |L # V. TAKUM YHMHOM, JIOpeHI|-iHBapiaH-
THiCTb BUMarae, o6 pe3yabTaT 6yB nponopuiiinum g*’. /lns nepeBipku mnpa-
BUJIbHOCTI KoedilieHTa Tpe6a NpocTo 3ropHyTH 06MABI YacTHHM 3 g,,,,. CKOpH-
CTaBLUIUCh UMHU TOTOKHOCTSIMHY, JIETKO 3HAUTH, L0

(6.46)

Ynce/NbHUK = a(p’)[ky“k' + m*y* — 2m(k + k’)“]u(p) -
> ()| = 3V + (v + 2PV (L = ) + zp) +
+ m*y* = 2m((1 — 2y)q" + Zzp“)]u(p).

(Maiite Ha yBasi, wo k' = k + q).

Anre6pa /lipaka 1,03B0JISIE NIPUBECTHU 1jed BUpa3 A0 KOMIAKTHIIIOrO BUIJIA-
Jly — Ha 1110 3HaZ00UThCSA Jlechb CTOpiHKa abo ABi BUKIaJoK. CaMe 3apa3 KoOM-
NEeHCYITbCS 3yCUJLIS, WO IX MU BUTPATUJIU Ha 00YUC/IeHHSl HalpPUKiHLI nomne-
peaHboro naparpady, ocKiJibkM HaM BiJJoMO 3arajibHUM BUIJIsL/, O4iKyBaHOI BiJI-
noBizi. HacamkiHenp yci oTpuMaHi fojjaHku Tpeba 3i6paTH y ABi rpynu, npo-
nopuinHi BignosigHo go y* i ioc"q,. HakopoTmui mIAX NoJArae B ToMy, 100
HaMaraTUcs OTPUMaTH BUpa3 TUILY

y”-A+(p'”+p“)-B+q“-C,

Tak caMo, [K i B (6.31). ;i1 npyuBeJieHHs [0 TAKOr0 BUIJISIAY MOTPiOHI Jiulle
CHiBBiJjHOIIEHHA aHTUKOMYyTauii (HanpukJaaz, py" = 2p* — y"p) i piBHannsa [li-
paka pu(p) = mu(p) Ta u(p')p = u(p')m; 3 UbOro, MiXK iIHIIKUM, BUIIUBAE, 1[0
u(p")qu(p) = 0. Takox BapTO naM’ATaTH, 10 X + ¥ + z = 1. A KoM PO3BiETbCA
JIUM, OTPUMAEMO

YuceNbHUK = ﬁ(p')[y“ (= %{’2 +(1 -1 -g*+ A -2z-2z)m*) +
+ @™+ - mz(z— 1) +¢* - m(z - 2)(x — ) |[up).

BianoBigHo 0 ToToKHOCTI Bapja, koedinieHT npu g" Mae opiBHIOBAaTH Hy-
JII0 — MM 06roBoproBaJiu 1ie nicias (6.31). [ cnpaB/ji, 3SHaMeHHHUK, 1K BUIJIMBAE
3 (6.44), cMiMeTpUYHUH 10 3aMiHU X < Y. MHOXKHUK NpU q" B YUCEJIbHUKY He-
NapHUM BiJHOCHO X <> Y, a OTXe, 00epTAETHCS HA HYJIb Mic/s IHTEIPyBaHHS MO
xTay.

JloTprMy104KCh CXeMHU NoNepeAHbOro naparpady, 3acCTOCyEMO TOTOKHICTb
Toppona (6.32) i3anuwmemo (p'+p) uepes ic*Vq,,. Hai noBHMit BUpa3 /151 BHECKY
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O(a) B eJIeKTPOHHY BepIIUHY HAaOyBa€ BUTJISAAY

8T (p',p) = 2ie? f dedydz&(x+y+z—1)—x

(2m

xa(p’)[ bo(— l{’Z + (1 -1 -yg*+ 1 —4z-2z)m?) +

L q“ = (2m?2(1 - 2))Ju),

(6.47)

Je, 4K i paHiute,
D=+¢*—-A+is, A=—-xyq*+(1-2)>*m?>0.

Tenep posnogin Ha opM-daKTOPHU € 0O4EBUJHUM.

HalimapyzHia yacTuHa po60TH JIMIIKJIACA 033y, i FOJIOBHOO HALIOHK) 3a-
Jlauelo CTa€ 064YUCAeHHS iHTerpasa no imnysnbcax. HeBaxko B34TH iHTerpas no
£°, po3r/1aa0uu HOro IK KOHTYPHHUIA, @ IOTIM 06YUC/IUTH iHTEerpasl o NpocTo-
pPOBUX KOMIIOHEHTaX y cGepUYHUX KOOpAHUHATaX. MU BAaMocst HaBiTh 0 MPO-
CcTiloro npuioMmy, 110 Ma€ Ha3BY 8ik08020 nosopomy. 3a3Ha4YUMO, 110 AKOU He
3HAaKU MiHyC y MeTpuLi MiHKOBCBKOI'0, MU MOIJIU 6 060YUCIUTH BeCb YOTUPUBHU-
MipHUM iHTerpan y cpepuyHux KoopAruHaTax. J[jis1 ycyHeHHs1 He3py4YHUX MiHYCIB
PO3I/IAHEMO KOHTYp iHTerpyBaHHa B muomuHi £° (Puc. 6.1). PosTamysaHHs 11o-

—\/ZJrie \
\ VA —ic

Puc. 6.1. KouTyp inTerpyBanns no £° Mo>xHa I0BepHYTH HaCTYTHUM YHHOM.

JIIOCIB i TOM aKT, 1o miiiHTerpasibHUNA BUPaA3 JOCUTb IIBHU/IKO parHe 0 HyJs
npy BeNUKUX |£°], Jal0Th MOXK/IMBICTL TOBEPHYTH KOHTYP Ha 900 MPOTH 4acoBoi
CTpisiku. BusHauuMo Tenep egk1i0dig 4-iMmnysbce £g:

=it =4 (6.48)
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lloBepHyTHI1 KOHTYpP MOYMHAEThCA Bif £% = —oo i 3aKiH4yeTbcs Ha £y =
c0. 3aMiHMBIIY 3MiHHI iHTerpyBaHHSA HA £¢, MU MOXXEMO OOYUCIUTH iHTErpasn y
YOTUPUBUMIPHUX CPEePUIHUX KOOPJAUHATAX.

g mo4yaTky,

d*e 1 i 1 4 1
@em* [ -A"  (-D" 2 jd e [¢; +a]"

_i-nn [ o
-y f a0, j e o

JlapMa 1110 Hapasi Hac 1[iKaBUTb JiMlile OKpeMUU BUlIaZloK m = 3, 6y/ie KOpu-
CHO 3HATH 3arajJibHUM pe3ysbTaT — BiH 3HaJ0OUTHCS MPU O0OYHMCJAEHH] iHIINUX
NeTJbOBHUX IONPaBOK. MHOXHUK [ d(l, € ,IUIOLIEI0" TOBEPXHI YOTHPHUBUMIp-
HOI cpepu OJMHUYHOTO pagiycy, ka gopiBHioe 212, (Ii MoxHa oTpuMaTH, ne-
peioBIU 10 chepUIHUX KOOPAUHAT:

x = (rsinwsin B cos ¢, r sin w sin B sin ¢, r sin w cos O, r cos w).

Mipa iHTerpyBaHHs npu 1poMy € d*x = 3 sin? w sin 0 d$ d6 dw dr.) Pewrra in-
Terpajia 6epeThbcs HaMpsMy, i OCTATOYHO MU MAEMO

d*e 1 i-n™ 1 1 (6.49)
Qen)* [#2 A" @4m)? (m—1)(m-—2) A™ 2 '
TakyuM caMUM YW HOM,
da*¢ 12 (=)™t 2
G (6.50)

en* [ -A"  (“4n)? (m—-1)@m-2)(m-3) A"

3ayBaKMMOo, 1110 APyTUH pe3yJbTaT ClipaBeAJUBUM ulle Aasam > 3. [lpuym = 3
BiKiB MOBOPOT pOOUTU He MOXKHA, i TAKUHM iHTerpas y KO)KHOMY pasi po3birae-
Thcs. [IpoTe came 1iel BUnaaokK notpideH aus (6.47).

Jani Mu 3po3yMieMo $isUUHUHN ceHC 1ii€l po36IXKHOCTI, @ MOKU BJaMoCs [0
IITYyYHOrO NPUKHOMY, 1106 3pOo6UTH iHTerpas 36iKHUM. /I bOr0 HOBEPHEMO-
s 710 TOYaTKOBOTO BUpa3y AJis peiltHMaHOBOro iHTerpasa (6.38) i sminumo ¢o-
TOHHUH NponaraTop:

1 _ 1 B 1
(k —p)?* + i (k—p)?+ie (k—p)*—A+ie

(6.51)

ne A — nesika fy»ke BeJIMKa Maca. Taka 3aMiHa He BIJIMBAE Ha iHTerpaJ y Jia-
na3oHi Manux k (6o A € Besnkow), npote npu k = A BiH M'K0 06pi3yeThbcs.
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BBaxkxaTuMeMo Apyrui 4ieH y (6.51) nponaraTopom iKorocb GpikKTHBHOI'O BaXK-
kKoro ¢poTOHa, YUK BHECOK BiJlHIMA€eThCs BiJj BHECKY 3BHYaiiHOTrO ¢poToHa. [is
I[bOT0 NMpoMNaraTopa YuceJbHUK 3a/UIIAETHCI HE3MiHHUM, @ B 3HAMEHHUKY

A — Ay = —xyq* + (1 — 2)*m? + zA% (6.52)

Tenep inTerpan (6.50) 36iraeTbcs, i Mu MoxkeMo, 3/1iHCHUBIIU BiKiB IOBOPOT, 00-
YHCJIUTH UOTO:

d‘*{’( e B £ ) f < 2z >_
o \[¢>-aP  [£2 -0 (41'[) €2+A] RTZEYNE

log (AA") (6.53)

(4)

J10 36i>HMX YIeHiB y (6.47) Lie A04AI0THCA HONPaBKU MOPAAKY A~ %, IpOTe HUMH
MU TYT 3HEXTYBaJIH.

Crnoci6 perynsipusaiii peiiHMaHOBUX iHTerpasiiB uepe3 BNpoBaaAKeHHs Pi-
KTUBHUX Ba)XXKHWX 4YaCTOK Ma€ Has3BYy perysaspusayii Ilayai-Bianapca. Ciipg,
O/lHaK, MaTH Ha yBas3i, 1110 nosiBa GiKTUBHOTO GOTOHA He MAE K0AHOT0 Pi3UYHO-
rO CeHCY, i Takui croci6 peryiaspusanii € Juile oJHUM 3 6araTboX MOXJIHUBHUX.
(Mu po3sriissHeMoO IX y HAaCTYIHOMY po3/iJi, 30kpeMa B 3ajaui 7.2.) A Moku mno-
KJIaJIa€MO CIIOZ[iBaHHA Ha Te, 10 B 0CTaTOYHOMY BUpasi A1 CIIOCTePEeXHUX I1e-
pepi3iB HOBUM napameTp A 6y/e BiiCyTHiH.

CkopuctaBuurch popmynamiu (6.49) ta (6.53) aJig 064McIeHHs iHTErpaliB y
(6.47), Mu ofiep>KMMO IBHUM, X04 i J0BOJIi FPOMi3IKKM, BUPa3 AJis OJHONET/IbO-
BOI MONPABKHM /10 BepIIMHHOI QyHKILi:

1
i>m =%fdxdydz§(x+y+z—1)x
0

xa(p')< [1og L =00 -»q* Z (1 -4z + z°)m? ] L (654)
iczu::v Zmzz(Al —Zz) )u(p).

+

Bupasu y kBaZ[paTHUX [Iy’KKaX i € 6akaHUMU NonpaBKaMu /10 GopM-PpaKTOpiB.
[lepen aHasnizoM LbOrO pe3y/bTaTy MiICYMYEMO BUKOPHUCTaHI 0GYUCIIIO-
BaJIbHi MeTO M. BOHU TUNOBI JJ151 6y/1b-IKUX PO3PAXYHKIB 3 NMETASIMU.

1. 3o6paxkaemo fiarpamy (AiarpamMu) i BUKUCYyEMO BUpa3 [AJs1 aMILIITyAU.

2. BopoBamxyeMo deliHMaHOBI mapaMeTpHu i 06’€AHYyEMO JOOYTKHA 3HAMEH-
HUKIB IponaraTopis.
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3. llpuBoMMO 3HAaMEHHUK [0 MOBHOI'O KBaJpaTy, NepeBU3HAUMUBILU Ile-
TJIbOBY iMNYJIbCHY 3MiHHY k — 4.

4. TlepenucyeMo yncesbHUK 4Yepe3 ¢. Biikugaemo HenapHi cTeneHi £, a fj0
NapHUX 3aCTOCOBYEMO TOTOXXHOCTI Ha 3pa30k (6.46).

5. BaaBumuch 10 BIKOBOro MoBOPOTY, 06GYMCIOEMO iHTErpaJs no iMmnysabcy B
YOTUPUBUMIPHUX CHEPUUYHUX KOOPJUHATAX.

Ha ocTraHHbOMY eTamni iHTerpaJj mo iMmysbcax 4acTO BUSIBJSIETbCSA PO306i-
KHUM. Y LIbOMY pasi cJIiJi JOBU3HAYUTH (200 peryssapusysamu) iHTerpal, 3acTo-
cyBaBiuu MeToz [laysi-Binsiapca abo skuiich iHIIUH.

Temnep cnpo6yemo po3ibpaTucs 3 ynbTpadioseToBor po3biXKHICTIO, TapaMe-
TPU30BaHOIO B (6.54). 3a3Ha4MMO, 1110 pO306i>)KHICTh BUHUKAE B HAallHENIPUEMHI-
oMy Micui. Bona po6uth BHECOK y dopM-dakTop F; ipu g% = 0, Tofi AK y 110-
nepejHbOMY naparpadi Mu BcTaHoBuUIIY, 1o F1(0) Mae JOpiBHIOBAaTH OAUHUL.
[IpoTe 1ie EAUHUN HACAIJOK HassBHOCTI po36ixkHocTi. ToMmy npuiiMeMo mpocTy,
aJjie LIJIKOM JIOpeyYHy /il boTo BUMaAKy (To6To, ad hoc) npoueaypy ¢ikcanii
p036iXKHOTO0 YsieHa, BiAHABIIM Bif (6.54) BeslMuMHY, NPONOPIiHHY BEPLIMHHIN
byHKLii HysbOBOro nopsafky u(p’) y* u(p) TakuM 4YMHOM, 11106 BUKOHYBaJaCch
yMmoBa F1(0) = 1. [Hakie KaXXy4yH, IpoBeJieMO 3aMiHY

8F1(q*) - 8F1(q*) — 8F+(0) (6.55)

(me 8F, — mompaBka nepuioro nopsaky Ao F,). /ljisg o6rpyHTyBaHHS TaKoi Mpo-
HeAypH Tpeba TPoXH MiJNpaBUTH BUpas Juisa S-maTtpulli (4.103). Kinbkoma ciio-
BaMH, 3aMiHa (6.55) koMneHcye BUIyYeHHS JiarpaM 3 nonpaBKaMU A0 30BHi-
IIHIX JIiHIN y (6.1). Yci nosicHeHHS 3 NpUBOAY MPaBOMIPHOCTI TaKol 3aMiHU BiJI-
KJazgeMo g0 §7.2.

Kpim yabrpadiosnerosoi, F;(g?) MicTUTBD Iiie ¥ iHppauepBOHY pO36IKHICTD,
1110 BUHUKAE BiJ JojaHka 3 A™L. Tak, npu q* = 0 ek JOAaHOK €

]dxdydzﬁ(x+y+z_1)1—42+z J‘ ]d —2+(1-2B-2) _

A(q? = 0) m2(1 — z)*

-2
= j dz ———— + cKiHYeHHI 4JIeHH.
m?(1 — 2)

[[to XxBOpo6y TeX MOXKHA BUJIIKYBATH, MPUITYCTUBILH, 1110 GOTOH MA€E HEBEJUKY
Macy W. Tozii B 3HaMeHHUKY GpoToHHOro nponaratopa (k — p)? nepeTBOpPUTLCA
Ha (k — p)* — %, a B A 3’9BUThCA J0AATKOBUI ujieH zpu?. Y HaCTYMHUX JBOX Ma-
parpadax MU JileTaJIbHO PO3I/IsHEMO iHPpauyepBOHY PO306iKHICTh.
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3 ypaxyBaHHSIM 060X LIUX NPOMIXKHUX 3MiH, BUpa3H s popM-PaKkTopiB cTa-
I0Th

m?(1 — z)*

m2(1 —z)* — q%xy

1
Fi(¢®) =1+ %fdxdysz(x+y+z— 1)[10g
0

m*(1-4z+2)+q*(1—-x)(1—-y) m*(1—4z+2%)
m2(1 —2)* — q2xy + 2z m2(1—z)* + p2z

+ 0(a?);
(6.56)

2m?z(1 — 2)
2(1-2)* — q*xy

F,(q*) = %fdx dydz8(x+y+z— 1)[m l+0(a2). (6.57)

3a3Ha4yMMo, 110 KO/{HA 3 po36iKHOCTeM He BIIMBAE Ha F,(g?). ToMy MU Mo-
»KeEMO OJJHO3HA4YHO 0OYUCIUTH

2m?z(1—-2)| _

1
o
Fy(q? = 0) = — | dxdydz$s -D|S =
(47 = 0) = o [ drdydzS(r+y+2 )[mz(l_z)z

0
. iy (6.58)
o z o
=—1d d = —,
T[_[ z f Y 1—2z 2T
0 0
Takum yrHOM, monpaBka /0 g-pakTopa eJleKTPOHA €
_g-—2 o
== =—=0,0011614. 6.59
ae 5 . (6.59)

Bnepiie et pesysbraTt orpumas llBiHrep y 1948 p.2° Jlocnigu narwTh a. =
0,0011597. Ak 6auumo, 3HalAeHe HaMU 3HauYeHHs F,(0) € npaBUJIbHUM 3 TO-
YHICTIO 10 BUILUX NOPALKIB Q.

IlepeBipka ToyHocTi KE/]

[licns ycnimnHux nepeao6adedb KEJ| a1s1 a. B mopsiAKy o HACTYIHI MOKOJIiHHS
$i3UKiB NiIBUIIUIIN TOYHICTb SIK TEOPETUYHUX PO3PAXyHKIB, TaK i J0CIi1iB A/
BU3HAuYeHHH I1jiel BeiMunHU. Ha MOMEHT HanucaHHS Li€l KHUTH KoedillieHTH B
TeopeTuuHii ¢opmyai KEJ| ansa a. 6yau BigoMmi ax 10 uiaeHiB nopsaaky o*. 06-
4MCJIeHHs MONPABOK 3 a i BUlle MOTpe6ye po3po6IeHOi CXeMH MOBOIKEHHH 3
yAbTpadioseTOBUMU PO36IXKHOCTSIMHU.

291, Schwinger, Phys. Rev. 73, 416L (1948).
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Pe3ynbpTaTu TeopeTHYHUX 00YMCJEHDb 1Opa3y MiATBepPAXKyBaJuCA Jefasi
TOYHIIIMMHU AocaifaMu. OcTaHHI BUMIpIOBAaHHA d. COHUPAJMCA Ha METOLMKY,
po3pobuieny Ban /JlaiikoMm, LlIBinGeprom i [leMenToM, sika MoJisira€ B TOMY, 1110
OZJMHOYHI eJIEKTPOHU 3aXOIJII0I0ThCA CUCTEMOIO eJIEKTPO- i MarHiTOCTaTUYHUX
M0JIiB, Mic/151 Yoro 30y/PKYI0ThCs B CliHOBOMY pe3oHaHci.?? Hapa3si ekcnepuMeH-
TaJIbHe i TeOpeTUYHe 3HAYEeHHS A Y3TOKYIOThCS 3 TOYHICTIO [0 BOCbMOTO 3Ha-
Ky IiCJ KOMH.

Po3paxyHok nonpaBok Bulux nopakis KE/ 6ysio npoBeseHo A/ 6aratbox
IHIIUX BeJIMYMH. /0o HUX HasiexKaTb eHepril nepexo/jiB Mi>K piBHIMU aTOMY BO-
JIHIO Ta BOJAHEMNO/iOHUX aTOMIB, aHOMaJIbHUM MarHiTHUM MOMEHT MIOOHQ, IIU-
PUHA po3MaJAy CUHIVIETHOIO i TPUIJIETHOTO NTO3UTPOHIt0. BibLIicTh 11MX Beu-
YHH 3 BUCOKOIO TOYHICTIO BUMIPIOBAJIUCA B eKcliepuMeHTax. CyKynHiCTb [IMX 110-
PIBHAHDb NIpeACTaBJSAE AeTalbHy lepeBipKy cnpaBeaanBocTi KE/l y pi3HuUxX cu-
Tyauisix. PesysbTaTu HaBeaeHo B Tabsuui 6.1.

[Ipu peMoHcTpanii pesysabTaTiB ToOUHOro nopiBHAHHA Teopii KE/ 3 mocii-
JlaM{d BHHUKAa€ NEeBHUM HIOAHC, N103asfK TeOpeTUYHI pO3paXyHKH BHMararwTb
SKHAaWTOYHILIOr0 3HAa4eHHd o, IKe MOXXHa OTPUMATH JiMlIe 3 iHIIOro TOYHO-
ro ekcnepuMeHTy. ToMy MU HaBOAMMO KOXXHe MOPIBHAHHA Teopil 3 JocaifoM,
sIK He3aJiexHe BU3HaYeHHs a. KoxkHil BeJIMYMHI o IPUNIUCYETHCSA MOXUOKA, KA
CKJIaZIa€EThCA 3 OYiKyBaHMX HETOYHOCTEH, 110 BUIJIMBAIOTH 3 TEOpil Ta eKcre-
pumenTy. KE/| miaTBepAXXyeThCa A0 Tiel MipH, 10 K01 30iraloTbCcs 3Ha4€HHH Q,
OTPUMaHI Pi3HUMU LJISAXaAMU.

[lepuii f1eB’saTh pAAkiB y Tabsuuni 6.1 rpyHTy0TbhCA Ha po3paxyHkax KE/| B
aToOMHiM ¢i3uli. 30KkpeMa, HaITOHKe Po3lIeNJeHHs PiBHIB y aTOMi BOJIHIO, BU-
MipsiHe 3 BUKOPHMCTAaHHAM BOJHEBOI'0 Ma3epa PeM3i, € HAWTOYHIlle BUMIPAHOIO
BeJIMUMHOW Y ¢i3uli. Ha asib, BJIMB BHYTPILUIHbOI CTPYKTYPH NPOTOHA NPU-
3BOJMTD 10 HEBU3HAYEHOCTEH, 110 33Jjal0Th MeXY TOYHOCTI, 3 AKOI0 Ll BEJIUYHU-
Ha MoxKe 6yTH po3paxoBaHa B Teopii. Take X yCk/1a/lHEHHS] BAHUKAE MTPU PO3IJIs-
Jli IeMOOBOTO 3CYBYy — PO3LI€eNJIeHHs Mixk j = 1/2 25- i 2P-piBHsAMM BoAH10. To-
My HauTo4Hiwi gocaigu 3 nepesipku KE/l npoBoAATbCA HaJ, CUCTEMAMU, 1O He
MICTATH CUJIBHOB3aEMO/II0YMNX YACTOK, HAIPUKJIAJl, EKCIIePUMEHTH 3 BU3HaYe-
HHA (g — 2)-dakTopa eJIeKTPOHA i HA/ITOHKOT'0 PO3I1eNJIeHHS B aTOMi MIOOHII0
e”pu*. OcranHim y rpymi gocuifiB 3 nepeBipku KE/l npu HU3bKUX eHeprisix Ha-
BeJleHO HOBUU MeTOo/, BU3HAUYEHHS Q, 1110 MOJIATA€ B IepeTBOPEHHI Ay»Ke TOYHO
BUMIipsIHOT KOMIITOHOBOI JJOBXXKUHU XBUJIi HEUTPOHA |0 3HAYE€HHS €JIeKTPOHHOI
MacCH 3 BUKOPUCTAHHAM Jiy>Ke TOYHO BiZJOMOTO0 CliBBiAHOIIEeHHA Mac. Lle MoxHa
NOEJHATH 3 BiIOMHUM 3HAaYeHHSM NocTilHOi Pifbepra Ta Tounoi popmynu KE/I,
106 3HAUTH . EJUHE CYTTEBE BiXUJIeHHS BiJ] pellTH 3Ha4eHb MOCTiHHOI TOH-
KOI CTPYKTYPH OZlep>KaHo B J0CJIi/jaX 3 BUMipIOBaHHA IIMPUHHU pO3MaZy TPUILIe-

30R. Van Dyck, Jr., P. Schwinberg, H. Dehmelt, Phys. Rev. Lett. 59, 26 (1987).
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Ta6.. 6.1. 3HayeHHda A~ !, ojepxaHi B pe3y/IbTaTi TOYHUX eKCIIepUMEeHTIB.

KE/] npu HU3bKUX eHeprisx:

3HaueHHs (g — 2) /14 eJIEKTPOHA
3HaveHHd (g — 2) AJ15 MIOOHA

HaaToHke posniensieHHs B MIOOHIT
Jlem6iB 3cyB

HaaToHke po3iieneHHs Y BOJHI

235, — 3S,-posuiensieHHs B IO3UTPOHii
IllupuHa posnagy 1So-cTaHy MO3UTPOHIIO
[lupuna posnagy 3S;-cTaHy IO3UTPOHIIO
KoMnToHOBa 0BXXMHA XBUJIi HEUTpOHA

KE/] npu gucokux eHeprisx:
o(ete” - efe"ete)
o(ete” »efeutu?)

®izuka meepdozo mina:
KeanToBuii epekT Xos1a
EdexT [xo3edpcona

137,035 992 35 (73)
137,0355 (1 1)
137,035 994 (18)
137,036 8 (7)
137,036 0 (3)
137,034 (16)
137,00 (6)

136,971 (6)
137,036 010 1 (5 4)

136,5 (2,7)
139,9 (1,2)

137,035 9979 (3 2)
137,0359770 (7 7)

KoxHe 3HayeHHs O oJjep>KaHO NpPH NMOPiBHAHHI BiANOBIAHOr0 eKCNePUMEHTY 3 TeOPeTUYHUM
BUPa30M, 1110 MiCTUTB O K apaMeTp. Yncia B Ay>KKax — CTaHAAPTHI IOMUJIKH B OCTaHHIX -
¢dpax, npruyoMy BpaxoBaHi i ekcriepuMeHT, i Teopis. s TaGuIs rpyHTYETHCS Ha pe3y/IbTaTax,
npegcrasiaeHux y kHusi T. Kinowitu (1990), sika MicTUTh 1Ty HU3KY SICHO HAallMCaHUX OIJIsA-
JiB 1o Teopii Ta TexHoJ0Tii ekciepumeHTy 3 nepeBipku KE/. [I'aTh HAWTOYHIIINX 3HAYEHb Ha-
BefeHi T. Kinowitoro B kHU3i History of Original Ideas and Basic Discoveries in Particle Physics,
H. Newman and T. Ypsilantis, eds. (Plenum Press, New York, 1995). ¥V niéi kHu3i, kpim iH1IorO,
HIeThCs PO MepCleKTUBYU MalOYTHIX TOYHUX JoCaiziB 3 mepeBipku KE/I,

THOI'O CTaHy NO3UTPOHito. [IpoTe € BCi miicTaBU BBaXKaTH, 1110 3HAYHY NIONPABKY
710 BeJINYMHH, HaBeZIeHOI B Ta6JIMIli, BHOCATD JiarpaMu NOPSAAKY o,

HacTynHi fiBa NyHKTH CTOCYIOTbCSI BU3HAYEHHS O 3 peaKIliid BUILLOTO MOPA-
Ky KE/l Ha eJleKTpOHHUX KoJlail/lepax BUCOKUX eHeprii. 3a3BrU4au Iii eKcrepu-
MEHTHU 3a0€e31eUy0Th TOUHICTh JIMIIe HA PiBHI BiICOTKIB, ajie Ha/[l3BUYalHO Ba-
YKJIMBO, 1110 iXHI pe3yJIbTaTH Y3TO/KYITbhCA 3 TOYHUMHU JaHUMH, OZlep>KaHUMU
IIpU HU3bKUX eHeprifax.

Hape1Ti, y ABOX OoCcTaHHIX psi/ikax TabJ/MLi HaBeJeHO pe3y/bTaTU He3aJle-
’KHHMX BUMIpPIOBaHb O B I0C/IiJjaX, TOB'I3aHUX 3 €K30TUYHUMU KBAaHTOBHUMH iH-
TepbepeHLiHHUMHU SABUILIAMH Y Qi3 KOHAEHCOBAHUX CTaHIB. ¥ LIUX A0C/i1aX
BUMIPIOIOThCS, BiZIIOBIHO, CTAaHAAPTHUM OIIp i cTaHJZAapTHA YacToTa. BBaxa-
€TbCH, 0 PU LbOMY BUMIPIOETHCA 3apsA/], eJIeKTPOHA, IPUYOMY MONPABKHU 0
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M0ro 3Ha4yeHHA B MAaKpPOCKOMIYHUX CUCTEMAX € CTPOT0 HYJIbOBUMU.3!

3arasibHa KapTHMHa HanpaB/Jy Bpaxae yaBy. Ha nificraBi gokasiB, 3i6paHux y
TabauLi, MU MOxKeMo cTBepAKyBaTH, 10 KE/| € HaliTouHile mepeBipeHOI0 — a
TOMY HaWyCHilIHIIOW — 3 ycix Gi3SMYHUX TEOPiK.

§6.4. EnekTpoHHa BepuiMHHA PyHKLisA: iHppayepBOHa po3-
OLXKHICTb

Tenep posbepemocss 3 iHGpauepBOHOW PO3ODKHICTIO y HALIOMYy pe3yJbTaTi
(6.56) nist F1(q?). Y HabsmxenHi g — 0 TOJIOBHUI BHECOK B iHTErpaJ €

1
Fi(qg®) = %jdxdydzfi(x+y+z— 1) x
> (6.60)

y m*(1—4z+2z)+q*(1—-x)1—y) m*(1—4z+ 2%

[ m2(1—z)* — q%xy + p’z m2(1—z)* + p2z|

Jl/1s1 po3yMiHHA 11bOTO BUPa3y MOT0 CJ1iJi TPOXU COPOCTUTH, BUOKPEMUBIIY U 06-
YHCJAUBIIM po36iXKHY 4acTUHY iHTerpasa. Hajani B uboMy naparpadi 3anuia-
THMEMO TiJIbKU YJIEHH, 1110 P036iraroThcs npu p — 0.

Hacamnepe 3ayBa>kuMo, 1110 po36i>kHICTb BUHUKAE B TiHl AiJIHLI TPOCTOPY
deliHMaHOBHUX MapaMeTpiB, e z = 1 (a oxke, = y = 0). 3a UX yMOB MOKHa
BBaXKaTH, L0 B UMcCeJbHUKaAx Bupasy (6.60) z = 1ix = y = 0. Kpim Toro, Mo-
»KHa BCTAHOBUTH z = 1 B uieHax 3 y? y 3HaMeHHHKaX. CKOPUCTABIIUCH JleJIbTa-
byHKIi€l0 A1 064YMC/IeHHd iHTerpasia 1o X, MAaEMO

1 1-z
a —2m? + q? —2m?
Fl(q2)=2—fdz f dy 2(1 — /)2 — g2 — g 2 m2(1 — 2)? 2|
1r0 J m2(1—2)—q?2y(1—z—y)+pu 1-2"+u

(HwxHs Mexa B iHTerpavi no z HeictotHa.) [licsis 3amMinM 3MiHHHX

y=0-28 w=(1-2),

BUpa3 HabyBa€ BUIIALY

1 1
1 —2m? + ¢ —2m?
ifdz—fdwz m’+q L
o) 2 [m2 — ZE(L —DWE + 12 m2w? + |2
0 0

F1(q%)

_ % Of dilmz__zzljzaq—z s log(mz _ q2§(1 —~ E)) +21log (Tz_j)l

31 JleTanbHO 1po 1L epeKTH Ta Mpo iX CTOCYHOK 0 BuMiproBaHHa o AuB. D.R. Yennie, Rev. Mod.
Phys. 59, 781 (1987).
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Y HabamkeHHI 1 — 0 MU MOXKeMO 3HEXTYBaTH 0COOJIMBOCTSIMU CTPYKTYPH YHU-
CeJIbHUKIB Mif| JorapupmMoM, OCKiIbKM BCi BEJIUYUHH, PONOPLiiHi m? a6o g2,
MalTb OJHAKOBUH MOPSAL0K. A 0OTKe, MOKEMO 3allMCaTH

g X ) —q* abom? 5
Fi(4) =1~ 5 fu(q )1og(—le )+ 0(c), (6.61)
Jie koedillieHT npu po36i>kHOMY JiorapudMi,
' 2 2/2
m-—q
fir(@®) = f dg— 1. (6.62)
T ) m -y

OCKiJIbKH g2 € BiJJEMHOI0 BEJIMYUHOIO, a MAaKCUMaJibHe 3HadeHHs &(1 — &) mopiB-
HIOE 1/4, TO mepIInH YieH y bOMY BHpa3i 6i/bIINH 32 OQUHUIIIO,  OTXKE, f1r(q%)
€ MO3UTHUBHUM.

SKUM YMHOM TaKHWM HECKIHUEHHHUH J10/JaHOK BIIJIMBA€E HA Nlepepi3 po3CisiHHSA
eJIeKTpoHa Ha noTeHiani? Ockisibku F1(g?) y MAaTpUYHOMY €JIeMEeHTi TepeMHO-
XKY€EThbC Ha Y, TO, 3po6UBLIK 3aMiHy e — e - F1(q?), MoXeMo 3HAalUTH HOBHIA

BUpas /Jis nepepisy. Jyis npouecy p — p’ ue

do do a —q? abo m?

— = (—=—=) - |1——= 1o (—)+0a2], 6.63

a0 = (aa)y [T~ 2 fu@log(——5 (o) (663)
Jie IepIIi MHOXXHUK € AudepeHiHHUM Ilepepi3oM Yy JepeBOBUIHOMY HabJ/Iu-
»KeHHIi. BijaHaunMo, 1110 nonpaska A0 nepepisy nopsaaky O(a) He Jyile HECKiH-
YeHHa, a l1ie ¥ HeraTUBHa. Lle 03Havag, 110 Halla Teopisi Ma€e cepro3Hi Herapasau.

Jl/1s1 Kpaloro po3yMiHHA NpUPOJU PO36I>KHOCTI OLiIHUMO NMOBeAIHKY Koedi-

1i€HTa NP po36ixkHOMY Jiorapudmi, fx(q?), B Mexi —q? — .Y ubomy Habu-
»KeHHI BUHUKAE 11le OJMH Jiorapudm:

g —q°/2 1 1 —q° 1 —-q° _
Ofdz—qzz(l—mmz - zofdg—qzzmz i zofdz—qzm—z)mz -

2 2

1
:fdz——qz_;l-mz =10g(;:2 )
0

1

(6.64)

BignosigHo, popm-pakTop
2 2

Fi(—q? » 00) = 1 — % log(;?z )1og(_u‘i ) +0(®). (6.65)
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3BepHITb yBary, 10 YUCEJbHUK Yy Apyromy Jiorapudmi € He m?, a —q?, OTxKe,
el BUpa3 MIiCTUTb MpaBUJIbHUM MHOXHHUK He Jdiie npu log(1/u?), a it npu
log*(—q?).

Takuii caMuii oABiMHMM JiorapudM Bif —q? BUHUKAE y BUpasi A4 nepepi-
3y M'IKOT0 TaJibMiBHOTO BUIIPOMiHIOBaHHS (6.26). Lle nmigkasye HaMm cnocib mo-
JloJIaHHS Npo6JieMU iHppaduepBOHOI po36ixkHOCTI. [lopiBHIOIOUM (6.65) 3 (6.26),
6a4uMo, 1110 IpU —q? — oo

o= (5)[1- S1og(ZL ) 10g(ZL) + 0]

do , do o« ¢ —q° 2 (6-0)
E(p opty)= (E)O[ + _log( m?2 )log( u? )+ O(« )]

KoxkeH 3 11ux nepepisiB oOKpeMo po36iraetbcs, ajie iXHsI CyMa He 3aJIeXKUTb BiJ |,
a 0TXe, € CKIHYEeHHOIO.

HacnipaBzi * Hi nepepi3 npy>kHOT0 po3CisiHHs, Hi mepepi3 M’AKOro rajbMiB-
HOT'0 BUIIPOMIHIOBAHHA He NiAJa€ThCA He3aJIeXXHOMY BUMiIpIOBAHHIO, ClIOCTepe-
»)KHOI0 BEJIMYMHOIO € JIWIlle IXHS cyMa. B Oy/b-iKOMy peasibHOMY A0CiJi AeTe-
KTOpP MOXe peeCTpyBaTH GOTOHU 3 eHePri€ro He HMXKYOI0 BiJf IEBHOI IOPOroBOi
eHepril E,. IMOBIpHICTb TOTrO, 1110 pO3CiIHHA BiZIOy/10CH, IPOTE JleTEKTOP He 3Mir
3apeecTpyBaTu QOTOH, JOPIBHIOE CyMi

do

E)BHMimeaHI/Iﬂ. (6.67)

do , do , _
q@=P)+ (P p +yk<ED)=(
P036i>kHa YacTUHA 11bOTO ,,BUMiploBaHOT0" IMdepeHIiiHOTO Nepepizy,

(;l_;—)BHMimeaHuﬁ ~ (ccil_g)o[l - %fm(qz) log (W) +

2

+ % I(v, v') log (%) + 0(0(2)]

Mu Bxke 6aumiy, wo J(v, v') = 2fz(q?) npu —q? > m?. fkmio Take cniBBigHO-
LIeHHsI CIIpaBe/l/IuBe JJIsl JOBUIbHUX ¢2, TO BUMipHOBaHHUH nepepis €

—q? abo m?

d
(_0 Ef

dQ)BHMimeaﬂnﬂ ) + O(az)]- (668)

do a
~(-=) [1-= Hlo (
(gg),[1 = = fin@@®) log
BiH BM3HAYa€ThCA eKCIEPUMEHTAJIbHUMU YMOBAMH, ajie Oiiblile He 3a/1eXKUTh
BizZi u?. IndpavepBOHi PO36IKHOCTI B mepepisi M'AKOro raJbMiBHOIO BUIIPOMI-
HIOBaHHs i B F1(q?) B3a€EMHO CKOPOYYIOThCH, i B MiZICYMKy MU MAEMO CKiHYeH-
HUU Nlepepi3 JJil BeJIMUYUHHY, 1Ky pea/lbHO MOXXHa BUMIPATH.
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M 11e MaEMO ZI0BECTH, 1[0 criBBigHOmeHHs I(v, v') = 2fz(q*) cipaBeiu-
Be JIJIS JOBiIbHUX 2. 3 (6.13) oTpuMyeEMO

[ A 2p-p 0 0m om
= | 4ﬂ(<E-p'><E-p) &-p) (E-p)2>' (069

HeBa)KK0O 0GYMC/IMTH OCTAHHI Ba YJIEHU:

dQy 1
— = =— | dcosH 5 =
4 (k-p)* 2) (P° —pcos6)® p

1 1 1
p2  m2’

Y nepiuiomy Z0JaHKY MU MOKeMO 06’€JHATU 3HaMEeHHUKH 3a 101OMOroro GpeiH-
MaHOBHUX [TapaMeTpiB i IPUBECTH iHTerpas 10 BUTJISAAY

J‘ko f fdﬂk 1 _
4 (k- P)(k p) [§k - p' + (1 -9k - p]?

1 1
fi[g,, A -9p jzmz §1-Dq

. . . !
Jle Ha OCTaHHbOMY KPOI[i MU CKOPHMCTAJIUCS CIIiBBiAHOLIEHHAM 2p-p = 2m?—q2.
3i6paB1uH Bci 4ieHH (6.69), B 0CTaATOYHOMY MiACYMKY MaEMO

1

’ 2m2_q2
I, v) = f mz2
0

—&(1 - 8)q?

dg—2 = 2f:(q%), (6.70)

110 ¥ moTpebyBasu /11 CKOPOYeHHS iHppadyepBOHUX PO3OIKHOCTEM.

Xoua (6.68) i feMOHCTpYE, 110 iHPpayepBOHi pO36IKHOCTI CKOPOUYYHOThCH,
NpPaKTHUYHOI KOPHUCTI BiJl IbOr0 BUpa3y HebaraTo, 60 Ji/is NpoBeAeHHs 10CTi/[iB
6akaHo 3HATH TOYHY 3aJIEXKHICTb Bifi ¢%, a MM il HAJIE)KHUM YMHOM He 06YHCIIH-
s, TlpoTe 3ragaiimo 3 (6.65), 1110 B HAGJMKEHHI —q? >> m? MU 3MOIJIM OTpUMa-
TH NpaBUIbLHUM KoedinienT npu log? (—q?). Y ubomy pasi (6.68) HabyBae BULJIA-

Ay

() mmponms = (i )o[1= S 108 (54 o5 quz)+0(oc2)], (6.71)

Takuil pe3ysbTaT € OJHO3HAYHUM | KOPUCHUM. 3ayBaXKMMO, 1110 NONpaBKa Io-
psaaky O(a) 3HOBY MiCTUTb CyZJaKiBCbKHU MOABIMHUHN JIorapudM.
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§ 6.5. IligpaxyHoK Ta iHTepnpeTanisa iHppayepBOHUX PO30i-
JKHOCTeH

Posrnan iHppayepBoHUX po30i>XXKHOCTEH y nonepeJHbOMY naparpadi gae focrTa-
THi METOJAM [Jil yCYHEHHSI HECKIHYeHOCTeN B 0OYMCJIEHHSX rajJibMiBHOTO BU-
NPOMiHIOBAHHS i BEpIIMHHUX MONpPaBoK. [IpoTe JUIIKIKCS He3 iICOBAaHUMU TPH
CYTTEBI MOMEHTHU:

1. Mu He NpPOAEMOHCTPYBAJIU CKOPOUYEHHS PO36i?)KHOCTEN Y BUILUX MOPSA/-
Kax.

2. TlonpaBka /10 criocTepeXHoi BeJIMYMHU nepepi3dy (6.68) i (6.71), oaepxa-
Ha micjs cKkopoyeHHs iHQpayepBOHUX PO36iKHOCTEN, Oy/le HEOOMEXKEHO
3pocTaTH (31 3HAaKOM MiHYC), K10 CTBOPIOBATH POTOHHI I€TEKTOPHU 3 Jie-
JlaJli MEHILIOX0 IOPOrOBOI0 eHepriero Ey.

3. Jloci He Bjjas0ocs BiATBOPUTH KAacUUHUM pe3yabTaT (6.19) aus KibKoCTi
$OTOHIB, BUNPOMiHEHUX NPU 3iTKHEHHI.

Jpyra Ta TpeTs npo6s1eMu NPUPOJHUM YUHOM BUPIIIYIOThCS, KOJIA BUPILIU-
TH Nepuly, 0 LbOTOo MU 3apa3s i BisbMeMOocH.

[loBHe foBe/ieHHS PaKTy CKOPOUEHHS B YCiX NOpsiAKax iHppayepBOHUX pPO3-
6i>KHOCTEeH BUXOJAUTD 32 pAaMKM HALIOro Kypcy.>? Mu » po3IisiHeEMO JiMile Hau-
CUJIbHILI, JlorapuPMidyHi 4YJeHH, 1110 BUHUKAKTb Y KOXKHOMY TMOPSJAKY Teopil
30ypeHb. 3arajioM, Taki 4ieHU MalTb NOPSAJ0K

2

llog(_uz )log(_m—qzz)r (6.72)

y n-oMy nopsifiKky Teopii 36ypeHb. OcTaTo4Hi pi3ndHi BUCHOBKHU OYJI0 BIieplie
cdopmyaboBaHo y npaui bsioxa Ta Hopzcika, dakTuyHO HanKcaHoOI 111e A0 CTBO-
peHHsI KBaHTOBOI peJIITUBICTCbKOI Teopii.3* MU » JOTpUMyBaTUMEMOCS Cy4a-

«

[HppauepBOHi po36i>KHOCTI BHHUKAIOTh Yepe3 BHECOK POTOHIB 3 , M’ IKUMH'
iMIy/1IbCaMU — 4K peaJ/IbHUX, 3 eHepriaAMu MeHIUUMHU BiJ Ey, Tak i BipTya/IbHUX,
3 k* < E? (micns 3pilficHenHsa BikoBoro nosopoty). THMOBa JiarpamMa BUIIOTO
HOPAAKY MICTUTh BEeJIMKY KiJIbKICTh peasbHUX i BipTya/lbHUX POTOHHUX JIiHIH.

32£[eTaJIbHe JoCipKeHHS boTo MUuTaHHs AuB. D. Yennie, S. Frautschi, H. Suura, Aim. Phys. 13,379
(1961).

33F. Bloch, A. Nordsieck, Pbys. Rev. 52, 54 (1937).

34S. Weinberg, Phys. Rev. 140, B516 (1965).
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[IpoTe AJ11 BUHUKHEHHS PO30i>KHOCTI HEOCTATHBO MAaTU M'AIKUK QOTOH, MOTPI-
OHa 1Ie ¥ CUHI'YJSPHICTb y MpomnaraTopi eJeKTpoHa. Po3ryisiHeMo, HallpuKIaj,
TakKi Bl giarpamu:

SKOPCTKUI .
YKOPCTKMIT

k (v smin)
k (m sxmin)

~— KOPCTKUI —~—3KOPCTKUI
q

[lepiua 3 HUX, y AKil eJIeKTPOH BUIIPOMIHIOE CIiepIly M’SIKMH, a TOTIM »opc-
TKUHA $OTOH, He Mae iHdpauepBOHOI po3bixkHOCTI, 60 iMNyJIbCU B 060X eJe-
KTPOHHHUX IIpoIaraTopax JiexkaThb JjaJieKo BiJi MacoBOI NoBepxHi. Ta AKIL0 oCcTaH-
HiM BUIIPOMIHIOETBHCS HE XKOPCTKUH, a M’ IKWH POTOH, 3HAMEHHUK Yy BiNOBiHO-
My npomnarartopi € (p’' +k)?>—m? = 2p’-k i o6epTaeThcs Ha Hy/Ib HyJIb Ipu k — 0.
OTxe, Apyra fiarpaMa cnpaB/i MiCTUTb po36ixkHicTb. ToMy MU po3riasgaTUMe-
MO TaKi Aiarpamuy, e JOBIJIbHUM XKOPCTKUM NPOLEC, AKUH, MOXJIMBO, CYIPOBO-
JPKYETbCS BUIIPOMIHIOBAHHAM KOPCTKUX 200 M'AKMX QOTOHIB, 3MiHEHO TaKUM
YUHOM, 1110 0 30BHIllIHIX eJIEKTPOHHUX JIiHIHM J0Jly4eHOo JiHil M'IKHX peaJlbHUX
Ta BipTyaJbHUX QOTOHIB:

( )
M’sIKi peasibHi , .
_ _ JOBIIbHUU
Ta BIPTYaJbHI 4 o
YKOPCTKUH mporec
dboToHU
\ J

3a MeTonoM BaliH6epra, miicyMyeMO BHECKH Bij ycix Takux fiarpaMm. €EguHe
HOBe YCKJIQJJHEHHSI 3'ABJSIETbCA TYT 4Yepe3 KOMOIHATOPUKY MiZpaxyHKY BCix
CHoco6iB, 32 AKMUMHU MOKe BUHUKHYTH GOTOH.

Hacamnepez po3ryisHeMO 30BHIIIHIO JIiHII0 BUXiIZJHOTO eJIEKTPOHaA:

[IpukpinuMo a0 Hel n GOTOHIB 3 iMnysbcaMu kq -+ k, i MOKK He meperMMaTH-
MeMOcCsl TUM, fIKi caMme 1ji $OTOHU — peaJibHi, BipTyasibHi, OE€AHAHI MiX c06010,
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YU BipTyasibHi, 3B’13aHi 3 BepIIMHAMU Ha BXiJHiM eJIeKTPOHHIH JiHii. JlipakoBa
CTPYKTYypa JiarpaMHu € TaKOMo:

(P +k +m )( iey") i(p}'+k1+k2+m)
2p' - kq 2p' - (k1 + k3) + O(k%)
(P +k ++k+m) (i
2p' - (ky + - + kp) + 0(k?)

u(p")(—iey")
(6.73)

- (—iey"n)

)KopCTKHﬁ) e

BBaxkaTHMeMo, 1[0 Bci k; Mali, i uieHaMu B 3HaMeHHUKax nopazaky O(k*) mo-
»KHa 3HeXTyBaTH. BifjkuHneMo, sik i B § 6.1, 1ogaHKK Ha 3pa30K K; B YMCeJIbHUKAX.
Takox MU MO>eMO epeMiCTUTH MHOKHUKH (' +m) BJIiBO i ckopucTaTuce pis-
HAHHAM U(p')(—p" + m) = 0:

a(p WY@ +myyt(p’ +m)- = a@") 2p Y@ +m) - =
=u(p") 2p"™" 2p™ -

Bupas (6.73) nepeTBOPIOETHCS Ha

., p’l»l1 p’lJ'z p’Un
u(p )(8 e k1><e O k2)> (e Ot ---kn)> (6.74)

[Ipof0BXy0YU PO3I/IALATH JIMIIE BUXIIHY €JIeKTPOHHY JIiHil0, MU MAaEMO Te-
nep niZicyMyBaTH 3a BCiMa epecTaHOBKaMU Kk ... k,. (ko gBa $oTOHU no€EA-
HaHi 1 yTBOPIOIOTh OJMH BipTya/ibHUM GOTOH, MOTro Oyzie BpaxoBaHO /Bivi. Ak 3
UM O6yTH, po36epeMocs 3roioM.) Y cyMi NPUCYTHI n pi3HUX Aiarpam, 1110 Bijmo-
BifaloTh n! nepecraHoBkaM n! poTOHHUX iMNysbciB. [l03HAaYKMMO TaKy nepecTa-
HOBKY 1K T, TOX Tt({) € YucaoM Mixk 1 in, B siKke [ nepexoAUThb NIPU epeCTAHOBII.
(Hanpuk.ag, KIo Tt Ho3Havae nepectaHoBky 1 = 3,2 - 1i3 - 2, ton(1) = 3,
n(2)=1in(3) =2)

0306po€Hi TaKMM BU3HAY€HHAM, MU MOXeMO MiJICyMyBaTH 3a BCiMa llepecTa-
HOBKaMH, BJIaBLIMCh 10 TOTOXHOCTI]

1 1 1
BZ; P ke P (kny + kn@) P (knay + kn@) + - + kn)
ok 1t (6.75)
11 1
p-kip-k; P'kn'

JloBeseHHs 1iel opMy/id NPOBOAUTHLCSA 3a iHAYKLi€. [Ipy n = 2 maeMo

Z 1 1 _ 1 1 + 1 1 _
— D knay P (Kny tkn) DP-kip-(kitky) p-kap-(kit+ky)
11
T prkipks
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[[lo6 34iMCHUTH KPOK iHAYKIii, 3ayBa)KUMO, 1110 OCTAHHIA MHOXHHUK 3JliBa B
(6.75) He 3MiHIOETBHCSA NPU A0BiNbHIN nepecTaHoBLi T. [lic/is ioro BUHeCeHHs
3a 3HaK CyMY, JiiBa YaCTUHA PiBHOCTI CTa€

1 z 1 1
p-Xk - D (knay + knz) D (knqy +-+ kn(n—l)).

JI4

Jlns 6y/ib-KOTr0 33/JaHOTO Tl BeJIMYMHA I1iJ| 3HAKOM CyMM He 3aJIeKUTh BiJ| Kr(1).
BcTaHoBUBIIY i = Tt(n), MOXEMO 3aIMKUCaATHU:

DI
T =1 ()
Jie ' (i) € Bci nepecTaHOBKH peliTh n — 1 yuceJt. [IpunycTumo 3a iHAYKLi€, 110

(6.75) cnpaBegsiuBe aas n — 1. Toxi

n
JI4 = 1 Z 1 1.1 1. 1_
p-Xkiup-kip-ky prkicap-kia pokn

[ToMHOXXHUBIIY i pO3/Ai/TMBIIN KOXEH YJIeH Yy CyMi Ha p - k;, MU JIETKO OTPUMAEMO
6akaHui pe3ysnbtaT(6.75).
3actocyBaBuiu (6.75) no (6.74), 3HanieMo

/

p

‘ _ p’lJ-1 p’p-z ) ( p’un >

=1u e e ol e —— 1, 6.76
. (p)< p’-k1>< P’ ke P’ kn (6.76)
1

kn

Jle cipa 30Ha BifmoBizae cymi 3a BciMa MOXKJIMBUMHU CIIOCOOAMU BCTaBJIEHHS N
$OTOHHUX JIiHIM.

TakuM caMUM YMHOM MOKEMO CIIPOCTHUTHU CYMy 3a BCiMa M'IKUMU GOTOHAMH,
NPUKPINJIEHUMHU J10 BXiZHOI JIiHii eslekTpoHa. IMnysibcu y mponaratopax € p—k;,
p—ky—kyiT n.:
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OT>xe, KOXXHOMY GOTOHY Bi/iOBijae J0JaTKOBUH 3HAK MiHyC, ToMmy (p — Zk)% —
2~ —2p- k.
Jlasni po3rasstHeMo AiiarpaMy, B IKUX N M'IKUX POTOHIB Y OyAb-IKOMY MOXKJIU-
BOMY MOPAAKY NOEAHAHI 3 JIiHiI€I0 BXiJHOT0 ab60 BUXifHOTO esieKTpoHa. CyMy Ta-
KUX JiarpaM MOKHa 3allMCcaTH, AK

p
k1 =u(p’) iM)KopCT}cuﬁ u(p)-
p'" pt p't pte
k 'e(pf.kl_p.kl)'e(pukz_p.kz)“' (6.77)
n MKOPCTRMIL ' pit
o2

M’ AKUI

Po3kpuBaw4u AyKKH y CIHIBMHOXHHWKAX, MU IIEPEKOHAEMOCH, 110 OTPUMYEMO
NpaBUJIbHUN BHECOK [IJI1 KOXKHOT'O cocoby po3mnoAiny n ¢poTOHIB Mixk ABOMa
eJIEKTPOHHUMMHU JIIHIAMHU.

Tenep MaeMo BU3HAYUTH, AKi POTOHU € pea/IbHUMH, A SIKi — BipTyaJIbHUMU.
Mu MoxxeMo ofiep>KaTH BipTya/ibHUUM QPOTOH, MOEJHABILU ABAa POTOHHI iMIY/Ib-
cu k; Ta k;, BctraHoBUBIIU k; = —k; = k, HIOMHOXMBILIX BUpa3 Ha GOTOHHUH
nponaraTop i NpoiHTerpyBaBIlIH 110 BCix k. [l KOXKHOTO BipTyaJbHOr0 GpOTOHA
MA€EMO BUpa3

i p’ 4 p’ 4
_f(Zn) k2+ls(p kK p- k) (—p’-k_—p-k)

MHOXHUK 1/2 € HEOOXi/JTHUM, OCKiJIbKM B TaKill poleaypi My /iBidi BpaxoOBYEMO
KO>KHY pelfHMaHOBY JiilarpaMy — IepecTaHOBKa k; i k; lae ofjHy U Ty camy Aia-
rpamy. lleit BuUpa3 MoXKHa 06YHUCJAUTH 3a JJONOMOI0K0 KOHTYPHOIO iHTerpyBaH-
H#, IPOTe iCHYE NPOCTIMH c1oCi6. 3a3HAaYMMO, 1110 B paMKax Halllol HabJIM»XKeHOl
CXeMHU KOXKHil OHONET/IbOBIHM Aiarpami, 1110 He MiCTUTbh 30BHIlIHIX GOTOHHUX
JIIHIW, IPUNIKMCYETHCS 3HAYEHHS

X. (6.78)

u (p,) (ichopCTxuﬁ)u(p) - X.

OTxe, X € iHppauepBOHOIO MeXKEI OHOMET/IbOBOI ONPABKH /10 popM-dakTopa
B (6.61):

2

__Ga 2 —q
X == (@) log (~
Be3snocepesHe BUBeJeHHs 11bOro BUpa3y 3 (6.78) NpuCyTHE B LIMTOBaHiN BU-
e npaui BaitH6epra. 3ayBaxkuMo, 1110 B nonepejHboMy naparpadi pesysabraT
(6.79) 6y/10 OTpUMaHO JiMlIIE Mic/sl NPOBeJleHHS npoueAypH ¢ikcauii (6.55) npu

). (6.79)
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q? = 0, ToMy cJ1iji 046aTH PO Te, YU Y3TOMKYEThCA (6.79) 3 aHAJIOTiYHUM 06-
YUCJIEHHSIM Yy AiarpaMi n-ro nopsAky. /lo uboro gozamo, 1o AeskKi 3 micymo-
BaHUX JliarpaM MiCTATb MONPABKH /10 30BHIIIHIX JIiHIH, AKi MU He PO3TJIAJAEMO.
BuABJ/SETHCA, 1[0 BOHU He BIJIMBAIOTh HA KiHLEBUHN pe3yJibTaT — J0BEeJleHHS
[bOT0 GAKTY, @ TAKOXK JiesIKi iHIIIi MOMEHTH, IKi MU IPONYCTUIU, MOXKHA 3HAUTH
B IUTOBAHIM Ha no4yaTKy naparpady npaui EuHi, @payui ta Cyypa.

Axuo yucino BipTyasbHUX QOTOHIB € M, MaTUMEMO M MHOXHHUKIB THUIIY
(6.79) i, kpiMm TOrO, MHOXKHUK 1/m!, sKMA BUHUKAE Yepe3 Te, 1[0 TepecTaHOBKa
iMnysbCiB BipTyasibHUX GOTOHIB He 3MiHIOE JliarpaMu. [|jisi OTpMMaHHS OBHOI
NONpPaBKH, NOB’A3aHOI 3 HAABHICTIO JJOBIJIbHOI KiJIbKOCTI M'IKMX BipTya/JlbHUX
doToHiB, micymyemo 3a m:

- XY = ) (M soperno)up) exp(X).  (6:80)

Axuo Ha fofavy A0 m BipTya/bHUX GOTOHIB BUIIPOMIHIOETHCH peabHUMN
$OTOH, MU MAaEMO OMHOXUTH Ha MOro BEKTOp MoJisspU3allii, nicyMmyBaTH 3a
BCiMa MoJIsipU3allisiMU i IPOiHTEerPyBaTH KBaJipaT MaTPUUHOT0 eJieMeHTa 1o da-
30BOMY npocTopy $pOoTOHA. Y 1IbOMY pa3i BUHUKHE /10/IaTKOBUI MHOXXHUK

R ) (A T DY A
(2m)® 2k~ TWApt-k  pr-k/ \pik p-k

) =Y (6.81)

y nepepisi. 3a yMoBH, 1110 eHepris ¢oToHa Oisbllia, HiXK |, ajle MeH1Ia, Hix E, (mo-
porosa eHepris feTeKkTopa), BUpas CIpPOLLYETbCS:

Y= %ﬂ(v’, v)log (%) - % Fi(q?) log (ﬁ—f) (6.82)

Y BUNaZiKy BUIIPOMIHIOBAaHHS N peaJibHUX GOTOHIB O1ePKUMO N TAKUX MHOXKHHU-
KiB, a e ¢pakTop cumeTpii 1/n! (ockibKYU B KiHIIeBOMY CTaHi NpUCYTHI n TOTO-
»KHUX 6030HiB). [lepepiz BUNPOMiHIOBaHHS J0BIJIbHOI KiJIBKOCTI M'IKMX $OTO-
HIB €

d

)

> do , do , o 1 n
D @ ) = o®-p) ) Y=
n=0 n=0 (6.83)

do ,
= E(p - p’) - exp(Y).

O6’eaHaBIIN pe3y/IbTATH AJid peajbHUX i BipTyasbHUX GOTOHIB, OTPUMAEMO
OCTAaTOYHUU BHUPA3 B YCiX MOPsAJKAX 3a o /11 BUMIpIOBAHOT0 Mepepi3y npouecy
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p — p’ + (#oBinbHA KiNbKICTb GOTOHIB 3 k < Ep):

(68 s = (), X 020 X (1) =

dsl dQ/o
- (Z_g)o X exp | = %fm(q )log(u_‘g)] x
-« 52 (6.84)
xexp| = fulalog ()] =
- (j_g)o X exp| [ — EfIR(q )log(_EZz )]

[TonpaBOYHHUI MHOXKHUK MO>Ke 3aJ1eXKaTH JIUILE BiJi MIOPOroBoi eHepril eTeKTo-
pa, ajle He 3a/IeXXUTDb BiJ| iHppauyepBOHOro 06pi3aHHA . SKIO pO3KJIACTH Lied
pesyabTart Jj0 4ieHiB O(a), MaTUMeMo popMmyiy (6.68). OnHak Tenep BeJUYMHA
NONPaBOYHOTO MHOXKHUKA 0O6MekeHa npoMixkkoM Mixk 01 1.

YV Mexi —q? > m? Hau pe3ysbTaT CTae

d d —q? —q%\1|°
(20 s = () X [ex0] = 108 (5) toe ()]

Y npoMy HabJIMKEHHI UMOBIpHICTb pO3CisiHHA 6€3 BI/IHpOMiH}OBaHHH YKOPCTKO-
ro GoTOHa IparHe 0 HyJs WBHUZALIE 6YAb-AKOr0 cTeneHsa q%. EKCroHeH[inHum
NONPAaBOYHUN MHOXHHUK, 1[0 MiCTUTb NOABIMHUN JlorapudM, Ma€ Ha3By opM-
¢axkmopa Cydakosa.

Ha 3aBepuieHHda nporo naparpady o64ucIMMO UMOBIpPHICTb TOTO, 10 MEB-
HUU MPOLEC PO3CiIIHHSA CYyNPOBO/KYETHCSI BUIIPOMiHIOBAHHSIM N M'IKUX POTO-
HIB 3 eHeprisgMu B iHTepBaJi Big E_ g0 E,. IHTerpan no ix pazoBomy npocropy
nae He log(E,/w), alog(E+/E-). flkuio BifHecTH POTOHU 3 eHepri€lo, Oi/IbIIOI0
3a E, 10 ’KOPCTKOI YaCTHHU MPOLIECY, TO Nepepi3 AopiBHIOE BUpasy (6.84) 3 go-
JaTKOBUM MHOXXHHUKOM:

(6.85)

2
IMoBipHicTb(NY3E_ < E < E,) = [ fir(q )log(E2 )]nx
(6.86)

2

_ % @y log(Ex
Xexp[ T[fIR(q )log(EE)]'
llet BUpa3 Mae Buriaz posnoginy Ilyaccona:
1 n_—\A
P(n) = o Ate™,

ae
A= (n >=—1 g( )i, v,

i 306iraeTbcs 3 KBa3ik/JaCUUHOIO OL[iHKOIO YK C/a BUlIpOMiHeHUX GOTOHIB (6.19).



240 Po3sain 6. PagianiiiHi nonpaBKu: BCTYI

3agaui
6.1. ®opmyna Po3zeno6sioTa. Sk 3a3Havasocs B § 6.2, TOUHY BEPIIMHY €JIEKTPO-

MarHiTHoI B3aEMoZil iipakoBoro ¢pepmMioHa Mox<Ha B 3araJilbHOMY BUIJISA/li BUpa-
3uTH yepes popM-daktopu F1(q?) i F,(q?):

= 1V R @) + o Faa)]up)

fleq =p —pioc® = %i[y”, v']. ko pepmioH Takok 6Gepe y4acTb i B CHJIb-
Hil B3aemozil (Hanpukaaj, npoToH), y GopM-paKkTopax 1l B3AEMO/1isl Ma€ Oy TH
BpPaxoOBaHa, a OTKe, IX He MO>KHa BUBECTH 3 3acagHuyux npuHuunis KE/I. IIpo-
Te BUpasu A/ GopM-PaKTOPiB 0/1ePKYIOTh 3 10CAiAiB. Po3riissHEMO po3cisiHHSA
eJIeKTpOHa 3 eHeprieto E >> m,. Ha NpPOTOHI, 1[0 TOYAaTKOBO NepebyBa€ B CTaHi
cnokoto. [lokaxiTh, 0 HaBeJleHUH BULle BUPaA3 JJil BEPLUIUHU IPU3BOAUTD /10
¢opmyau PozeHnba1oma 151 nepepizy NPY>KHOT0 PO3CiAHHSA B TOJIOBHOMY MOPSAJ-
Ky 3a @, ajle 3 ypaXxyBaHHAM YCiX NOPAJKIB 32 CUJIbHOIO B3aEMOJI€EIO:

2 . ,0

+ F;)"sin E]

) )

2

Jle © € KyT po3cCisiHHS B JlabopaTOpHiM cucteMi BigJiky, a popm-dakTopu Fy i
F, 06YUCIIOITBLCA NPYU 3HAYEHHI 2%, MOB’I3aHOMY 3 NMPY»XHMM PO3CISIHHSM Ha
et kyT. Bumiprorouu (do/d cos 0), sk dyHKIiI0 KyTa, MOXXHaA 3HAWUTU F; i F5.
3a3Hauumo, o npu F; = 1iF, = 0 uga ¢opmysa nepexoautsb y popmysay MoTTta
(B 6e3MacoBOMY HAOJIMXKEHHI) /1 po3CisiHHSA Ha TOYKOBiH yacTui (3agaya 5.1).

2

2 q
do _ o’ [(Fl - 41m?
dcosB

ZEZ 1+ —si 2 | sin*
[ Sin 2]Sll’l

6.2. HaG/1mm>xeHHs eKBiBaJIeHTHUX GOTOHIB. Po3r/issHEMO Npo1ec po3CissHHSA
BUCOKOEHepreTUYHHUX eJIEKTPOHIB Ha NIeBHIU MillleHi. Y ToJI0BHOMY NOPAJKY 3a
Q. eJIEKTPOH MOB’I3aHUM 3 MillleHHI0 OHUM GOTOHHHM MponaraTopoM. AKio
No4YyaTKOBa Ta KiHI|eBa eHepril ejieKTpoHa € BianoBigHo E i E’, $OTOH nepeHo-
CUTb IMIyJIbC q TaKuM, o g2 =~ 2EE’(1 — cos 0). Y rpaHUYHOMY BUIIAZKY PO3Ci-
AHHA BIepes iMnyabc ¢oToHa nparde 4o g = 0 npu 6yb-AKiii BTpaTi eHeprii;
3Bi/ZICU Ilepepi3 Mae MiK y HaNpAMKY Biepe. BUHUKa€ clloKyca NIpUNIYCTUTH, L0
B LIill MexXi BipTyasibHUU GOTOH CTa€ peasbHUM. 3’ICYyIIMO, B IKOMY CEHCi Take
NpUINYLIeHHS MOXHA BBAXKaTHU PABUJIbHUM.

(a) MaTpuuHH eJleMeHT NPOLECY PO3CITHHS MOXKHA 3aMUCATH, K

= (—ie)a(p )y ulp) — ”V M (),
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(b)

()

(d)

(e)

e MV mo3Hauae (3arajzioM JOCUTb CKJIaHy) BepIIMHY B3aEMOJl BipTyasib-
Horo ¢oToHa 3 MiuleHH!o. [Ipoananizyemo cTpyktypy u(p’)y*u(p). Hexait
q = (q° q). Buznauumo § = (q°, —q). JJo6yTOK CIiHOpiB MOXHa po3KJIa-
CTH Ha CyMY:

a@Wu@)=A-q"+B -G+ C- el +D ¢,
ne A, B, C, D — byHKuii KyTa po3cisiHHA i BTpaTu eHeprii, a € — JiBa oju-
HUYHUX BEKTOPA, HOPMAJIbHUX |0 (. 3STOPHYBIIH Liek BUpa3 3 qy MMOKaXiTh,
1110 32 NOPAAKOM B He nepeBUILYyE 82. 1le 03Hayvae, 110 B [OJaJIbIIOMY aHaJIi-
3i UM KoedillieHTOM MOXKHa 3HeXTyBaTU. KpiMm Toro, apma 110 A BeJiMKe,
HOro TaKoX CJiJi BIAKMHYTH BHACAIA0K TOTOXHOCTI Bapa q“J/\/\Ql = 0.

[Ipantorouu B cucteMi Biguiky, gep = (E, 0, 0, E), oTpuMaiiTe iBHUI BUPa3
JLIST
u(p"y - giu(p).

BukopucraiiTe 6e3mMacoBi esleKTpoHH, criiHopHu u(p) Ta u(p’) 3 BU3HaYe-
HOIO CIIPaJIbHICTIO | OAMHUYHI BEKTOPH €1, €2, OAMH 3 IKUX NapaJieJIbHUHY, a
IHIIWY NepneHAUKYJIApHUAN [0 IJIOIUHU po3cigaHHA. Hacnpasai g Besn-
YUHA NOTPiOHA JMile AJis BUNAJIKy PO3CiSHHSA BIepej, TOOTO MOXHaA 00-
YMCJIOBATH JIMILE YIeHU NoPsAAKY 0. 3BepHITh, IpOTe, yBary, 10 Maaui z-
KOMIIOHEHT €, IKUU JIEXKUTD y MJIOIIMHI PO3CisIHHS, TaK0X Ma€ NOpPs0K 0,
i loro Tpeba BpaxoByBaTH.

Tenep 3anuiiTh BUpa3s A1 epepisy po3CiAHHA eJIeKTPOHA Yepe3 KBaJApaT
MaTpUYHOro eseMeHTa. [IoTiM Horo ciif npoiHTerpyBaTH Mo KiHIeBOMY
iMnynbcy enekTpoHa p'. [HTerpas no p’3 eKBiBaJIEHTHUM iHTerpasioBi mno
eHepril, BTpayeHil esleKTpoHOM. [lokaxiTb, 1110 iHTerpas no py' y BUNaAKy
pos3cisgsHHA Bnepe/ jorapudMiyHo po3biraerbcsd, AKIo p,' — 0a6o 6 — 0.

Po36ixkHicTb npu 6 — 0 BUHUKJIA Yyepes Te, 1[0 MU HAZTO YAaCTO HEXTYBa-
JIM Macolo esieKTpoHa. [lokaxiTh, 1110 NpHU BpaXxyBaHHI MacH eJIeKTpOHa y
BUpasi 1 g2,

q* = —2(EE' — pp’ cos0) + 2m?,

Jiorapu¢dmMiyHa po36i>XKHICTb 00pi3yeThCH, i Ije NPU3BOAUTD 0 IOSIBU MHO-
xHuKa log(s/m?).

O6’eaHaBIIN BCi pe3yJbTaTH i NPUMYCTUBIIY, 1[0 [lepepi3u He 3aJieKaThb
Bif mosisspu3saiii ¢oToHa, MOKaXiTh, 1[0 HAWOL/IbIIY YaCTUHY Nepepi3y po3-
CiAHHA eJIeKTpPOHA Ha MillleHi MOXXHa OTPUMATH, AKILO BBaXKaTH, 1110 eJle-
KTPOH € /pKepeJioM NydKa peaJbHUX (QOTOHIB 3 pO3NOJIJIOM MO eHeprii
(x =E,/E):

Ny(x) dx = ci_x % [1+ (1 —x)%]log (%)
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lle i € HabaudxceHHAM eksgigaseHmHuUX omoHie Baiuzekepa-Bisbsamca.
30KpeMa BOHO /103B0JISIE BUBYATH PO3CIIHHA CBIT/Ia HAa CBITJIi, BUKOPUCTO-
BytouH e’ e”-3iTKHEHHS. BijaHaynMo, 1110 KOJIM pO3IJIsiJaTH BUITPOMiHIOBa-
HHS1 M'iKOTO GOTOHA JI0 MOMEHTY PO3CisiHHS, BUIlleHABeJEHUN PO3MO/ia
36iraeThcs 3 TUM, 1[0 MU OTPUMaJIH B 3ajaui 5.5.

6.3. EK30THYHI BHECKH [0 g — 2. By/ib-fiKa 4acTKa, 1[0 nepebyBa€ y B3aEMOJAil
3 eJIEKTPOHOM, Ma€ JlaBaTH MOMNPABKH 0 eJIEKTPOH-POTOHHUX GopM-DaKTOPiB
i, 30KkpeMa, 10 g — 2. OCKiJIbKU g — 2 1J11 eJIeKTPOHA YyA,0BO Y3TO/KYEThCH 3 PO3-
paxynkamu KE/I, monpaBku /J03BOJISIIOTh HAaKJIaZaTH 0OMEeXXEeHHS Ha BJIaCTUBO-
CTi HOBUX TFNOTETUYHUX YACTOK.

(a)

(b)

()

B 06’eHaHii Teopii esieKTpoMarHiTHOI Ta caabkoi B3aEMoAil MPUCYTHS
CKaJispHa yacTka h, iKy Ha3uBalwTb 6030HoM [irca. BoHa B3aemofie eJe-
KTPOHOM HAaCTYIIHUM YAUHOM:

A _
Hine f d3x ﬁcphq;q;.

064U CaiTE BHECOK BipTya/IbHOTO TircoBoro 6030Ha /10 eJleKTpoHHOro (g —
2)-dakTopa, BUpa3uBIIY ONPABKY Yyepe3 A Ta Macy my 1lbOoro 6030Ha.

KE/l nae ny>ke ToYHUN BUPa3 /s aHOMaJIbHOT'O MarHiTHOT'O MOMEHTY eJie-
KTpoHa. lkmo a = (g — 2)/2,

| Gexen — axeg| < 1 x 1071°.

fAxi o6MexxeHHs HaKJ1aAa€ Lie Ha A i my? ¥ HalnpocTiwii Bepcii enekTpo-
cnabkoi Teopii A = 3 X 10° i my, > 60 [eB. [lokaxiTh, 1[0 TaKi 3HaYeHHSH
Y3TO/KYIOThCS 3 HEPIBHICTIO /15 a. KoHcTaHTa B3aeMoJii rircoBoro 6030-
Ha 3 MIOOHOM 6iJIbllIa 3a eJIEKTPOHHY B (m,/m.) pasiB: A = 6 X 107* A
OTKe, IONPU HETOYHICTh B eKCIIEpUMEHTAJIbHOMY 3Ha4€HHI aHOMaJIbHOTO
MarHiTHOr0O MOMEHTY MIOOHA,

|aeKcn — aKEﬂ| < 3X 10_8,

151 YMOBa HaKJIaJla€ HabaraTo CuJibHille 0OMexxeHHs Ha my,. YU J0CUThb BO-
HO CUJIbHE?

€ ckJa/Hii BapiaHTH es1leKTpoc1abKoi Teopii, 1[0 MiCTATb NCeBA0CKaIAP-
HY YaCTKY JKCIOH, AKa B3aEMOJI€ 3 eJIeKTPOHOM BiANIOBIIHO 10

fd?’ 2 o vy
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MO0X/IMBO, aKCIOH € TaK CaMO JIETKUM, {K i eJIEKTPOH, Y4 HaBITh JIETIIUM, i
BO/IHOYAC B3aEMO/II€ 3 eJIEKTPOHOM CUJIbHIllIEe, HiXK TirciB 6030H. O6UYUCITh
BHECOK BipTya/JIbHOT'0 aKCiOHa /10 eJIEKTPOHHOI0 g — 2-paKTopa i BU3HAUTe
HENpPUIYCTHMI 3Ha4YeHHS A Ta m,.



Po3pin 7

PazianiinHi nonpaBku: popMaibHUU PO3IVIAL,

YoTupu pasu BIPOAOBXK TPbOX OCTAHHIX po3/iiiB3® MU BAABasuCs 10 NEBHUX
TBepAKeHb (iHOAi 3 HaBeJeHHAM MOTHUBAIlii), IKi He OyJio JoBeJleHO. laeTbcs
PO TakKe:

1. ®opmyna (4.86) i1 LIMPUHM PO3Ma/ly Uepes eJleMeHTH S-MaTpHUILli.

2. OcHoBHa ¢popmyna (4.103) auig eneMeHTIB S-MaTpulli yepe3 peliHMaHOBI
JAiarpaMu.

3. Tortoxuictb Bapga (5.79).

4. Ad hoc npoueaypa ¢ikcanii (6.55) a5 ycyHeHHs yabTpadiosieToBOi pos-
6i>KHOCTI B AiarpaMi BepIIMHHOI MONPaBKHU.

Hapasi HacTaB yac NOBEpHYTHUCA [0 LIUX IUTAaHb 1 PO3IJIAHYTH IX 3 HAJIE2KHOO
peTesibHicTIO. Y §§ 7.2-7.4 Mu f0BeJieMO BCi YOTUPU TBepAKeHHs. Ti 3HaHHS,
110 iX MU 34,006yZ,eMO B IPOLieci J0BeleHHS, J03BOJIATb HaM iIHTepInpeTyBaTH pe-
IITY NeTJIbOBUX MONPABOK [JI1 PO3CIAHHA eJIEKTPOHA Ha BaXKKiM 4acTyi — I0-
NpaBKH /10 30BHIIIHIX JIiHIH | nosgipu3anito BakyyMmy. /Ipyry Ta TpeTio AiarpaMu
3 (6.1) Mmu o64yrcaumMo B § 7.1, a octanHiO — B § 7.5.

[le¥ po3ain 6yae abCTpaKTHILIUM, HixK JiBa nonepeHi. [0/10BHOIO HoOro Te-
MO0 OylyTh 0COOJIMBOCTI peMHMaHOBUX JiiarpaM, Ipe/iCTaBJIeHUX K aHaJiTH-
YyHi QyHKIIii 30BHIiIIHIX iMITy/bCiB. [I[poTe MU BUSIBUMO, 1110 1le MUTAHHS, Ha Nlep-
MW MO/ NPU3HaUYeHe [Jis BY3bKOro KoJia ¢axiBliiB, HAcCpaB/Ai MOPOIKYE
yrMaJso Gi3MYHUX HACJiAKIB i IPOJMBAE CBIT/IO Ha 3B’A30K MiX pellHMaHOBU-
MU JAiarpaMaMHM Ta 3araJibHUMHU NPUHIUIIAMU KBAaHTOBOI TEOPIl.

§7.1. IlepeHOpMyBaHHS HANPY>KEHOCTI MOJIA
Y ubomMy naparpadi My AOCTIPKyBaTUMEMO aHAJNITUYHY CTPYKTYPY ABOTOYKO-
BOI KopeJisliiiHoi pyHKIl,

QTSI abo  (Q TY)PH)IQ).

3511le Mu mocTy/1I0BaJIM, a He BUBEJIM, BUpa3 JJ/isl OTOHHOTO npomnarartopa. Lle 6ysie BunpassieHo
B Po3aini 9 (Towm II).
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Y BinbHIM Teopii mossa gBoToukoBa ¢yHKLisg (| TH(x)d(y)|Q) mae npocTy iH-
TepnpeTalito. BoHa € aMI1iTy[010 UMOBIPHOCTI TOTO, 1110 YaCTKa PO3MOBCIO/IKY-
€THCA 3 TOYKHU Y B TOUYKY X. Y IKiM Mipi Taka iHTepIpeTalis € ClipaBeJJIUBOIO B
Teopil i3 B3aeMozi€w?

HaraTo4acTKOBMIL
H KOHTUHYYM

/

OI[HA YacCTKa

3B’A3aHi .
Yy pyci

CTaHu

OfHA YacTKa y CIIOKOI

Puc. 7.1. BnacHi 3HaueHHs oneparopa 4-imnysabcy P* = (H, P) nokpuBawThb
HOBEPXHi MOCJiJOBHOCTI rinep60J10iJiB y iMIyJbCHO-€eHEPIeTUUHOMY NMPOCTO-
pi. B TunoBii Teopii cTaH onucye ofHy ab0 OGiJibllle YaCTOK 3 Macow 1. Takum
YUHOM MA€EMO rinep60J10ia 0JHOYACTKOBUX CTAHIB i HeCKIHUeHHU N HAbip rimep-
60J10i1iB ABOYACTKOBUX, TPUYACTKOBUX i T. 1. cTaHiB. KpiM Toro, Hux4e nopory
YTBOPEHHs /IBOX BIJIbHUX YaCTOK MOXe OYTH OfWH abo Gisbiie rinep6osioifis,
110 BiZOBiJJal0Th 3B’s13aHMUM CTaHaM.

Haur aHasi3 BOTOYKOBOI PYHKIIii CHUPAaTUMETbCS JIKIIEe Ha 3arajbHi NIPUH-
MU Teopil BiTHOCHOCTI Ta KBAHTOBOI MeXaHiKHU i He 3aJie)xaTUMe BiJ IpUPOaU
B3a€EMO/Iil YU BiJi po3KJaZleHHs B NepTyp6aTuBHUMU psj. [IpoTe AJg npocToTH
MU 0OMENKUMOCS CKaIIPHUMHU MoJIAMU. CX0XKi pe3ysibTaTU MOXXHA OTPUMATH i
Ji1s1 KopessiliiHuX QyHKLi# noJiiB 3i cniHoM. HanpukiHLi 3a npuk/aaj My HaBe-
JleMO BiZIMOBiAHUM pe3yabTaT AJis ipaKOBOI'0 MOJIS.

Pozi6’emo gBoTOUKOBY dyHKIL 0 (| TP(x)d(y)|(L), A5 Yoro BCTAaBUMO B Hel
Mixk ¢(x) Ta ¢ (y) TOTOXKHUM onepaTop y BUIJIA/i CYMU 32 TOBHUM Hab0pOM CTa-
HiB. 3a Taki o6epeMo BJIaCHI CTaHU NMOBHOI0O raMiJibTOHiaHa i3 B3aeMozi€w H.
Ockinibku onepaTtop iMmnysibcy P koMmyTye 3 H, 11i CTaHU M0O>KHa 06paTH TakK, 11[06
BOHH OYJIU BJJaCHUMU cTaHaMU P. TBepaKeHHsI MO>KHA MOCUJIMTH, K0 Bpaxy-
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BaTH JIOPeHL-iHBapiaHTHicTb. Hexail |Ag) € B1acHUM cTaHOM H 3 HyJIbOBUM iM-
nysibcoM: P|Ay) = 0. Tozi Bci 6ycTH |Ay) TaKoX € BJJaCHUMU cTaHaMU H i npo6ira-
I0Th yCi MOXJIMBI 3Ha4yeHHS 3-iMmnysbcy. | HaBaku — O6yAb-KWHM BJIaCHUM CTaH
H 3 meBHUM iMIIyJIbCOM MOXKHA 3alMCaTH Y BUIVISAA1 OYCTY CTaHy 3 HYJIbOBUM iM-
MyJbCOM |Ao). Bnacui 3HauenHs1 oneparopa 4-imnynbscy P* = (H, P) nexaTb Ha
rinep6oJsoinax, Ak 306paxeHo Ha Puc. 7.1.

3ragaimo 3 Po3zisny 2, mo cniBBiIHOIIEHHA MOBHOTH AJI O4HOYaCTKOBUX
CTaHiB €
d’p 1 1
o 25, PP (7.1)
Mu Mo>xeMo HanucaTH aHa/IOr'iYHe CHiBBiJHOLIEHHS IOBHOTH JJI1 BCbOTO TiJib-
6epTOBOro NMPOCTOPY, JiMlIe TPOXU 3MIHMBIIM No3HadyeHHA. Hexal |A,) € Oy-
CTOM |Ag) 3 iMmnysbcom p. [lpunyctrmo, wo cTaH |A,), Mo4i6HO A0 0JHOYACTKO-
BUX CTaHIB |p), HOpPMOBAHO peJIATUBICTCbKHY iHBapiaHTHUM YMHOM. BcTaHOBUMO

Jigy =

E, = Ip|? + m2, ne my — ,Maca“ ctaHy |Ap), TO6TO eHepris ctaHy |Aq). [loTpi-

OHe HaM CHiBBiﬂHOLHeHHH ITIOBHOTH MA€E BUTIJIAL

3 d’p 1
1= [0y + Z | G 3. e (72)

Jle cyMa bepeTbcs 3a BCiMa CTaHAMM 3 HYJIbOBUM IMITYJILCOM |Ay).

Tenep BcTaBHMO Lie po3KJIaJieHHSI MiXK ollepaTopaMH y ABOTOYKOBiM PyH-

Kuii. BBaxatumemo, mo x° > yo, i 3HEXTYEMO IOCTIMHUM BHECKOM

Qb ()| Q| D (y)|Q), 10 He cTaHOBUTS 151 HAac iHTepecy.?® /IBoToukoBa QyH-
KIIid €

(@S| = Z [ s 2.6 IO, (73)

Mu MOoXkeMO MPOBECTH MaHiNy sl 3 MATPUYHHUMHU eJieMeHTaMHU:
Qb Ap) = (Qf T *P(0) e™*|2p) =
= (@O Np) e, = (7.4)
= (Q[$(0)[A0) e'i”'xlpo=5p-
OcTaHH# piBHICTB € HacaigKoM JiopeHI-iHBapiaHTHOCTI (] i $(0). [llo6 nepeko-

HaTHCA B IIbOMY, Tpe6a BCTaBUTH ZiBa MHOKHUKHU U~ U, fie U € yHiTapHUM oOIle-
patopoM 6ycTy Big p 40 0, i ckopucraTucsa pisnictio UG(0)U ™! = $(0).37 Iicas

36333BM4aii BiH € HYJIbOBUM BHACJIiI0K CUMETPil. A /1Jisl TOJIiB C BULIIMMHU CIIiIHAaMHU BiH JJOPiBHIOE
HYJIIO B CUJIY JIOPEHL-iHBapiaHTHOCTI.
37 lna moJiis 3i cniHOM cJ1i; BpaxoByBaTH iX HeTpuBianbHe nepeTBopeHHs JlopeHIa.
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BBeJleHHd iHTerpasa no p° Bupas a4 JBoT0YK0BOI GyHKLii (ak i goci, x° > y?)
cTae

d*p i
2m)* p2 —m? +ic

@@ = [ - PP P (75)
A

3BepHiMO yBary Ha nmosiBy npomaratopa Dg(x —y) 3 3amiHowo m Ha m,. s y° >
x° cnpaBesyIMBI aHAJIOrIYHI BUpa3u, TOMy 06K/iBa BUMIAJKK MOXKHA 06'€JHATH.
Y3arasibHeHH# BHpa3 TaKoro po3KJaZieHHs /s BOTOYKOBOI QyHKIIiI Ma€ Ha-
3BY cheKmpa/ibH020 hpedcmas.ienHs Yeanena-JlemaHa:

o)

d
@1eer0mIn = [ 5

2

p(M?) Dp(x — y; M?), (7.6)

0

ne p(?) € MO3UTUBHO BU3HAYeHa QYHKILis CNeKMpaabHOT 2yCmuHu:

pOM?) = > (2m) (M? — MU O)Io)]. (7.7)

A

p(M?)
OIHOYaCTKOBi

CTaHNu

3B’A3aHi
cTaHu

IBOYAaCTKOBI
CTaHU

m? (2m)? .1\}2

Puc. 7.2. CnekTpanbHa GpyHkuisa p(M?) gis Tunosoi Teopii noss i3 B3aemMogi-
€10. O/JHOYACTKOBI CTaHU POBJIATH BHECOK 3 Jle/IbTa-QyHKIi# npu m? (kBagpaT
MacH 4acCTKM). BaraTo4acTKoBi cTaHU Jal0Th 6e3nepepBHUM CIEKTP, 1[0 MOYHU-
HaeThbcs NpH (2m)?. TAKOXK MOXKYTh GYTH BHECKH Bil 3B’A3aHHUX CTaHiB.

CnekTpasbHa ryctuna p(M?) a5 TUoBoi Teopii nosig nokasaHa Ha Puc. 7.2.
3a3Ha4MMo, 1110 OHOYACTKOBI CTaHU POOJIATH Y Hel BHECOK y BUIJIsA/I i30/1bOBa-
HUX JeJibTa-QYHKIiN:

p(M?) = 2 §(M? — m?) - Z + (uivoro iHmoro go M* = (2m)?), (7.8)
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Jle Z — nedKe 4UCII0, 0 BU3HAYAETbCA KBaZApaTOM MAaTPUYHOIO eJieMeHTa B
(7.7). HazauBaTuMeMoO Z KOHCMAHMOI0 NEPEHOPMYBAHHS HANPYHCEHOCMI NOJA.
BesinurHa m € TouHa Maca oJiHi€l YacTKU abo TOYHe BJIaCHe 3HAYEeHHs eHepril
YaCTKHU Y CIOKOI. 3arajioMm, Iis BeJIMYKMHA BiApi3HAEThCA Bij Ti€i, mo ¢irypye B
JlarpaHXiaHi i AKy MU HaZjajl 03Ha4aTUMEMO My, Ha3UBal4H il 201010 Maco1o.
BesnuuuHa ) m € ¢izuuHoro Macor ¢p-6030Ha. beanocepeIHbO CIOCTEPEIKHOIO €
guiie ¢pizuyHa Maca m.

Eal

2 2
m* (2m)*
@ *-—e
i301bOBAHMI IIOJIFOCUL po3pis
TIOJTIOC 3B’A3aHNX

CTaHiB

Puc. 7.3. AHaniTH4YHaA CTPyKTypa Qyp'e-nepeTBOPEHHS ABOTOYKOBOI PyHKILii
THUIIOBOI TeOpii B KOMIJIEKCHIN p?-mnomuHi. OAHOYACTKOBI CTaHU AAIOTh BHe-
COK y BUIVIAZI i30JIbOBAHUX IOJIIOCIB ¥ TOUKAX, L0 BiZIOBiJal0Th MacaM 4acTOK.
CtaHu ABOX i 6isibIE YACTOK JJAIOTh PO3pi3, a 3B’A13aHi cTaHU — J]0AATKOBI 10-
JIFOCH.

CnekTpasbHe po3kJaAeHHs (7.6) Jae Takui BUIVIAA Qype-epeTBOPEHHS
JIBOTOYKOBOI QYyHKIIii:

. ( dm? i
d*x e QT 0lQ) = M*) ——— =
[ atxer@iropoin = [ Gpor)
0
7.9
iz N f aM? ey i 7o)
p2_m2+l'£ 21T P pZ—M2+l'E.

~4m?

AHasliTUYHA CTPYKTYypa 1€l GyHKII B KOMIIEKCHIN p?-NJIOMMHI TOKa3aHa Ha
Puc. 7.3. [lepuiuii 10/laHOK BiANIOBi/Ia€ MPOCTOMY i30JIbOBAHOMY IOJIKOCOBI NP
p? = m?,a aApyruil — po3pisy, 10 NOYHUHAETHLCA B TOULi p? = (Zm)z. Akio icHy-
I0Tb 6Y/b-AKi JBOYaCTKOBI 3B'A3aHi ctany, To B p(M?) 3’aBiATbCA [0JaTKOBI
JlenbTa-QyHKILil, a B KOMIIJIEKCHIN MJIOIMHI — HOBI MOJIIOCH.

Y § 2.4 My 3HaU1L/IM TOYHUN BUpPa3 /151 ;BOTOYKOBOI KOpesliiiHol pyHKIil
JUJISl BUIBHOTO CKaJIAPHOTO I0JIA:

f d'x P (0] THEO)]0) =

—m? +ig

: (7.10)
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Ipu x° > 0 MM iHTepnpeTyBa Iy 110 GOpPMyIy, AK aMIUIITYLy KMOBIPpHOCTI
TOr0, 1[0 YaCcTKa PO3MOBCIOKYEThCA Big 0 10 x. 3 piBHAHHA (7.9) BUAHO, 1110
JIBOTOYKOBA QYHKIisl Ma€ CX0KU W BUIJIS/L B y3arajibHeHil Teopii i3 B3aeMo/i€lo.
3araJIbHUU BUPa3 € NPOCTO CYMOIO CKaJIIPHUX aMIJIITYZ, PO3MOBCIO/P)KEHHS CTa-
HiB, HAPO/KEeHUX 3 BaKyyMy nif fieto onepatopa ¢(0). [Ipote mixk (7.9) i (7.10)
icHye aBi BiaMiHHOCTI. [lepuia noJsisirae B TOMy, 110 (7.9) MiCTUTb KOHCTaHTY Iie-
peHOpMYBaHHA HanpyxeHocTi nosd Z = [(Ao|d(0)|Q)|?, Axa € iMoBipHicTIO To-
ro, 0 ¢(0) yTBOpUTb AaHUM cTaH 3 BakyyMy. ¥ (7.10) et MHOXKHUK IPUCYTHIN
HesIBHO, OCKiJIbKHU JJid BisibHOI Teopil (p|$p(0)|0) = 1. [ipyra BiAMiHHICTb BU-
KJIMKaHa HasBHICTIO B (7.9) BHecCKiB Bijj 6araTo4yacTKOBHUX NPOMI>XXHUX CTaHIB 3
6e3nepepBHUM CIIEKTPOM Mac. Y BijibHiH Teopii onepatop ¢(0) Moxke yTBOPUTH
3 BaKyyMy JIMIlle OJHOYACTKOBUU CTaH. 3 ypaxyBaHHSAM LIMX [|BOX BiIMiHHOCTeHN
(7.9) € 6esnocepenHim y3arasibHeHHsAM (7.10).

[Ipu nojanpiioMy aHasidi 6yae icTOTHUM, 10 BHecku B (7.9) Bij ogHovac-
TKOBHX i 6araTo4acTKOBUX NPOMIXKHUX CTaHIB MO>XHa PO3Pi3HATHU MO CUJIi Bif-
MOBIZHUX iM CHHI'yJsApHOCTEM. [0JIFOCH Y MJIOIIKMHI p? BUHMKAKOTh BUHATKOBO
yepe3 0JHOYACTKOBI CTaHH, a 6araTo4acTKOBUM BiZjIOBiZjaloTh po3pi3u — cJ1ab-
1Ii CUHI'YJISIPHOCTI. ¥ HAacTynHOMY naparpadi Mu mo6aymumo, sk 1is J0BoJIi pop-
MaJibHa 06CTaBHHA MOUIMPIOETHCS HAa BUMIA[0K 6araTOTOYKOBUX KOPEALiMHUX
byHKLiH i Bifirpae BupilasbHy poJib IpY BUBEJEHHI AiarpaMHoi GopMynu Jis
eJIeMEeHTIB S-MaTpHULi.

[IpoBeseHui y npboMy naparpadi aHasis 6e3nocepeJHb0 y3arajabHIOETbCS
JL151 BOTOYKOBUX QYHKI[iM OJIiB 3 HEHYJIbOBUM clliHOM. Halibinblie yckiagHe-
HHSI BUHMKa€E Npu ajanTaiii (7.4), oCKiJIbKM Tenep MoJie HeTPUBiaJIbHO epe-
TBOPIOETHCA MiJl Zji€t0 O6ycTiB. BaacHe, 11106 onucaTy 6araTo4acTKoBi CTaHH, NO-
Tpi6HO KisbKa iHBapiaHTHUX CHeKTpaJbHUX QYHKILiH. [IpoTe Lie >XOAHUM 4YU-
HOM He BIUIMBA€E Ha OCTAaTOYHHUM BUCHOBOK, 1[0 MOJIKOCH Y IJIOIIKHI p? MOXKYTb
3’IBUTUCA JIMLIe BiJi BHECKY OJHOYACTKOBUX CTaHiB, yTBOPEHUX ONepaTOpOM
noJisi. Jlo npukiagy, ABOTOUKOBA QYHKILisl AipaKOBUX I0JIiB Ma€ CTPYKTYPY:

iZ; X w@w®) | _
p* —m? +ie

lZz(? + m) g

C p2-m?+is

f d*x e Q] TY(x)P(0)|Q) =
(7.11)

)

Jle moJa/bllli YieH!U AAalThb po3pis, 1[0 BifoBifae 6araToyacTKOBUM CTaHaM.
i g JIIPHOTO I0JId, KOHCTAHT UMOBIipHicTIO TOTrO, I T

Ak i CKa oro Io KOHCTaHTa Z, € UMOBIpHICTIO TOro, L0 OIlepaTo

KBAaHTOBOTO M0JIsI yTBOPUTb a60 3HUIUThH OHOYACTKOBUM BJIACHUM cTaH H:

(©QIW0)|p, s) = VZo u* (). (7.12)

(19 aHTUYACTKU CJ1iJi 3aMiHUTH ¥ Ha ¥.) TakuM 4MHOM, [JlipakoBa JJBOTOYKOBA
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$YHKIiS 3 TOYHICTIO 10 MacIITaOHOTrO MHOXKHHUKA Z, 36iraeThbcs 3 BiZ|NOBiAHOI0
bYHKIi€IO AJ151 BiJIBHOTO AipaKOBOTO MM0JisA 3 Gi3UUHOI MaACO0.

IIpuk1aj;: BJlacHA eHepris eJIeKTPoOHA

Takuil HenmepTyp6aTUBHUN aHaJi3 JJBOTOYKOBOI KopessLiiiHol GyHKILii pagu-
KaJIbHO BiPI3HAETbCA Bij, y»Ke 3BUYHOrO HaM 0Oe3mnocepeiHbOTO BUBYEHHS
deltHMaHOBUX AiarpaM. OfepKaBIIM BHUCHOBOK IIPO CUHIYJAPHY CTPYKTYpY
byHKIIT B Hall3arasibHilIOMY BUIVISIZ, MM MAaEMO BCi NiICTaBH CIO/iBaTHCS, 1[0
ii Oy/ie BUSIBJIEHO i TPU 06YKMCJIeHHI AiarpaM. Y pewrTi nporo naparpady mu 6e3s-
nocepesHbO MepeBiprUMO 1ie Ha NPHUKJIAJi BOTOYKOBOI eJIeKTPOHHOI PYHKIIIT B
KEZ.
l1a dyHKLig € cymMot0 Aiarpam

QTY@IDID = ——— + T2 he (713)

Y T Y

BianoBizHo 0 beiHMaHOBUX MPaBUJI AJis KOpeasuiinHuX QYHKIiIH, KOXKHa 3 I[UX
JiarpaM MicTUTb MHOXHMK e P *=Y) 1519 1BOX 30BHILIHIX TOYOK Ta iHTerpyBa-
HHS f(d4p/(21'[)4) 10 iMNyJIbCY P, 1110 TEPEHOCUTHCSI TOYAaTKOBUM Ta KiHIIeBUM
npomnaratopamu. Jlo KiHIg noToyHoro naparpady M BiJKUJAaTUMEMO 1ji MHO-
)KHUKHW — IHaKIlIe KaXKy4H, KOXKHa JliarpaMa no3HayaTUMe BiZIIOBiJHUM YJIeH y
byp’e-nepeTBOpeHHI ABOTOYKOBOI QYHKIII.

[lepiua 3 HUX € MPOCTO MPOIMAraTOPOM BiJIbHOTO MOJIA:

< = . 7.14
p p? —mi +ie (7.14)

[Ipy 064KMcC/IeHHAX T03HAaYaTUMEMO Macy B eJIeKTPOHHOMY IponaraTopi yepes
m, 100 ABHO MiIKPECJUTHU BCTAaHOBJIEHUH BUILle GaKT, 1110 Maca, sika Pirypye B
JlarpaHXKiaHi, Bijpi3HA€ETbCA BiJi clloCcTepexHOoI eHeprii cnokoro 4acTku. [Ipore,
SIKILO CIIpaBe/JIuBa Teopis 30ypeHb, BUpas AJid IponaraTopa B roJIOBHOMY I10-
pAAKY Ma€ alipoOKCUMyBaTH TOYHUHW BUpas. | cnpaBgi, yHkuisa (7.14) mae npu
p* = m3 nosoc Bursiay (7.11). ToMy npupogHO CIOAIBATHCS, {0 OCTATOYHHUK
BUpa3 /sl IBOTOYKOBOI QYHKIii Ma€ MOJIIOC TAKOTO X BUIVIALY, ajle HOro po3-
TalllyBaHHS TPOXH 3CyHyTe: m? = mZ + O(a).

Jpyra aiarpama B (7.13), 0 Ma€ Ha3BY 8/1aCHOI eHeprii esekmpoHa, CKJIaiHi-
ma:

e p-—k

ST ST me) Y (as)
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Je

p2—mi+ie M (p—k)?—p?+ie

. L[ d'k
—%(p) = (—ie)* [ iy (7.16)
(2m)

(TTo3naueHHs X, BKa3ye, 1[0 Lie BHECOK APYTroro MOPsAKY 3a € Y BEJUYUHY X,
SIKy MM BU3HAuYMMO HMWk4e.) [HTerpasn X, Mae iHppauyepBoHY po36IXKHICTb, AKY
MOXXHa pery/sipu3yBaTH LLJISXOM 3allpoBa/KeHHs MaJsoi Macu ¢oToHa W Kpim
IIbOTO iHTerpaJa, Jiarpama, BOYeBU/b, Ma€ OABIMHUEI MoJI0C Ipy p? = m?. 3a-
rajioM, ycsi HonpaBKa BUIVISIZIA€ He HAATO NpUEMHO. [IpoTe cipo6yeMo 064U CIH-
TH X, (p), 3aCTOCYyBaBILU TEXHiKy, po3p0o6JieHy pU 064MCIeHHI BEPIIMHHOI Mo-
npaBkH B § 6.3.

Hacamnepen BBesieMo ¢peiiHMaHiB napaMeTp i 06'€AHaEMO JjBa 3HAMEHHUKHU
B OJJVH:

1 1
p?—mi +ie (p—k)z—p_2+i£_
1

1
fdx 5
) [k? — 2xk - p + xp? — xp? — (1 — x)m? + ig]

[ToTiM BUOKpeMHMO MOBHUM KBaApaT i 3AidcHUMO 3aMiHy ¥ = k — xp. Bigku-
HYBILIU B YMCEJIbHUKY JIIHIWHNUH 3a £ JOAAHOK, MAEMO

—2xp + 4my
~22(p) = e fdxf 2m)* [¢£* —p’A + ig]*’ (7.17)
e A = —x(1—x)p*+xp®+ (1 —x)mg. Iuterpan no £ po36ira€Thbcst, TOMY Criepury

perysisipusyemo horo 3a npouegypoto [layni-Binnapca (6.51):

1 1 1
(p—k)z—u2+is_)(p—k)z—u2+is_(p—k)Z—A2+i£'

Jlpyruii 1o/1aHOK Jla€ BUpa3 aHasoriuHuM (7.17), auiie 3 3aMiHow0 L Ha A. Ak i B
§ 6.3, 3ailicHUMO BiKiB MOBOPOT i epeiieMo /10 eBKJIiI0BOi 3MiHHOI fg = —if°.
B KiHIIeBOMY IiICYMKY,

‘e 1 f < 2 >_
2n)* [£2 — A (4) eZ—A TN

(4n) log( 7y )

(7.18)
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e
A =—x(1-x)p*+xA* + (1 —x)m — x\?

OcTtaToYHUU pe3y/bTarT:

x/\?
(1 —x)m2 + xp? — x(1 — x)p?

X(p) = % f dx (2mo — xp) log< ) (7.19)

[lepen po3risnoM po36iKHOCTEH Y IbOMY BUpa3i BABUMMO HOT0 aHaTITUYHY
noBeAiHKyY, AK GyHKLii p2. Jlorapudm y (7.19) Mae po3pi3 y KOMILJIEKCHIMH 1J10-
IIMHI, KOJIK 10T0 apryMeHT Bif'eMHUU. [lig Oy/b-KOro pikcoBaHOrO X 1Lie Ma€
MiCIle TIpH JJOCUTh BEJIMKHUX p?. A TOYHilIe, pO3pi3 MOYMHAETHCS TaM, Jie

(1 —x)mi + xp® — x(1 — x)p* = 0.

Po3B’s13aB11Y 1ie piBHSAAHHSA BiITHOCHO X, OJIEP>KUMO

2 2 2 2 232 2
x=1+m02_u2i (p+mo4u)_m_;=
2 2p 2p 4p p (7.20)
1, mg p? 1 2 2
) + 2p? - 2p? * 2p? [pz —(mo+1) ][pz —(mo— 1) ]

Po3pi3 ¢pyHkIii I, (p?) NOYMHAETHCA IPY MiHIMaJIbHOMY 3HaYeHHi p?, 32 IKOT0 B
1bOT0 PiBHAHHSA € JiMCHI pilneHHsA AJs x Ha Bifgpi3ky mMixk 0 i 1. Lle BifOyBaeTbcs
npu p? = (my + )%, TO6TO, KO JOCATHYTO MOPOTY HAPOPKEHHS BOYaCTKOBO-
ro (esiekTpoH i ¢oTOH) cTaHy. HacnpaB/ji HeBa)KKO MOKa3aTH, 1110 KBaJpaTHUU
KopiHb y (7.20), nepenvcaHui y BUIISAAI

1
2/

k= J[pz — (mo + W?][p* — (mo — W?],

€ IMIIyJIbCOM y CUCTEMI LIEeHTPY MacC JBOX YAaCTOK 3 MacaMU My i |L Ta eHepriero
\/?. 3po3yMiJio, 10 e iIMIy/abC CTa€ AIMCHUM 3a TOPOTOM HAapOJKEHHH J1BO-
4acTKOBOTO CTaHy. Po3pi3 po3TaiioBaHo B L[iIKOBUTIH BiinOoBiAHOCTI 3 popMy-
Joto YessieHa - JlemaHna.®®

My BH3HayW/IM pO3TallyBaHHS JBOYACTKOBOIO poO3pi3y, nepenbadyeHOro
dopmysioro YessieHa-JlemaHa, ajie 1ie He 3HAULLJIA OIPOCTOTO MOJIIOCY B TOYI

38y peanbniit KEJ[ 1 = 0,1 po3pis 36iraeThbcs 3 0JH04aCTKOBUM noJi0coM. lla o6cTaBuHa Bigirpae
POJIb IPU ieTaJIbHOMY AOC/IiKeHH] iHdpadepBOHUX po36ixHOCTEH, asle ii po3rJisj BUXOAUTD 3a
MeXi Hallloro aHasisy.
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p* = ma. s [poro HacmpasAi Tpeba BpaxyBaTH HeCKiHYEHHUH psiJ pelHMa-

HOBUX JliarpaM, SKWH, Ha WACT, JIETKO MiICyMyBaTH.
BusHauumo odHouacmkoeo HenpugioHy (11H) piarpamy, ik Taky, 1o ii He Mo-
»KHa PO3JIJIUTH HA B LIJIAXOM BUAJIeHHS OAHIE] JIiHII:

_%_ € 14H, Tozi sk J{:}? Llj\)’j Hi.

Hexait —iX(p) no3Hauae cymy Bcix 14H apiarpam 3 gBoma 30BHilIHIMU dpepMioH-

HUMMU JIIHIIMMU:
B(p) = —{my =
I P

(ITpu yboMy He BKJIIOYATMMeMO J0 X(p) mponaraTopy, Lo BiJjIOBiJal0Th LIUM
30BHIlLIHIM /iHISIM.) Y npoBilHOMY MOPS/IKY 32 ¢ MM 6a4MMO, 1[0 X = X,.
Tenep nepenuiemo ¢yp'e-nepeTBOPEHHS BOTOYKOBOI PYHKILiI, K

[ ex@r@imer = ) -

_ i@ +mo) |, i@+ mo) ip+mo)
pz

—i)
2 2 2 _m2 — m2
1% mg 1% mg mg

(7.21)

llepiia giarpamMa Mae npu p?> = mZ NpOCTH MOJIOC, KOXKHA 3 Jiarpam Apyro-
ro TUIy — MOJABIMHHUH, a KOXKHA TPEThOr0 TUIly — NOTPIMHUN. 3 ypaxyBaHHAM
Jiarpam moJasblinX THUIIB, MOBEJiHKA IPU p* = m3 CTa€ YMMpas ripIioo, Ta
Ha LACTs, CyMa BCiX JliarpaM YTBOPIOE I'eOMeTPUUHY Nporpecito. 3a3Ha4YKUMo, 1110
Z(p) xoMyTyE 3 Jp, 60 X(p) 3a/1€XKUTH JIMIIE Bifl Jp Ta YUCJOBUX KoedinieHTiB. Pa-
KTMYHO, AKIIO 3aKcaTu p? = (p))z, TO Z(p) MOXHa PO3IJIAJATH, AK QYHKILIO .
OT>Ke, KOXKeH eJIEKTPOHHUHI IpoIaraTop MoXeMo IepenucaTy, aK [/ (P — mo), a
BiZITaK MiZicyMyBaTH psj;

f d*x (Q TY()P(0)|Q) e™™* =

S (Z(¢)>+ : (Z(w)+---= (7.23)

pmo p-mo\p—mo)  p—mo\p—m
i

- ﬁ—mo—z(ﬁ).
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ToyHu#t nponaraTop Ma€e NPOCTHUM NOJIIOC, 3CYHYTHUH BiJi TOUKH My Ha BEJIUYHUHY

Z(p).
Po3TamyBaHHS 11bOro NoJ0Cy € Gi3MYHOI0 MAacOI0 M i BU3HAYAETHCS pillleH-
HAM pPiBHAHHA

[p —mo —2(p)],_,, = 0. (7.24)

Axmo X(p) Bu3HaYeHa yMoBOIo (7.21), ToO MO3UTUBHMM BHECOK y X 3a6e3meuye
306i/IblIIEHHS MacH esieKTpoHa. [106/1M3y noJsitocy 3HaMeHHUK (7.23) Ma€ BUTJISA]

- (1- 5

TakuM 4YMHOM, TOYHUH eJIeKTPOHHUI NponaraTop Ma€ oZJHOYaCTKOBUM MOJIIOC
Buraay (7.11), ne m BusHavaeTbed 3 (7.24), a

) +0((p — m)?). (7.25)

(7.26)

fIBHe 064K C/IeHHs X, 103BOJISIE 3HAUTH Mepili nonpaBKu o miZ,. [louHeMo
m. Y nepuioMy nopsiKy 3a o 3CyB MacH €

dm=m-—my=Z(p =m) = Z(p = my). (7.27)

A oTxe, 3acTocyBaBiuu (7.19),

1
a x/\?
8m=—mfdx 2—x)lo . 7.28
2m ( ) g((l—x)2m§+xu2> (7.28)
0
3cyB Macu MiCTUTb yJbTpadiosieToBy po36ikHiCTh. P036i>kHHUI 4JieH Ma€ BH-
W60

A—oo 0

om — 3mlo Az (7.29)
4 0 %8\ 2 ) '

Yu € HacnpaBAi npobsieMoro po36ikHa BeJIMYMHA B Pi3HUL Mixk m i my? Lle nu-
TaHHA Mae€ /iBa pPiBHI, KOHLeNTyaJbHUU Ta IPAKTUYHUU.

Ha koHlenTyasibHOMY PiBHI CJIiJi O4iKyBaTH, 1110 Maca eJIeKTpoHa Oy/e 3Mi-
HIOBAaTUCS 3a PaXyHOK B3a€EMO/ii 3 eJeKTPOMArHiTHUM MoJieM. Y KJIACUYHiN
eJIEKTPOAMHaMILi 10 eHeprii CIOKOI 6y b-KOI 3aps/P)KEHOI YaCTKU A0AAEThCS
eHeprid eJleKTpOCTaTUYHOrO 110J15, IKe BOHA yTBOPIOE. AKILO YacTKa TOYKOBA,
1jeil BHECOK € PO36iKHUM:

fd3 2|E| fd3 ( ) f—~aA (7.30)



§7.1. llepeHOpMYBaHHS HANPY>KEHOCTI MOJIS 255

HacnpaBzi He 30BCiM 3p03yMiJio, 4OMY pO36ikHICTb y (7.29) Taka c1abka — Jio-
rapudmiyHa 3a A 3amicTh AiHiHHOI, 9K y (7.30). s 3’icyBaHHSI TPUYHUHU PO3-
rsisHeMo Mexy mo — 0. Toai B raminibroniani KE/l nBa cripasibHi KOMIIOHEHTH
eJIeKTPOHHOro noJss Y, i Y, He B3aEMOAIATUMYTb Mixk c06010. 3BiACH BUILIU-
BAg, 110 MONPABKU Teopil 36ypeHb KOAHUM YNHOM He MOXKYTb IPU3BECTHU Hi 10
B3aeMoZil Y, 3 Y, Hi, 30KpeMa, /10 TOSIBU MacoOBOI0 4JleHa. [HaKIe KaxKy4H, Om
Mae€ obepTaTucsa Ha HyJb Ipu My = 0. OTXKe, 3CyB Macu Ma€ 6yTHU NPONOPLiH-
HUM My, i 3 MipKyBaHb PO3MipHOCTI SICHO, 1110 3aJI€KHICTb BiJj A MOXKe 6y TH JivIlIe
JsorapudmivyHom 3a A.

Ha npakTryHOMy piBHI, MOSIBA HECKIHYEHOCTEN He BUKJIMKAE JOBIpU [0
HaLIMX NepTypOaTUBHUX 004YKCIeHb. Hanpukiaz, yci TeopeTHUYHI pe3yJbTaTH
Po3pginy 5 MicTaTb m, a He m. [l NopiBHSAHHSA Teopii 3 eKCIePUMEHTOM CJIiJ
3aMiHUTH M, Ha m 3i cniBBiAHOIEHH My = M + O(a). A OCKiJIbKHY ,MaJia“ 1o-
npaBka (o) HacnpaBAi HeCKiHYEeHHA, TO 0GIPYHTOBAHICTh NpPOLIeAyPH BUKJIU-
Ka€ cepiio3Hi cyMHiBH. [IpuAaTHicTh Teopii 6ys1a 6 04eBUAHIIION, IK6U IpH 06-

yuciaeHi ¢eiHMaHOBUX AiiarpaM MU KOPUCTYBaJIUCS 3aMiCThb npomnara-

(P — mo)

[ .
(V—)’ II0JIOC AKOTO pO3TalllOBaHO NMpaBWJbHO. Y Po3aiai 10 mu no-
-m
KaXkeMo, sIK NeperpymnyBaTH NepTypObaTUBHUM pAJ, 006 M, 3aMiHUIacAd Ha m,
i mponaraTop y HyJIbOBOMY NMOPSAKY MaB 6M MOJIIOC, 10 BifnoBigae piznudHin
Maci. A Hajiasi B I1bOMY pO3/iijii MU IPOCTO OyZeMO 3aMiHIOBAaTU My Ha M y Mo-

npaBkax O(a).

TOpOM

HapeTi, 3HaliieMo nonpaBKy /10 Z,. 3 (7.26) MaeMo, 1110 HONpaBKa MOPSAJKY
anodZ, =Z,—1)€

dZ
822 = — =
d? vzm
1 (7.31)
« xA? 2x(2 — x)(1 — x)m?
= — | dx| —xlog 5 >
21 (1—x)"m? + xp? (1 —x)"m? + xp?
0

lleit BUpas, 3HOB-TaKH, JIOrapuPMiuHO po306ira€eTbca B yAbTpadiosieTOBIN Mexi.
CrnocTepexHicTb po306i?)KHOT'0 YJeHa MW 0OGroBOpUMO HANpHUKiHLi § 7.2, mpoTe
BXKe 3apa3 3BepHIMO yBary Ha Ty IijikaBy 06cTaBUHY, 110 (7.31) Ha BUTAIA[ [iyKe
CX0’Ka Ha B3SITHI Mali>ke HABMaHHS JJ0AAHOK, SIKUU MU BUKOPUCTAJH /151 dikca-
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ii popm-daktopa B § 6.3. BianosigHo 10 (6.56), el A0AaAHOK €

1
§F;(0) = %fdxdydzéi(x+y+z—1)x
0

zN\? (1 -4z + z*>)m? l _ (732)

X |lo
I & (1-2°%m2+zp2 (1 —2)*m? + zp?

1
AZ 1—4 2 2
zifdzu—z)log 2 p Aozt zym |
2T 1=2)y'm?2+2zp?> (1 —2)"m?+ zp?
0

[HTerpyo4u no 4acTMHax, MAEMO

2

21 —z)ym? —p>
(1 —2)*m? + zp?

1
dz(1-2z)1
fz( 2 og(l—z)zmz+zu2
0

—fdzz(l —Z)

1-2)(1—2z*)m?
:—fdz (1-g-QZ0d-zZ)m)
(1 —=2)"m? + zp?
0
HeBaxxko nokasary, o 6F;(0) +6Z, = 0. 1la TOTOXKHICTb Bifjirpae BUpiliaibHy
poJsib IpHy 06r'pyHTYBaHHI ad hoc npoueaypu (6.55).

§7.2. PepaykuinHa ¢popmysa JICL],

Y nonepesHboMy naparpadi Mu 6a4uiy, 1m0 yp'e-nepeTBOPeHHs JBOTOYKOBOI
KopeJisLiiHOI QyHKIIi, TpecTaB/IeHol K aHaiTUYHA QYHKIif BiJ p%, Ma€ npo-
CTUU MOJIIOC, 110 BiZNOBiAA€ Maci 0JHOYACTKOBOTO CTaHY:

f d*x e®P*(Q Th(x)d(0)|Q) i 1z (7.33)

(TyT i mani cuMBOJ ~ 03HaUYaTUME, 1110 00M/IBi YACTUHU MAlOTh O/IHAKOBI MOJIIO-
cU. [CHYIOTB 1 0 aTKOBI CKIHYEHHI YJIeHHU, AKi B JAHOMY BUIIa/|Ky BU3HAYAIOTbHCA
BUpasoM (7.9).) Y notouHomy naparpadi Mu y3araJbHUMO Lield pe3yabTaT AJs
KopessAinHuX QYHKIIH BULIOTO NOPsAAKY. MU BUBeaeMo GopMy1y, 10 OB’ A3y€E
KopeJiaLiiiHi GyHKLil Ta eieMeHTH S-MaTpuli. lle popmyna 6yna Brepiie oTpu-
MaHa JlemanomM, CuMaH3ikoM Ta lliMmepMaHoOM i ofiepxkasia Ha3By pedyKyiliHoi
¢dopmyau JICL.*° el pe3ynbTaT, pa3oM 3 GpelHMaHOBUMM NMpPaBUJIAMHU 00YHU-
CJIeHHS KOpessALinHUX QYHKIiIN, T03BOJIUTh OOI'PYHTYBATH OCHOBHY GopMyJ1y

39H. Lehmann, K. Symanzik, W. Zimmermann, Nuovo Cimento 1, 1425 (1955).
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(4.103), s enneMeHTiB S-MaTpulli yepe3 ¢pellHMaHOBI AiarpamMu. 3 MipKyBaHb
IPOCTOTH NPOBEAEMO BCi BUKJIAJKHU JIJ151 CKaJIIPHUX MOJIIB.

Crtpareris BuBefeHHS GOpMy/iu Taka. /|jist 064UCIeHHS eJleMeHTa S-MaTpu-
i /1719 IpoLecy 2 yacmku — N Yacmok, IoYHeMo 3 KopessaninHol GyHKLii n +
2 raii3eH6eproBux noJiB. 3AiMCHUBLIN Qyp'eE-epeTBOPEHHS 3a KOOPAUHATOI0
Oy b-KOTO 3 IIUX MOJIiB, ojiepKuMo moJtoc Tuny (7.33) y miomuHi ¢yp’e-ne-
peTBOpeHHH p?. MU NoKaXeMo, 1[0 0JJHOYACTKOBI CTaHi, AKi BiANOBiJal0Th LIUM
[0JII0CaM, HacnpaB/ii € aCUMOITOTUYHUMU CTaHaMH, 1110 3’SBJISIOTbCS B HAOJIU-
»KeHHI 1006pe JI0Ka/li30BaHUX XBUJIbOBUX NAKETIB 3 BU3HAYEHHWMH iMIYJIbCaMHU.
[lepeliioBLIM 10 MeXi, KOJIU BCi n+ 2 4acTKU nepebyBalOTh Ha MacoOBil MOBepX-
Hi, MO’)KHa BBa>KaTH KoedillieHT npu 6araToKpaTHOMY MOJIOCI e1eMeHTOM S-Ma-
TPULL.

[lepenoBciM, npoBeaeMo Qpyp'e-nepeTBOpeHHs (N + 2)-TOYKOBOI KOpesLiii-
HOi QyHKIIiI 32 OJHUM aprymeHTOM X. Tpeba npoaHasizyBaTH iHTerpas

f d*x e (Q] T{p ()b (z)b(z2) - ).

Bys10 6 6a)kaHO BUOKPEMUTH MOJKOCHU 3a 3MiHHOI0 p°. JIJ1s {bOTO PO3i6'€eMO iHTe-
rpas o x° Ha TpU iHTEpBaJIK:

jdxo =fdx0 +fdx0 + f dx°, (7.34)

Jie T, HabaraTo 6isblia, a T- Hab6araTo MeHIa, HiX yci z. HazBemo wi iHTepBa-
au [, I1 i III. [To3ask inTepBas Il € o6MexxeHUM i mifjiHTerpaJbHUN BUpa3 3aJie-
®UTb Bizi p° yepes aHasiTHuHy dyHKito exp(ip®x?), BHECOK Bij IbOTO iHTEpBa-
JIy TaKoX 6y/ie aHaliTHYHUM 3a 3MiHHOI0 p°. [HTepBau x 1 i Il € HeO6MexeHHU-
MM i MOXYTb MICTUTH CUHI'YJIApHOCTI 3a p°.

Cnepiuy posrisineMo iHTepBaJ L. TyT x° — HadnizHimui MmomenT vacy, i ¢ (0)
CTOITh NMEPUIMM Yy XPOHOJOIiYHOMY A00YTKY. BcTaBUMO MOBHHUI Habip mpoMi-
»KHUX CTaHiB y BUrIsAAi (7.2):

1—Zf(2 s ZEl(D| Al

TakuM 4MHOM, iHTerpaJ no iHrepBajuy |l €

t[ dxofd3xei _WZJ (211) 2E1(A) (7.35)

X QP () Ag)Aql T{(z1)P(22) -+ }|Q).




258 Pospgin 7. Pagianifini nonpaBku: GopMasibHUNA PO3IIA,

BukopucraBuu (7.4),
(DU IAg) = (AUSO) o) ™|,

. — o0 .
i BCTaBHBILM MHOKHHUK e~ **, 11106 iHTerpas 6yB j06pe BU3HAYEHUM, OTPUMAEMO

ip®x°® _—iq°x° —ex°
Zf f(ZT[) 2F (x)e e e

X (Qp(0)|Ao) (2m)3 8P (p — q) (Aql T{¢(Z1)¢(Zz) }|Q) — (7.36)

jei(P°—Ep+ie)Ts
Z 2E,00 po = B0 + e OOl T{0C)b(2) 1)

3HaMEeHHHUK LbOr0 BUpa3y Takuit caMui, sk i B (7.5): p?> — m3i. OTxe, Ma€e Mi-
clie aHaJiTUYHA CHHI'Y/ISAPHICTD 3a 3MiHHOW0 p°. Ik i B § 7.1, BoHa MOXe 6yTH
IIOJII0COM ab0 po3pi30M, 3a/1eXKHO BiJi TOTO, Y i30/IbOBaHA €eHepris CIOKOI m,.
OAHOYACTKOBHH CTaH BiANOBiAa€ i301b0BaHOMY 3Ha4eHHIO eHeprii p° = E, =

V|Ip|? — m2,i B it Touni (7.36) Mae nooc:

[ ax vl PR )
(7.37)
——  NZ(p|T{d(z Q
o e V2@ {<|>( D 0.
MHOXHHUK VZ € Ta caMa KOHCTaHTa [epeHOPMyBaHHs HaNpyXeHOCTi M0JId, 1110
npucyTHs B (7.8), OCKiJIbKM BOHA 3aMiHIOE TAKMWA CAMUN MaTPUYHUU eJIEMEHT,
aky (7.7).
st o6uucinenHs BHecky Big 111, noctaBuMo onepaTtop ¢(x) ocTaHHIM y Xpo-
HOJIOTIYHOMY 06y TKY i BCTaBUMO NMOBHUM Habip cTaHiB Mixk T{d(z1) -} i d(x).
[ToBTOpPHUBILIN BUK/IAAKH, 6a4KMO, 1110 1pu p® — —E, 3HOBY Mae Miclie M0JII0C:

[ atx er @UTfocodt) i) -
(7.38)
=, (UT{pGE) 1 = p>f

p°—>-E

m2+L£

Tenep 3xpilicHuMo Qyp'e-nepeTBOpeHHS BiJHOCHO 10 PELITH KOOPAUHAT I0-
JiB. [IpoTe, 11106 YHUKHYTH iHTepdepeHIil Mi>k 30BHILIHIMU YacTKaMH, Tpeba
i3os10BaTH X 0fHA BiJ 0AHOI y mpocTopi. [/l ibOro NoOBTOPHUMO NonepesHi 06-
YHCJIEHHS], BUKOPUCTABIIM He 3BUYaliHe Qyp'e-epeTBOPEHHS, a XBUJIbOBHUHU Ma-
KeT. Y (7.35) 3po6umo 3aMiHy

d3k 0.0 i
f dhze?” _lpx_)] amp | ExeTT e, (7.39)
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Je d(K) — neskuit By3bKU#M po3MoAiJ, JoKaaizoBaHUM o613y K = p. 3aBasku
oMy x 6yzie 06MexxeHO JiJITHKOIO 3 XapaKTEPHUM pPO3MipOM XBUJIbOBOI'O NAKe-
Ta, AKa 0TOYYBAaTUMeE TPAEKTOPIIO YACTKH 3 IMIY/JbCOM P. 3 ypaXxyBaHHAM L€l
3MiHU MpaBa yacTuHa (7.36) Ma€ CKJIaJiHillly CUHT'YJASPHY CTPYKTYPY:

’k (k) i
Zf 2 2Ee0)) p° = Ex() + i OO PIMI T{0G) - JIO) |~
d*k i
po_:_Ep (21_[)3 ¢(k) m \/E(k| T{(I)(Zl) }|Q> (7.40)

Je B apyromy paaky o = (p°, p). Tenep ofHOYaCTKOBA CHHIYJISAPHICTD mepe-
TBOpUJIACA Ha po3pi3, JOBKUHA IKOI'0 Ma€ NOPAA0K LIMPUHU XBUJILOBOT'O aKe-
Tta ¢(K) B imnysnbcHoMy npoctopi. [IpoTe, sikio ¢(K) € gyxe By3bkui, po3pis
TaKOX Jy>Ke KOpOoTKHUH, ToAi (7.40) Mae go6pe Bu3HaueHy Mexy npu ¢p(k) —
(2m)%86® (k — p), i cunrynapuicts (7.40) nparHe k nostocy (7.36). CUHIYAsD-
HicTh (7.38), moB’siI3aHa 3 OAHOYACTKOBUMM CTaHAaMU B JaJIEKOMy MUHYJIOMY,
3MIHIOETBCSA TAKMM CAMUM YUHOM.

Jlani po3ryisiHeMo iHTerpyBaHHs [0 KOXHIM KoopAuHaTi nojiB (n + 2)-To-
YKOBOI KopeJisiljiiHOi pyHKIIil 3 Bi/iMOBiJHOIO Baror XBUJAbOBOTO NnakeTa:*’

d3ki 4 iD;x;
(]_[ | G [ dxie™ lcbl-(kl-))(mT{¢(x1>c|>(xz)-~}|n>. (7.41)

(2m)?®

XBUJIbOBI MakeTH 06epeMo TakK, 11106 BOHU epeKpuBaiucs nobausy x = 01ipos-
JIJISIMCA B Ja/IeEKOMY MUHYJIOMY Ta B laJleKOMy MalbyTHboMy. Jlj1s1 aHa1i3y iH-
TerpaJsia 06epemMo BeJIMKe NO3UTHUBHE 3Ha4YeHH4 4acy Ty, 11100 yCi XBUJIbOBI NaKe-
TH OyJ/IY BiJOKpeMJIeH] OJJMH BiJi OHOTO IPU X > T4, a TAKOXK BeJIMKe HeraTUBHe
3HaYeHHs 4Yacy T, 1106 BOHU 6ysM po3iieHi npu x; < T_. BigTak KoxeH 3 iH-
Terpais o x? po3i6’eMo Ha Tpu iHTepBaJIH, siK 3po6uu e B (7.34). Byab-skuit
3 iHTerpaJis 1o xl0 Ha iHTepBaJi Il € aHa/ITUYHMM 32 3HAYEHHAM BiANOBIAHOI
eHeprii p), ToMy 3HOBY Tpe6a 30cepeJUTHCS Ha iHTepBasax, Ae BCi X JexaThb y
JlaJIeKOMy MUHYJIOMY a60 MalOyTHbOMY.

JlJ1s1 BUBHAYEHOCTI pO3IJITHEMO BUNA/I0K, KOJIU JIKIIE ABi KOOpAUHATH, X! Ta
x9, 1exaThb y MaiibyTHbOMY. Tozi moJist d(x1) i d(x2) y XpoHOIOTiYHOMY 106V TKY
CTOSATUMYTb 3J1iBa BiJj peliTH. BcTaBUBLIM NOBHUM Habip cTaHiB |Ak), 3HalAeMo,
1110 iHTerpasiv no KoopAuHaTtax y (7.41) HabyBalOTb BUIJIAAY

Zf (62111])( %“_U én]; [ eif"'%i(ko) x

X Q] T{d (e d(2) Ho) Ak | T{b (x3) -+ | Q).

“dk i B §4.5, 3HaK J06YTKY BiJHOCUTbCA AK /|0 iHTEIpyBaHb, TaK i 0 MHOXHHKIB y Jy>KKaX.
[HTerpyBaHHs 10 X; CTOCYETbCS BCbOTO BUPA3Y LIiIIKOM.
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CtaH |Ak) 3HUULLYETHCA JBOMA MOJbOBHUMU omnepaTopaMu. OTxKe, BiH Ma€ CKJa-
JlaTuCs 3 ABOX Pi3HUX 30y/KeHb BaKyyMy, 1110 NIepebyBaloTh y Pi3HUX TOYKaX.
Axiuo ui 36yAKeHHA JOCUTD BiJila/ieHi O/iHe BiJi OHOTO, BOHU € He3aJIeXKHHUMH,
TOMY MO>XHa HabJIMKEeHO 3aNUCcaTH

d3
2f N (Q T{d(x) b (x2) k) Ak | =
)

(2m)? 2E
=Zfd3q1 1 fd3q2 1
4 (2m)® 2Eq, ) (2m)° 2E,,
X QP (x1)|Aq, QP (x2)|Aq, {Aq, Aq, |-

CyMma 3a A; i A; B IbOMy BHpasi IpOBOAUTLCA 3a BCiMa CTAaHAMU 3 HYJIbOBUM
iMIIy/IbCOM, aJle BHECOK y NOTPiOHI HAaM MOJIIOCH [AI0Th JIUILIE OJHOYACTKOBI CTa-
HU. [HTerpaau mo x? i q, NPU3BOAATH 0 CHHIYIAPHOCTI 3a 3MIHHOI p? THIY
(7.40), a inTerpasu mo xJ i q, — /0 aHAJTITUYHOT CHHI'YASIPHOCTI 3a p3. YeH y
(7.41), wo MicTUTb 06M/IBi CHHI'Y/IIPHOCTI, Ma€ BUIJISA/,

l_[f d?Kk; il )—.\/Z (ks K| T{d(x3) -+ Q)
@m? TP —m? +ie Y i |

Y Mexi, KoJIM XBUJIbOBI IaKeTH MEPETBOPIOIOTHLCA Ha JebTa-QyHKLii, JoKai-
30BaHi Ha BU3HAYEHUX IMIyJIbCax P, i P,, Lled BUpa3 NepexojUTh y

i
| | = VZ Jout (P1 P2 T{P(x3) -+ | ).
( p? —m? + ie 1P2l T{ J
i=1,2

CrtaH (p, P,| € AOCTOTY aCUMITOTUYHUH KiHLeBUU out-cmaH (AuB. § 4.5), ockinb-
KW BiH € Mexew 3 J100pe BU3HAUYEHUMMH iMIYyJbCaMH, OJep>KaHUMHU 3i CTaHy,
yTBOpPEHOI0 00pe po3/iJleHNMU XBUJIbOBUMM NaKeTaMU. 3aCTOCyBaHHS aHa-
JIO'iYHUX MIpKyBaHb JI0 YaciB X7, [0 BiJNOBiZAIOTh JaleKOMy MHUHYJIOMY, 3a-
CBifuye, 10 kKoedilieHT NMpU HANUCUHIY/SPHILIOMY 4JeHi, 1[0 BiAnoBiAae p?, €
MaTPUYHHUM €eJIeMEeHTOM MiK BaKyyMOM Ta aCUMITOTUYHUM I[OYAaTKOBUM In-
cTaHOM. TaKUM YUHOM, HAUCUHI'YJISAPHIIKYN yieH y (7.41) Ma€ BUTIAA

i [
| | \Z | | V7)o —p. )
(. Zpiz_m2+i£ ) L pl?—m2+ia t{P1 P2l — Pz din
i=1, i=3,...

OcTaHHi} MHOXKHUK SIKpa3 i € eJIeMEeHTOM S-MaTpHIi.
OTXe, MU MOKa3aJiy, 1110 MOXKEMO OJIep>KaTH eJleMeHT S-MaTpHulli, po3r/is/a-
I0YM BIZINIOBiIHE BaKyyMHe CepeZHE 32 XBUJIbOBUMHU NaKeTaMHU IOJIIB LIJIAXOM
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BHOKPEMJIEHHSI TOJIOBHUX CHHIY/ISPHOCTEH 3a eHeprisAMu p? i HacTymHoro me-
pexoay J10 Mexi, B AAKiH 11i makeTH 06epTarThCA Ha AesibTa-QYHKIII Bij iMIyJIb-
ciB. [IpoTe 064YKCAEHHS MOXHA CIPOCTUTH, MPOBIBLIX HOT0 B 3BOPOTHOMY I10-
pAAKY — CIieplly epeiTH Biji XBUJIbOBUX MAKETIB /10 JesbTa-QyHKIIiH, MoBep-
HYBLIKCb /10 3BUYaiHOTO pyp’e NepeTBOPEHHS, a BXKe NOTiM BUOKPEMHUTH CUHIY-
JIApHIicTb. OCTaTOYHUN pe3yabTaT [Ji FOJIOBHOI CUHI'YJIAPHOCTI He 3a/1eXaTHu-
Me BiJj IOps/Ky BUKOHAHHS [UX Oollepalil, Xo4a JoBeJleHHS Lboro PaKTy € J10-
CUTb TOHKOIO CIIPaBOI0. A CXeMaTUYHO MOHa MOSCHUTH, 1[0 HOBI CUHI'YJIAPHO-
CTi MOXKYTb BUHUKHYTH 32 YMOBH, SIKIIO0 X; Ta X, ¥ Gyp'e-NepeTBOPEHHI CTal0Th
y AaJleKoMy MalOyTHbOMY GJIM3bKUMHU OJiHE J10 ofHOoro. OJJHaK y bOMY acUM-
NTOTUYHOMY perioHi ekcloHeHTa HabyBae BUraagy expli(p; + p,) - x1], Tomy
HOBI CHHI'YJIIDHOCTI MalOTh OYTH NPOCTUMHU MOJIIOCAMHU Y IJIOIIUHI (p; + p,), @
He 06y TKOM MOJI0CiB 110 p? i pJ okpemo. CTporilie mosicHeHHst (Ha »KaJib, BUKJIa-
JleHe B 30BCiM iHIIMX MaTeMaTUYHUX TepMiHaX) MOXKHA 3HAUTU B OpUTiHAbHIN
po6orTi JlemaHa, CuMaH3ika i LlimepmaHa.

B34B1IK /10 yBaru MOJIMBICTb 3MiHU NOPAAKY olepalnii, MU MOXXeMO 3Ha-
WTHU TOYHE CHiBBiJIHOLIEHHS MiXK Qyp'e-IepeTBOPEHHSIMU KOPEeSALiMHUX QyH-
KLl Ta eieMeHTaMu S-maTpuli. le i € peaykuiiina popmysia Jlemana - CumaH-
3ika-Llimepmana (JICLL):

[ f d*x; P ﬁ f d*y; "1 0] T{d(xr) = b)) - D)0 ~

n
KO)Ker?—>+Epi 1_[ pl - ‘rn2 + ie 1_[ k2 _ mz + s (pl pnl | 1 m)

KOXKeH q?A+qu =1

(7.42)

BesinuuHa Z, 10 3’1BUJIach y LIbOMY BUpasi, TOYHO 306ira€TbCs 3 KOHCTAHTOMO
epeHOpPMYyBaHHS HaNPY»KeHOCTI M0Jifl, IKy MU BU3HAUUJIU B § 7.1, K JIMILOK B
0/IHOYaCTKOBOMY MOJIIOCi IBOTOYKOBOI QyHKIIii moJiB. KoxkHil yacTi BijnoBiJ-
ae cBiit pakTop Z, 1110 OTPUMYETHCA 3 BiANOBiAHOI ABOTOYKOBOI QyHKIii. Jis
MOJIiB 3 BUIUMH CIIiHAMHU KOX€H MHOXXHUK V/Z BXOJUTH Pa3oM 3 T0JIApU3alliii-
HUMU MHOXXHUKaMU TuNy u®(p), aky (7.12). Y npyromy psagky (7.42) Tpe6a B34-
TH CyMY 3a NOJISAPU3aLiIMHU S.

®opwmyna JICL nae Takui peLenT 3HaX0/AKeHHs eJleMeHTa S-MaTpuli. Tpeba
o6uucauTU Qyp'e-nepeTBOPEHHS BiANOBiAHOI KopeasaniiHol GyHKIil, po3ris-
HYTH AJIAHKY B IMIIyJIbCHOMY IIPOCTOPI, e IMIIy/IbCY 30BHILIHIX 4aCTOK JIeXKaTb
06/1M3y MacoBOI NIOBEPXHI, i 3HAUTH KoePiljieHT Npy 6araTo4acTKOBOMY MOJIIO-
ci. [l moJ1iB 3i CiHOM 11€ CJ1iJ MOMHOXUTH Ha NoJisspu3aninHui ciidop u®(p)
(nn1s pepmioniB) abo BekTop € (k) (4151 6030HIB), 1106 CHPOEKTYBATH Ha NOTPi-
OHUM CIiHOBUM CTaH.
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Hama nHactynHa 3aza4a nosirae B TOMy, 106 onucaTH L0 NpoLesypy Mo-
Bo1o GpelHMaHOBUX AiarpaM. AHa/lisyBaTHMeMO 3B’S1I30K MiX JliarpaMHUMU PO3-
KJIaJIEHHSIMU YOTUPUTOUYKOBOI QYHKIIil CKaJSIpHOTO MOJISl Ta eJIeMEHTOM S-Ma-
TpULi npouecy 2 Yacmku — 2 yacmku. Po3risiiaTuMeMo e 1[iJIKOM 3B’sI3Hi
Jliarpamy, 1110 Jal0Th BHECOK Y KopeJssTop. Jlerko nokasarty, 10 He3B I3HUMU
JliarpaMmaMM MOXXHa 3HEXTYBAaTH, 60 BOHU He MalOThb CUHIYJISPHOI CTPYKTYPH Y
BUIJIsA/i 00y TKY YOTUPbOX MOJIIOCIB, AK Y (7.42).

TouHa yoTHpPUTOUYKOBA QYHKIiA

ﬁfdui P ﬁfd4yf e (0| T{p(x1) p(x2) p(¥1) b (1, 0).
i=1 j=1

Mag€ 3arajibHy CTPYKTYpy, 300pakeHy Ha Puc. 7.4. Ha Hili AiBHO noka3aHi fjiarpam-
Hi NONPaBKH 0 KOXKHOI 30BHILIHBOI JiHil. KoJsio B leHTpi npecTaBisie CyMy BCiX
aMIIyTOBAaHUX YOTUPUTOYKOBUX JiarpaM.

Puc. 7.4. CTpyKTypa YOTHUPUTOUYKOBOI KopesAliiHol GYyHKIIil y CKa/lsIpHil Teo-
pil moJis.

Mu MokeMo MiZICyMyBaTH NONMPAaBKHU [0 KOXKHOI 30BHIIIHBOI JiHil Tak camo,
SIK Ile POOUJ/IM NIPU 3HAXO/KeHHI TOYHOT0 eJIEKTPOHHOT0 Iponaratopa B nome-
peanboMy naparpadi. Hexait —iM?(p?) nosHauae cyMy 0JHOYaCTKOBO HENMPHUBi-
JHuX (1YH) BcTaB/eHb y nponaraTop CKaJsipHOTO MOJIS:

i) = O 8 . _
IM*(p°) = + + 0 = 19H

OT:xe, TOUHUH NpONAraTop MOHa 3alUCaTH Y BUIJIAJI lTeOMeTPUYHOI nporpecii



§ 7.2. Penyxkuiiina ¢opmysia JICL 263

i B3ATH Moro cymy, gk y (7.23):

— — = 19H + —14H + =

p? —m§ — M*(p?)

3a3Ha4yuMo, 110 [K i Yy BUNIaJKy €JIeKTPOHHOTr'0 MponaraTtopa, 3 J0OMOBJIEHOCTI
npo 3Haku npu M?(p?) BUNIMBaE, 1[0 NO3UTUBHMI BHecOK y M?(p?) Bignosigae
30i/IbIIEHHIO QI3WYHOI MacH CKaJIpHOI YaCTKU. Po3k/1aBLIM KOXeH MifcyMoBa-
HUU NponaraTtop no6/11M3y GisM4HOro MOJII0CY, MU MOKEMO [TOOAYUTH, L]0 KOXKHA
30BHIlIHA JIiHif YOTUPUTOUYKOBOI aMILJIITY/IU JIa€E BHECOK

i iz
p? —m§ — M*(p?) v°-E, p2 —m

> + (pery/isipHa yacTuHa). (7.44)

TaK1M YMHOM, CyMa JiiarpaM MiCTUTb 06y TOK YOTUPBLOX MOJIHOCIB:
iZ iZ iZ iZ
p? —m? pi —m? k? —m? kZ —m?

Ile Taka caMa CUHI'Y/ISAPHICTS, K i B ipyromMy psaaky (7.42). [lopiBHIOI0YH KO-
edilieHTH NpU A0O6YTKaX MOJIIOCIB, OZ€P>KUMO CIiBBiHOIIEHHSA

P1 D2
(0, Dol S ks ) = (VZ)" @

ki ko

Jle KOJIO I03Ha4ya€ CyMy aMIIyTOBaHUX YOTUPUTOUYKOBUX AiarpaM, a Z — KOH-
CTaHTY [lepeHOPMYBaHHS HANPYKeHOCTI M0JIs.

Taki »k MipKyBaHHSI MO>XHa 3aCTOCYBaTH i 0 pype-nepeTBopeHHs (n + 2)-
TOYKOBOTO KOpeJIATOpa AOBIJIbHOI Teopii MmoJis. 3arajibHe CHiBBiJJHOUIEHHS MixX
eJleMeHTaMM S-MaTpuli Ta peiHMaHOBUMH JjiarpaMaMHU € TaKUM:

Py Pl S ki k) = (VZ)"™*° " (7.45)

(AK110 30BHIIIHI YaCTKX Ha/IeXaTh JI0 Pi3HUX TUIIIB, TO KO)KHOMY 3 HUX Bifio-
Bifa€ cBilf MHOXKHUK VZ. A SIKII[O0 YAaCTKHU MaTh HEHYJIbOBUH CIHiH, 0 IpaBoi
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YaCcTHHU Tpeba J10/laBaTH MoJisipu3alniiHi MHOXKHUKH Ha 3pa3ok u’ (k).) Lle maii-
’Ke Ta caMa JiiarpamMHa popmyJia AJist S-MaTpHulli, 1o 6y/1a MocTy/aboBaHa B § 4.6.
€41Ha 11 HoBa 0COGJIUBICTD MOJISITAE B NOSIBI KOHCTAaHTH NepEHOPMYBaHHS VZ.
Taki KOHCTaHTH HEICTOTHI PU po3paxyHKax y rOJIOBHOMY MOPs/IKy Teopii 30y-
peHb, ajie CTAal0Th BaXKJIUBUMHU MPH 00UYHMCIEHH] BUIUX TONPABOK.

Jloci My npoBeJiM MOBHE 06YMCJIEHHS JIMIIe OAHIET BULOI ONPAaBKU — a ca-
Me, IONPaBKHU NOPAAKY o 0 popM-PaKTopiB esieKTpoHa. BrjiuB nepeHopMyBa-
HHS$1 eJIEKTPOHHOT0 10J1s1 He 6paBcs A0 yBaru. Terep My BpaxyeMo 11eil MHOXKHUK
1 IOAUBUMOCH, K BiH BIIJIUBAE HA pe3yJIbTAT.

Ockinbku Bupasu (6.28) i (6.30) AJis po3CisiHHSA eJIeKTPOHA Ha BaXKKid Mi-
1eHi 6yJ10 OTPMMaHO 3 BUKOPUCTAaHHAM CTapoi, HenpaBUJIbHOI GOPMYJIH A
eJleMeHTa S-MaTpulli, BUIPABUMO iX, BCTaBUBIIH JIJIsl TOYAaTKOBOT'O TA KiHI[€BO-
ro eJIeKTPOHIB MHOKHUKH \/Z,. Bupas (6.33) /151 CTPYKTYpH TOYHOI BEpIIUHU
HabyBa€ BUIIALY

: io™q
Z,TM(p',p) = Y'F1(q®) + ¥ F2(q%), (7.46)
2m
ne '(p’, p) € cymo10 aMNyTOBaHUX BEPIIMHHUX €JIEKTPOH-POTOHHUX Aiarpam.

Mu MOKeMO CKOPUCTATUCS LIUM BUPA30M i 3HOBY 00YHCAUTH GOpM-PaKTOpHU
y nepiuoMy nopszky 3a o. Ockinbku Z, = 1 + O(a), a F, 3'9BJASETbCA JIMILE
B MEepLIOMY 3a O MOPAJKY, Halll CTApUM pe3yJabTaT AJd F, He 3MiHIO€ThCA. [
o64urcieHHs F, 3anuiieMo JiBy 4acTUHy (7.46) sik

ZoTH = (1 + 82 — 2)(y* + 6T™) = y* + 8T* + y* - 625,

ne 8Z, i 6T mo3HavyaroTh NONpPaBKY MOPAJKY o 10 IMX BeJu4uH. [lopiBHIOIOUM
11e 3 MPaBO YaCTUHOMW (7.46), 6aunMo, 1110 10 F1(q?) 10a€ThCs HOBHI BHECOK,
110 flopiBHIOE 8Z,. Hexall 8F1(q*) no3Havae nmonpasky (He ¢pikcoBaHy) 710 opM-
dakTopa, o6uncaeHoro B § 6.3. Haragaemo, 1110 3 pe3yabTaTiB HanpukiHni § 7.1
BUIIJIMBA€E TOTOXHICTb 6Z, = —8F1(0). Toai

F1(q*) = 1+ 8F1(q%) + 8Z, = 1+ [8F1(q*) — 8F1(0)].

[le 1isikoM 36ira€Tbcs 3 NOCTY/JIbOBAHUM, ajle He JJoBeJeHUM BUpasoM (6.55).
OT>Ke, BpaxyBaHHSI IEpeHOPMYBaHHS HaNPY>KeHOCTI 0Jis 0OI'PYHTOBYE MpoI1ie-
nypy ¢ikcanii, ssika B § 6.3 6yJsia npoBeJieHa Ha MiACTaBi XUCTKUX apI'YMEHTIB.

Ha upomy eTamni aHasizy BaKKO 36arHyTH, IKUM YMHOM IIPU 0GYHCIIeHHI Fq
CKOPOYYyBAaTHUMYTbCS PO301XKHOCTI Yy BUIIUMX OpsiKax. HaBiTh ripie — xoya Mu
1 HamaraJsiucs B § 6.3 nokasaTy, o F;(0) = 1y 6yab-9KoMy NopsAAKY, ClipaBe-
JUTUBICTD 11bOr0 NPUNYIIEHHS Y IEPUIOMY NOPSAAKY 32 00 BULAETHCS HACIIIKOM
BUIIaZIKOBOTO 36iry uuceJ.
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Ctpora nocraHoBKa 3aZja4i € Takow. BUsHauuMo Apyrui MaciiTabHUN MHO-
KHUK Z1 yepes

(g =0) = Z;'y, (7.47)
jge ' —ToyHa aMmyToBaHa BeplIMHHA OYHKLiA. [[d JoBeleHHsS PiBHOCTI
F1(0) = 1 Tpeba nmokasaTty, ujo Z; = Z,, TOOTO NepeHOPMYyBaHHS BEPIIMHU

TOYHO KOMIIEHCYE IepeHOPMYBaHHA HanpyxeHocTi noJsid. Hanpukinyi § 7.4 Mu
MOKaXXeMo, L0 LSl TOTOXKHICTb ClIpaBeiJIMBa B O6y/1b-1IKOMY NOPAAKY Teopii 36y-
pEeHb.

Anani3z peaykuiHoi popmysu JICIL] 3aBepuiumo 1e oAHUM GpopMaJbHUM
cnoctepexeHHsM. [loyaTkoBi Ta KiHIeBi YaCcTKU y Lill GopMyJii BiApi3HAIOThCSA
Jvle 3HAKOM Bi/inoBiaHOTO Qyp'e-nepeTBopenHs iMmmysbcy p? a6o k;. 3Biacu
BUIUIMBAE, 1[0 aHA/II TUYHO MPOZOBXKYHOYH JIUILIOK MOJIIOCY B TOYLi p? Biji MO3U-
THUBHMX /10 HEIaTUBHUX p°, MOKHA [IEPETBOPUTH €JIEMEHT S-MaTPHILi 3 YaCTKOKO
¢(p) B KiHIIEBOMY CTaHi J1o eJleMeHTa S-MaTpHuIli 3 aHTHUYacTKow ¢ (—p) y no-
4yaTKOBOMY cTaHi. OTXe, € ClipaBe/IJIMBOI0 KPOCUHT-CUMempisl, IKy MY BUBEJIU B
§ 5.4 Ha migcTaBi Aiarpam:

(bS] ey = ¢ IS 107 (R) ).

A ockinbku foBefeHHs Gopmynu JICL, He 3a71€XUTh Biji NepTyp6aTUBHUX Me-
TOJiB, TO KPOCUHI-CUMETpisd S-MaTpHLi € 3araJlbHUM pe3y/bTaTOM KBaHTOBOI
Teopil MoJis, a He MPOCTO MEBHOIO BJAACTUBICTIO GeMHMAaHOBHUX JiarpaM.

§7.3. OnTuyHa Teopema

Y § 7.1 My no6a4uiy, 110 JBOTOYKOBA KopeJsliiiHa pyHKIifA KBAHTOBUX MOJIiB
npu ii po3miAfi, Ak aHasiTHYHOI GYHKIIT iIMIIyIbCYy p?, Ma€ po3pisy, 10 BiAmo-
Bilal0Th 6araTo4yacTKOBUM MPOMIXKHUM cTaHaM. Llell pe3yabTaT He cTaB HecIo-
JiBAHKOIO /ISl THX, XTO 3HAHMOMUU 3 HEPEJIITUBICTCbKOIK TEOPI€K PO3CiSAHHS,
y AKii aMIIiTyZa, AK QYHKILis eHepril, TaK0oX Ma€ po3pi3 y370BXK NO3UTUBHOI
JlificHOI oci. YsBHa CKJIaZioBa aMILIITyIU 3'IBJSIETHCSA BHACAIAO0K 1l pO3pUBY Ha
bOMY po3pi3si. BignoBigHo 10 onmu4yHoi meopemu, ysiBHA CKJIaZ0Ba aMILJIITyAA
pO3CiIHHA BllepeJ IPONopLikHa NOBHOMY Ilepepi3oBi. 3apa3 MU 0BeZeMo I10-
JIbOBU BapiaHT L€l TEOpEMHU i IPOITIOCTPYEMO, IK BOHA BUHMKAE OOUUCEHHSIX
bellHMaHOBUX Aiarpam.

OnTuyHa TeopeMa 6e3nocepeHbO BUIJIMBAE 3 YHITapHOCTI S-MaTpuLi:
StS = 1. MigcraBaswoun S = 1 + iT, ak y (4.72), MaeMo

—i(T=TH =TT, (7.48)

Po3riisiHeMo MaTpUYHHUM eJleMeHT 11bOr0 BUPa3y MiXK JBOYACTKOBUMH CTaHA-
MU |p; P,) 1 |Kq K2). 1 064McieHHA npaBoi YaCTUHU, BCTABUMO IOBHUM HaOIp
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MIPOMIXXHUX CTaHiB:

d3
<p1p2IT*TIk1k2)— (1_“(2 (;‘ 2E, )(plple*I{ql})<{qL}IT|k1kz>

Tenep npeacTaBUMO eJieMeHTH | -MaTpHUll, 1K iHBapiaHTHI MaTpU4Hi eJleMeHTH
M, noMHOXeHi Ha AesibTa-PyHKI], 1110 3a6e3neuy0Th 30epeKeHHs 4-iMIyJIbCY.
Topi ToToxHicTb (7.48) cTae

2Im M (kik; = pip,) = <1_[f (C;nq)l F) 8

X M (p1p; = q )M (k1kz — qi)(2“)48(4)(k1 + k, — Zqi).

MOMHOXEHOI0 Ha CHiJIbHY AesbTa-gyHkiio (2m)* 8™ (ky + k, — p, —DP,). Ckopo-
YeHO 3aluIlIeMO L0 PiBHICTb 9K

2ImM(a - b) = z j dIl, M*(b > /)M (a > ), (7.49)
f

Jle cyMa 6epeThbCs 3a BCiMa MOXKJIMBUMM Hab0opaMU f 4aCTOK y KiHIIeBOMY CTaHi.
[Is1 TOTOXHICTh 06pa3Ho MoKa3zaHa Ha Puc. 7.5. JlapMma 1110 joci MU BBaXKaJiu a i
b ABOYACTKOBUMH CTaHAMH, BOHU TaK CaMO MOXYTb OYTH OJJHOUAaCTKOBHUMH ab0
»k 6araTo4acTKOBMMHU aCUMIITOTUYHUMH CTaHaAMH.

ks P2
- o | @S| 20
f ky P1

Puc. 7.5. OnTu4Ha TeopeMa. YsiBHa YacTHHA aMILIITyJ4 PO3CisiHHA BIepeJ BU-
HUKA€E 32 paXyHOK BHECKIB YCiX MOXJINBUX 6araTo4acTKOBUX IPOMI>KHUX CTaHIB.

ks

Ky

[ligcraBuBIK p; = k; | fomaBIM NOTpPIi6HI Ad dopmynu (4.79) kiHeMaTH-
YHi MHOXKHUKH, 11100 YTBOPUTHU Nepepi3 po3CissHHSA, 0lep>KUMO CTaHJAPTHUN BU-
/11, OITUYHOI TEOpEeMHU:

ImM(kl, kz - kl,kz) = 2EL1M pl—lM O-tot(klr kz - BCi), (750)

Ae E, € MOBHA eHepris, a p,,, — IMNYJIbC KOXKHOI 3 YaCTOK y CUCTEMIi LEHTPY
Mac. Llel BUpa3 noB’sA3ye aMIIiTyly pO3CiIHHA HAa HYJIbOBUU KyT 3 IOBHUM Ile-
pepi3oM yTBOPEHHS BCiX KiHIleBUX CTaHiB. OCKiJIbKY ysiBHA CKJIaZ0Ba aMILJIITYy-
JIV PO3CisIHHSA BIlepe/i BU3HAYAE M0C/AabJIeHHs CIIPSIMOBAHOI Bliepe/] XBUJIi, KOJIU



§7.3. OnTuvHa TeopeMa 267

MY4YOK NPOXOJAUTb KPi3b MillleHb, TO L[iJIKOM NPHUPOJHO, 1[0 BOHA NponopuikHa
H“MoBipHOCTI po3cisiHHA. Bupa3s (7.50) fa€ TOUHUH 3B’SI30K Mi>K HUMU.

OnTuyHa TeopeMa AJis1 peiiHMaHOBUX Aiarpam

Tenep po3rassHeMO, SIK I TOTOXHICTb /1 YIBHOI CKJIaZ|0BOI eJieMeHTa S-Ma-
TpUli 3’ABASETHCA B PO3KJaJeHHI 3a $eHHMaHOBUMHU Jiiarpamamu. Jlerko mne-
peBipuTH (HanpukJjazg, y KE/l), mo koxkHa Aiarpama, sika jJa€ BHECOK B €JIEMEHT
S-maTtpuni M, € cyTo AilicHA 3a BUHATKOM BHUIMA/IKiB, KOJIU JlesiKi 3HaMeHHHUKH
NparHyThb A0 HyJis, i TOAI CTa€ iCTOTHUM J0AAHOK i€. TakuM 4YUHOM, PpellHMa-
HOBa JliarpaMa Jjla€ yABHUM BHECOK y M sinlie TOAI, KOJIY BipTya/IbHI YaCTKU B
JliarpaMi NoTpanJisitoTh Ha MacoBy MoBepxHI0. [lokakeMo, Ik BUOKPEMUTH U 00-
YUCJIUTHU L0 YABHY CKJIAZ0BY.

[ HamuMx TenepilHix nijied susHa4umo M 3a fjonoMoror GelHMaHOBUX
npaBuJ A4 Teopil 30ypeHsb. Lle 103BoaUTE po3drnagatu M (s), AK aHaJTITUYHY
$YHKILII0 KOMILJIEKCHOI 3MiHHOI § = E\,,, HaBiTh MONPH Te, 1110 eJIeMeHTH S-Ma-
TPULi BU3HAUYEHI JIMIE [1/15 30BHILIHIX YaCTOK 3 AIUCHUMHU iMITyJIbCAMU.

[lepe1oBCiM MOKaXkeMo, 1110 NOsIBA HEHYJIbOBOI YsIBHOI CKJIaf0Boi M (s) 3aB-
KU BUMarae CUHI'YJSPHOCTI TUly po3pi3y. Hexall s, € IOporoBow eHeprieto
yTBOPEHHS HaWJIermoro 6araTo4acTKoBOro crany. g aidcHux s < so Npomi-
YKHUH CTaH He MOe JIeXKaTH Ha MacoBil NOBepxHi, ToMy M (s) € AiiiCHa, a OTXe,
B LIbOMY BUIIaIKy MAa€EMO PiBHICTb

M(s) = [M(sM)] (7.51)

O6u1ABI YaCTHUHU LIi€l PIBHOCTI € aHANITUUHUMHU QYHKLiSIMU S, 60 II MOXKHaA aHaJTi-
THUYHO MPOAOBXXUTHU Ha BCIO KOMIIJIEKCHY MJIOLUHY S. 30KpeMa, Mo6J1n3y AificHOI
oci Ipu s > sp 3 (7.51) BUniuBag, 110

Re M'(s + ie) = Re M'(s — ig);
ImM(s + ie) = —Im M (s — ig).

OT>Ke, B3[J0BX AiMCHOI OCi iCHY€E pOo3pi3, 1110 NOYMHAETHCA IPU NIOPOTOBiY eHepril
So; @ pO3pHMB Ha po3pisi €

Disc M (s) = 2i Im M (s + ig).

3a3Bruall mpocTinle 06YMCAUTH Ljell pO3pUB, a He 6e3nocepeHbO YSBHY CKJa-
noBy. [Ipunuc ie y peliHMaHOBOMY nponaraTopi BKasye, 1o ¢pisuuHi aMmnaityau
po3cisiHHA Tpeba 064K CAIOBATH HaJ, pO3pi30M IpH S + €.

Y § 7.1 mu Bxe 6a4uJIy, 1110 JiarpaMa BJAcHOI eHeprii eJleKTpoHA TaK0oX Ma€
po3pi3, AKMU MOYUHAETHCA HA MOPO3i yTBOPEHHS eJIeKTPOH-POTOHHOTO CTa-
Hy. Po3ryisiHeMo 3araJibHilli OgHONET/IbOBI JiarpaMy ¥ MOKa)KeMo, 1110 HEOJHO-
PiAHOCTI Ha po3pi3ax AalThb caMe TaKi YABHI CKJaJ0Bi, AKMUX BUMarae Bupas



268 Pospgin 7. Pagianifini nonpaBku: GopMasibHUNA PO3IIA,

(7.49). Y3arasibHeHHS1 1IbOTO pe3y/bTaTy Ha 06araToNeT/bOBi JiarpamMu 6y/10
oZiep>kaHo KyTkocbkuMm,*! KM okasas, 10 po3puB ¢eiiHMaHOBOI AiarpaMu Ha
po3pi3i BUBHAYAETHCSA HAGOPOM MPOCTUX NPABUA PO3PI3AHHS.*?

Mouynemo 3 nepesipkH (7.49) a4 Teopii ¢p*. Ockinbku npasa yactuna (7.49)
3’ABJNSAETHCA B IOPAAKY A%, MM MOXeMO NPUIYCTUTH, L0 eplinii BHecoK y Im M
TaKOXX BUHUKAE BiJl liarpaM BUILUX NOPSAAKIB. Po3ryisiHeMo, HanpukJiag, Aiarpa-
MY HOpSAAKY A%:

[l

—q k+q k=ki+k;

kl k')

3 MeTJIelo B s-KaHaJli. (Jlerko mokasaTy, 10 BiZiOBiJiHI t- i U-KaHa/IbHI AlarpamMu
He MalTb CUHIYJSHOCTEN TUIY PO3Pi3iB A s BUlle nopory.) [IoBHUM iMny/bC
€k = ky + k,, 1 Ana npocTOTH 06€peMO IMIy/IbCU CHUMETPUYHO, IK IOKa3aHO
BUIIEe. 3HaUeHH4 1i€el peHHMaHOBOI JiarpaMu €

(7.52)

A j d*q 1 1
2

ISM = — 2 2 . 2 e
@2n)* (k/2—q)* —m? +ic (k/2+q)" —m? +ic

fAxio obyucaoBaTH iHTErpaa metoaaMmu § 6.3, To BikiB MOBOPOT JacThb Jl0/1a-
TKOBUM MHOXHHUK [, TOMY HIKUe nopory 8M € cyTo AilicHO10.

Jlasi MaeMo nepekoHaTHCs, W0 iHTerpaJ (7.52) mae po3puB y370BX AiHACHOI
oci y gpisuyHiit 30ui k° > 2m. HaiinpocTiie 3HalTH Lieil po3pHB, 06YUCIHUBIIH
iHTerpaJs aJs k° < 2m, a moTiM 34ifiCHUBIIM aHATITUYHE npoJioBKeHHs. Baas-
IIKCh [0 MeToAy PpellHMaHOBUX MapaMeTpiB, iHTerpas y3aTH HeBaxkko (3aza-
ya 7.1). [IpoTe HaoYHillle CKOPUCTATHUCA HE TAKUM NPSAMOJiHIKHUM NiXOZ0M.

MpamoBaTuMeMo B cuctemi LM, y akiit k = (k°, 0). Toxi nmifinTerpanbuuii
Bupa3s y (7.52) Ma€ YoTUpH MOJKOCH A5 3MiHHO] iHTerpyBaHHs q°. Bonu po3sTa-
LII0BaHi B

q° = %koi(Eq—is), q° = —%koi(Eq—is).

JlBa 3 LIMX IOJIOCIB JIeXKaThb BUle AikicHoi oci q°, a ;Ba — HIDKYe:

_%kO_Eq ékO_Eq ‘ E_

] ’ . . .

—1k+Eq  1K°+Eq

41R, E. Cutkosky, J. Math. Phys. 1, 429 (1960).

“2]]i npaBUJIa MalOTh NPOCTUI BUIVIAJ JIMIIE Il CHHIYJIAPHOCTeH y GpisuyHili 30Hi, a mo3a Herwo
CUHI'Y/ISIPHOCTI TPbOX- | 6araTo4yacTKOBUX aMILIITY/, CTAIOTh Ay>Ke 3alJyTaHuMu. Lleil npeameT
po3misAaeTbes y kHusi [60].
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3aMKHeMO KOHYp 3HHU3Yy ¥ 004YMCIUMO JIMIIKU B IOJII0CAX Y HUXKHIN MiBIJIOLHU-
. . 0 _ 170 .
Hi. 3 BOX MOJIIOCIB JikIle OAMH, q° = Sk~ t (Eq — i€), ;a€ BHECOK y PO3PUB.
3a3Ha4YUMO, 110 OTPMMAHHSA JIMLIKY B [[bOMY I0OJIKOCi eKBiBaJIEHTHO 3aMiHi
1
(k/2+q)* —m? + s

- —2mis((k/2 + q)* —m?) (7.53)

i/ 3HaKoM iHTerpasa 1o dq°.
BHecoK BiJ LIbOT0 NOJIIOCY IPU3BOAUTH J10 iHTerpasa

N o(dq 1 1
i8M=—2m‘—f 4 S R
2 | (2m)® 2Eq (K° — Eg)” — B
- (7.54)
A 4n 1 1
= —omi dE, E .
™7 (211)4f afalal o5 fogo 2Ey)
m

H(i),aiHTeI‘paJIbHI/Iﬁ BHUpa3s y ApyromMy psajKy Mae noJwc npu Eq = k°/2. Konu
k” < 2m, BiH He 3HaX0UTbCS HA KOHTYpI iHTerpyBaHHs:, TOX OM SIBHO € AiH-
cHotw. Koam x k° > 2m, BiH JIeXXUTb TPoxy Bullle a60 TPOXH HUXKYE KOHTYPY
iHTerpyBaHHs, 3a/1eXKHO BiJi TOr0, AKUI 3HAK MaE MaJjia ysaBHa cKJ1azoBa k°:

. 1 =

> > abo 1

} m
TakMM 4MHOM, iHTerpas 3a3Hae po3puBy Mixk k? + ic i k? — ie. lnd #ioro o6un-

CJIEHHA CKOPpHUCTAEMOCA

1
K2 +ie KO 2E
q — q

F in8(k° — 2Ey),

(e P nmo3Havyae rojioBHe 3Ha4YeHH: ). PO3pUB o/ieprKyeMo 1IJISIXOM 3aMiHU MOJIIO-
Cy Ha JiesibTa-QyHKILiI0, 1110 eKBiBaJIEeHTHO 3aMiHi ie/ibTa-PYHKI[i€0 TOYaTKOBO-
ro npomnarartopa:
1
(k/2 — q)* —m? + is

- —2mid((k/2 — q)* —m?). (7.55)

[IpocTexMo 11e pa3 3a BciMa eTanaMu i cipo6yiMo 36arHyTH, 110 MU JJ0OBEJIH.
[ToBepHeMocCA A0 NOYATKOBOro iHTerpasa (7.52), nepeno3Ha4yuMMo iMIyJbCH B
nponaraTopax yepes p,, p, i 3po6MMo 3aMiHy

d'q _ f d'p, [ d'p,
(2m)* (zm* J (2m)*

2m)* 8@, +p, — k).
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Mu nokasaJsiy, 1110 po3puB y iHTerpasii MOXKHa OOYUC/IUTH, 3aMiHUBILU KOXKEH 3
npomnaraTopiB Ha AeJsibTa-pyHKILito:

1 - 2 2

m - —2mié(p; — m*). (7.56)
Po3puB y M BUHHMKaE Bij Tiei yacTuHM iHTerpana no d*q, fe oHoYaCHO BUKO-
HYIOTbCSl YMOBH, 33/jlaHi 060Ma esibTa-PyHKLiIMU. [HTErpyouu No HUX, MU Ie-
PEHOCHUMO IMITyJIbCH p; HAa MAaCOBY NOBEPXHIO i IEPETBOPHEMO iHTEI paIn d4pi B
iHTerpa/iv no pensatTuBicTcbkoMy ¢pazoBomy 06’eMy. Kpim Toro, y Bupasi (7.52)
JIMIIUJIMCA MHOXHUK A%, KBaZipaT aMILIITY/[U Y FTOJIOBHOMY NMOPAAKY Ta paKTOP
cuMeTpii (%), KWW MOXHa IHTepIpeTyBaTHU K MHOXHHUK, 1110 BUHUKAE Yyepe3
TOTOXHICTb 6030HIB y KiHIleBOMy cTaHi. OTe, MU OKa3aJ/Iy, 10 B OPALKY A

Disc M (k) = 2iIm M (k) =
_(d’p, 1 [d’p, 1

) @n)® Ep, ) (2m)® Ep,

M )I? (2m)* 89 (p, + p, — k).

Ile sBHO MiATBepAKye crpaBeuBicTh (7.49) y mopaaky A* aus Teopii ¢*.

Y HaBeJeHUX MIpDKYBaHHSIX MU He CKOPUCTAJIMChb aHi TUM, L0 060M Ipo-
naraTopam y Aiarpami BiANOBiJalOTh piBHI MacH, aHi TUM, 11O Li IpolaraTopu
NOB’fI3aHi 3 NIPOCTOI0 TOYKOBOIO BEPLIMHOI, TOMY Halll aHa/1i3 MOXKHA NOIIUPHU-
TH 1 Ha JOBIIbHY OJHONET/ILOBY Aiarpamy. lllopasy, ko1 B Mexax iHTerpyBaH-

@ 21m - f dri

! 2

(b) 21m (D _ f dl

Puc. 7.6. /IBa BHECKM B ONITUYHY TeOpeMY JJisl po3cisHHsA ba6a.

H{ 10 iMIyJibCax y AiarpaMi o6uBa mponaraTopu oJHOYacHO MOTPAIJISIOTh Ha
MacoBYy NOBEPXHIO, MU MOXKeMO CKOPHUCTATUCS BUILleHAaBeJeHUMU apI'yMeHTaMH1
JIJ1s1 00YMC/IEHHSI HEHYJIbOBOI'O PO3pUBY M. BeJIMYKHY 11bOr0 pO3pUBY MOXKHA
3HAWTH, 3[IMCHUBIIM Jis KO>KHOTO 3 MpomnaraTopiB 3aminy (7.56). HanpukJaag,
JJ1 IO